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The divisor function σ(n) sums the divisors of n. We call n abundant when
σ(n) − n > n and perfect when σ(n) − n = n. Recently I introduced the
recursive divisor function a(n), the recursive analog of the divisor function.
It measures the extent to which a number is highly divisible into parts, such
that the parts are highly divisible into subparts, and so on. Just as the divisor
function motivates the abundant and perfect numbers, the recursive divisor
function motivates their recursive analogs, which I introduce here. A number is
recursively abundant, or ample, if a(n) > n. A number is recursively perfect, or
pristine, if a(n) = n. There are striking parallels between abundant and perfect
numbers and their recursive counterparts. The product of two ample numbers
is ample, and ample numbers are either abundant or odd perfect numbers.
Odd ample numbers exist but are rare, and I conjecture that there are such
numbers not divisible by the first k primes—which is known to be true for
the abundant numbers. There are infinitely many pristine numbers, but they
cannot be odd, apart from 1. Pristine numbers are the product of a power of
two and odd prime solutions to certain Diophantine equations, reminiscent of
how perfect numbers are the product of a power of two and a Mersenne prime.
The parallels between these kinds of numbers hint at deeper links between the
usual and recursive divisor functions, worthy of further investigation.

1. Introduction

The usual divisor function,

σx(n) =
∑
m|n

mx,

sums the divisors of n raised to some integer power x. When x = 1, it sums the
divisors of n and is generally written σ(n). In this paper, however, I am concerned
not only with the divisors of n, but also the divisors of its divisors, the divisors of
its divisors of its divisors, and so on. In previous work, I introduced and studied
the recursive divisor function [1],

κx(n) = nx +
∑
mbn

κx(m),

for x = 0 and x = 1, where the sum is over the proper divisors of n. When x = 0,
I call this the number of recursive divisors a(n).
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Definition 1. The number of recursive divisors is a(1) = 1 and

a(n) = 1 +
∑
mbn

a(m),

where mbn means m is a proper divisor of n.

For example, a(10) = 1 + a(1) + a(2) + a(5) = 6; see OEIS A330575 [2].
In my previous work [1], I studied numbers which are recursively divisible to a

high degree. I called numbers with a record number of recursive divisors recursively
highly composite. Up to 1000, these are 1, 2, 4, 6, 8, 12, 24, 36, 48, 72, 96, 120, 144,
192, 240, 288, 360, 432, 480, 576, 720, 864 and 960.

In this work, I study when a(n) = n and a(n) > n. These are the recursive
counterparts of the perfect and abundant numbers.

Definition 2. A number n is ample if a(n) > n and depleted if a(n) < n.

For example, 12 is ample because a(12) = 16 > 12, but 14 is depleted because
a(14) = 6 < 14.

Definition 3. A number n is pristine if a(n) = n.

For example, 40 is pristine because a(40) = 40.

1.1. Outline of paper. This paper is divided into three parts. In part 1, which
is this introduction, I review the recursive divisor function a(n) and its geometric
interpretation in the form of divisor trees. I give examples of divisor trees for am-
ple, pristine and depleted numbers in Figure 1. I show that the number of recursive
divisors is at least multiplicative: a(ln) ≥ a(l) a(n).

In part 2, I investigate ample numbers, the recursive analog of abundant num-
bers. The first 100 ample numbers are shown in Table 1. Ample and abundant
numbers have some curious parallel properties. I show that the product of two am-
ple numbers is ample, whereas any multiple of an abundant number is abundant.
Ample numbers, which are rarer than abundant numbers, are either abundant or
odd perfect numbers (if they exist). The first 108 ample numbers are even but, to
my surprise, odd ample numbers exist. This is analogous to the abundant numbers,
where the first odd one is preceded by many even ones. I conjecture that there exist
ample numbers not divisible by the first k primes, which is known to be true for
abundant numbers [3]. I give the smallest such ample numbers for k = 1 and k = 2,
which are approximately 1012 and 1081.

In part 3, I investigate pristine numbers, the recursive analog of perfect num-
bers. The first 100 pristine numbers are shown in Table 2, the largest of which is
approximately 1019. Pristine and perfect numbers also have some curious parallel
properties. It is doubtful that odd perfect numbers exist, and I show that there are
no odd pristine numbers, apart from 1. Pristine numbers are a product of a power
of 2 and odd prime solutions to certain Diophantine equations, whereas perfect
numbers are the product of a power of two and a Mersenne prime. All numbers of
the form 2c and 2q−2q are pristine, where q is an odd prime. However, no numbers
of the form 2cq3 or 2cq5 exist, and there can be at most d− 1 pristine numbers of
the form for 2cqd for d odd. I compute the first several pristine numbers of the form
2cq, 2cq r, 2cq r s, 2cq2 and 2cq2r, shown in Table 3.

I conclude with a list of open problems.
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Figure 1. Divisor trees for 216, 220 and 224. The number of recursive divisors a(n)
counts the number of squares in each tree. For example, the proper divisors of 216 are
108, 72, 54 and so on, which form the main arm of its tree. The proper divisors of 108
are 54, 36, 27 and so on, which form the first sub-arm of the tree. From the top, these
numbers are examples of ample numbers (a(n) > n), depleted numbers (a(n) < n) and
pristine numbers (a(n) = n). The number 216 is ample because a(216) = 504 > 216; 220
is depleted because a(220) = 88 < 220; and 224 is pristine because a(224) = 224. While
224 is the 11th pristine number, there are only 100 less than 1019. Divisor trees can be
generated for any number n at lims.ac.uk/recursively-divisible-numbers.
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Throughout this paper I write m|n to indicate m divides n and mbn to indicate
m is a proper divisor of n.

1.2. Number of recursive divisors. The number of recursive divisors can be
written in closed from for one, two and three primes to powers, as shown in [1, 4, 5].
Let p, q and r be prime. Then

a(pc) = 2c,(1)

a(pcqd) = 2c
d∑
i=0

(
d

i

)(
c+ i

i

)
,(2)

a(pcqdre) =

d∑
j=0

(−1)j
(
d

j

)(
c+ d− j

d

)
a(pc+d−jre).(3)

The number of recursive divisors is twice the number of ordered factorizations into
integers greater than one. This problem has been studied in its own right by Kalmar,
Hille, Erdös, Chor, Klazara and Deleglise [4, 5, 6, 7, 8, 9]. However, casting the
problem more generally in terms of the recursive divisor function suggests a deeper
perspective, not only in terms of x, but by motivating other properties.

1.3. Divisor trees. The number of recursive divisors a(n) has a geometric inter-
pretation: it is the number of squares in the divisor tree of n. Fig. 1 shows divisor
trees for 216, 220 and 224. By contrast, σ(n) adds up the side lengths of the squares
in the main diagonal of the trees. Divisor trees can be generated for any number n
at lims.ac.uk/recursively-divisible-numbers.

A divisor tree is constructed as follows. First, draw a square of side length n.
Let m1,m2, . . . be the proper divisors of n in descending order. Then draw squares
of side length m1, m2, . . . with each consecutive square situated to the upper right
of its predecessor. This forms the main arm of a divisor tree. Now, for each of the
squares of side length m1,m2, . . ., repeat the process. Let l1, l2, . . . be the proper
divisors of m1 in descending order. Then draw squares of side length l1, l2, . . .,
but with the sub-arm rotated 90◦ counter-clockwise. Do the same for each of the
remaining squares in the main arm. This forms the branches off of the main arm.
Continue this process, drawing arms off of arms off of arms, and so on, until the
arms are single squares of size 1.

Theorem 1. For any two integers l and n, a(ln) ≥ a(l) a(n).

Proof. The proof is by induction on l. First note that a(ln) ≥ a(l) a(n) for l = 1
and all n. Assume a(kn) ≥ a(k) a(n) for all k < l and all n. From Definition 1,

a(ln) = 1 +
∑
mbln

a(m).

Let t1, t2, . . . , tj be the proper divisors of l. Then

a(ln) ≥ 1 + a(t1n) + a(t2n) + . . .+ a(tjn) +
∑
mbn

a(m)

≥ a(t1) a(n) + a(t2) a(n) + . . .+ a(tj) a(n) + a(n)

=
(

1 + a(t1) + a(t2) + . . .+ a(tj)
)
a(n)
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=

(
1 +

∑
mbl

a(m)

)
a(n)

= a(l) a(n),

completing the inductive step. �

2. Recursively abundant numbers

In this section I review abundant numbers and introduce recursively abundant
numbers, which I call ample numbers.

2.1. Abundant numbers. A number is abundant if the sum of its proper divisors
exceeds it, that is,

σ(n)− n =
∑
mbn

m > n.

A number is deficient if the sum of its proper divisors is less than it, that is,
σ(n) − n < n. The first several abundant numbers are 12, 18, 20, 24, 30, 36, 40,
42. All multiples of abundant numbers are abundant, so abundant numbers are not
rare: their natural density is between 0.2474 and 0.2480 [10].

While the first 231 abundant numbers are even, the 232nd is odd: it is not
divisible by the first prime. In fact, there exist abundant numbers not divisible by
the first k primes, for all k [3]. The smallest such numbers for the first few k (OEIS
A047802 [2]) are

945 = 33 · 5 · 7,
5391411025 = 52 · 7 · 11 · . . . · 29,

2.0× 1025 = 72 · 112 · 13 · 17 · . . . · 67.

2.2. Ample numbers. Recursively abundant numbers are the recursive analog of
abundant numbers. I call them ample numbers. The first several ample numbers are
12, 24, 36, 48, 60, 72, 80, 84, and the first 100 are shown in Table 1. Unlike abun-
dant numbers, ample numbers become scarcer with n, with the density apparently
vanishing (Figure 2).

Corollary 1. The product of two ample numbers is ample.

Proof. This follows immediately from Theorem 1, which states a(ln) ≥ a(l) a(n).
A number is ample if a(n) > n. So if a(l) > l and a(n) > n, then a(ln) > ln. �

Lemma 1. No deficient numbers are ample.

Proof. Let b(i) be the ith deficient number. The proof is by induction on i. First
note that no deficient numbers are ample for i < 2. Assume no deficient numbers
are ample up to but not including the ith one. From Definition 1,

a(b(i)) = 1 +
∑
mbb(i)

a(m).

It is well known that all proper divisors of deficient numbers are deficient. Then
since, by assumption, no deficient numbers are ample up to the ith one, a(m) ≤ m,
and

a(b(i)) ≤ 1 +
∑
mbb(i)

m.
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Since b(i) is deficient, the sum of its proper divisors above is less than b(i), and so

a(b(i)) ≤ b(i),

that is, the ith deficient number is not ample. This completes the inductive step. �

Lemma 2. No even perfect numbers are ample.

Proof. All even perfect numbers are of the form 2p−1(2p−1), where 2p−1 is prime.
From (2), a(2cq) = 2c(2 + c), so a(2p−1(2p − 1)) = 2p−1(p + 1), and the condition
that an even perfect number is ample is p + 2 > 2p, which is never satisfied for
p ≥ 2. Since the first perfect number occurs at p = 2, no even perfect number is
ample. �

Theorem 2. All ample numbers are abundant or odd perfect numbers (if they
exist).

Proof. This follows from Lemmas 1 and 2: if no deficient or even perfect numbers
are ample, then only the abundant and odd perfect numbers can be ample. �

2.3. Odd ample numbers. Like with the abundant numbers, there are odd ample
numbers. At first the opposite seemed true. I thought there would be no odd ample
numbers because of the special role of 2 in closed form expressions of a(n); see (1),
(2) and (3), for example. To my surprise, I found that odd ample numbers do exist

22 · 3 22 · 3 · 52 25 · 3 · 7 24 · 3 · 52 25 · 3 · 19
23 · 3 26 · 5 24 · 32 · 5 25 · 3 · 13 23 · 3 · 7 · 11
22 · 32 22 · 34 22 · 33 · 7 22 · 32 · 5 · 7 24 · 32 · 13
24 · 3 24 · 3 · 7 28 · 3 28 · 5 2 · 33 · 5 · 7
22 · 3 · 5 23 · 32 · 5 23 · 32 · 11 24 · 34 27 · 3 · 5
23 · 32 27 · 3 25 · 52 23 · 3 · 5 · 11 23 · 35

24 · 5 24 · 52 23 · 3 · 5 · 7 26 · 3 · 7 22 · 32 · 5 · 11
22 · 3 · 7 22 · 3 · 5 · 7 25 · 33 25 · 32 · 5 25 · 32 · 7
25 · 3 24 · 33 27 · 7 23 · 33 · 7 23 · 3 · 5 · 17
22 · 33 26 · 7 22 · 32 · 52 29 · 3 22 · 3 · 52 · 7
23 · 3 · 5 25 · 3 · 5 23 · 32 · 13 23 · 3 · 5 · 13 26 · 3 · 11
24 · 32 23 · 32 · 7 26 · 3 · 5 24 · 32 · 11 24 · 33 · 5
25 · 5 24 · 3 · 11 22 · 35 26 · 52 26 · 5 · 7
23 · 3 · 7 22 · 33 · 5 24 · 32 · 7 22 · 34 · 5 22 · 34 · 7
22 · 32 · 5 24 · 5 · 7 25 · 3 · 11 25 · 3 · 17 28 · 32

26 · 3 26 · 32 23 · 33 · 5 24 · 3 · 5 · 7 22 · 32 · 5 · 13
23 · 33 23 · 3 · 52 25 · 5 · 7 26 · 33 24 · 3 · 72

24 · 3 · 5 24 · 3 · 13 27 · 32 25 · 5 · 11 23 · 33 · 11
22 · 32 · 7 27 · 5 23 · 3 · 72 28 · 7 25 · 3 · 52

25 · 32 23 · 34 22 · 33 · 11 23 · 32 · 52 24 · 32 · 17

Table 1. The first 100 recursively abundant numbers, which I call ample numbers.
A number n is ample if a(n) > n, where a(n) is the number of recursive divisors.
A concise Mathematica algorithm for the ample numbers is as follows: n = 2;

max = 1000; a = {1}; While[n <= max, a = Append[a, 1 + Total[Part[a,

Delete[Divisors[n], -1]]]]; n++]; Select[Range[max], a[[#]] > # &]
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and, prompted by the analogy with abundant numbers, also found such numbers
not divisible by 3. The smallest ample numbers of each type are

4.3× 1011 ' 39 · 55 · 72 · 11 · 13

3.3× 1081 ' 522 · 713 · 118 · 136 · 175 · 194 · 233 · 292 · 312 · 372 · 41 · . . . · 73,

which are considerably larger than their abundant counterparts shown above. This
leads to the following conjecture:

Conjecture 1. There exist ample numbers not divisible by the first k primes for
all k.

Note that if there is one ample number not divisible by the first k primes, then
there is an infinite number, since the product of two ample numbers is ample.

3. Recursively perfect numbers

In this section I review perfect numbers and introduce recursively perfect numbers,
which I call pristine numbers.

3.1. Perfect numbers. A number is perfect if it equals the sum of its proper
divisors, that is,

σ(n)− n =
∑
mbn

m = n.

The first several perfect numbers are 6, 28, 496, 8128, 33550336. Euclid showed that
numbers of the form 2p−1(2p − 1) are perfect for 2p − 1 prime. All known perfect
numbers are even, and if an odd perfect number exists, it must be greater than
101500 [11]. Euler proved that all even perfect numbers are of the form given by
Euclid, so there is a one-to-one correspondence between even perfect numbers and
Mersenne primes. But it is not known if there are infinitely many of either.
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Figure 2. The fraction of numbers up to and including n that are ample. Unlike abun-
dant numbers, which have natural density is between 0.2474 and 0.2480, the density of
ample numbers decreases with n.
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3.2. Pristine numbers. Recursively perfect numbers are the recursive analog of
perfect numbers. I call them pristine numbers. The first several pristine numbers
are 1, 2, 4, 6, 8, 16, 32, 40, and the first 100 are shown in Table 2.

Proposition 1. There are no odd pristine numbers apart from 1.

Proof. From Corollary 1 in [1], 2τ divides a(n), where τ is the maximum exponent
in the prime factorization of n. �

Theorem 3. Let q, r and s be odd primes. All numbers of the following forms are
pristine:

2c,

2cq where q = c+ 2,

2cq r, where q r = c2 + 6c+ 6,

2cq2, where q2 = (c2 + 7c+ 8)/2!,

2cq r s, where q r s = c3 + 12c2 + 36c+ 26,

2cq2r, where q2r = (c3 + 13c2 + 42c+ 32)/2!.

1 27 · 3 · 13 · 31 233 249

2 218 229 · 31 225 · 3 · 7 · 29 · 127 · 349
22 219 234 239 · 3 · 587
2 · 3 215 · 17 225 · 11 · 71 250

23 220 235 245 · 47
24 213 · 11 · 23 236 251

25 221 237 252

23 · 5 217 · 19 219 · 7 · 23 · 37 · 53 253

26 222 238 237 · 3 · 7 · 3259
27 215 · 132 239 254

25 · 7 223 240 255

28 215 · 3 · 107 235 · 37 239 · 13 · 59 · 103
23 · 3 · 11 224 241 256

29 225 242 251 · 53
210 221 · 23 223 · 34 · 11807 257

211 226 243 258

212 227 233 · 3 · 431 247 · 11 · 227
29 · 11 219 · 13 · 37 244 259

213 228 239 · 41 243 · 3 · 29 · 1187
214 229 245 260

211 · 13 230 235 · 11 · 131 249 · 37 · 73
215 221 · 3 · 191 246 261

216 231 241 · 43 262

29 · 3 · 47 227 · 29 247 251 · 3 · 971
217 232 248 257 · 59

Table 2. The first 100 recursively perfect numbers, which I call pristine numbers.
A number n is pristine if a(n) = n, where a(n) is the number of recursive divisors.
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Proof. Using (1), (2) and (3), a(n) can be written explicitly for simple forms of
n:

a(pc) = 2c,

a(pcq) = 2c(c+ 2),

a(pcq r) = 2c(c2 + 6c+ 6),

a(pcq2) = 2c(c2 + 7c+ 8)/2!,

a(pcq r s) = 2c(c3 + 12c2 + 36c+ 26),

a(pcq2r) = 2c(c3 + 13c2 + 42c+ 32)/2!,

where for the case of a(pcq r s) some manipulation using the definition of a(n) is
required. For n to be pristine, a(n) = n. Setting p = 2, the theorem follows. �

The first several values of pristine numbers of these forms are shown in Table 3.

Proposition 2. Let q be prime. No numbers of the form 2cq3 or 2cq5 can be
pristine.

Proof. For n to be pristine, a(n) = n. From (2), 2cqd is pristine when c, d and
prime q satisfy

(4) qd =

d∑
i=0

(
d

i

)(
c+ i

i

)
.

For d = 3, the right side of (4) is a cubic polynomial in c that factors:

q3 = (c+ 4)(c2 + 11c+ 12)/3!.

2c 2c · q 2c · q · r 2c · q · r · s
2 2 · 3 23 · 3 · 11 27 · 3 · 13 · 31
22 23 · 5 29 · 3 · 47 237 · 3 · 7 · 3259
23 25 · 7 213 · 11 · 23 239 · 13 · 59 · 103
24 29 · 11 215 · 3 · 107 243 · 3 · 29 · 1187
25 211 · 13 219 · 13 · 37 257 · 11 · 67 · 307
26 215 · 17 221 · 3 · 191 259 · 13 · 127 · 151
27 217 · 19 225 · 11 · 71 261 · 3 · 5 · 18257
28 221 · 23 233 · 3 · 431 267 · 3 · 41 · 2903
29 227 · 29 235 · 11 · 131 269 · 19 · 31 · 659
210 229 · 31 239 · 3 · 587 271 · 5 · 269 · 313
211 235 · 37 247 · 11 · 227 273 · 3 · 29 · 5237
212 239 · 41 249 · 37 · 73 275 · 29 · 71 · 239

2c · q2 2c · q2 · r 2c · q3
215 · 132 2167 · 112 · 20773 Numbers of this
263 · 472 2419 · 112 · 313471 form cannot be
2623 · 4432 22587 · 112 · 71904083 pristine
22255 · 15972 22879 · 472 · 5425729
276719 · 542512 23031 · 112 · 115558829
2722975 · 5112232 23999 · 112 · 265124281

Table 3. The first several pristine numbers for various forms of n. A number n is
pristine if a(n) = n, where a(n) is the number of recursive divisors.
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But we do not know which part of 3! divides the linear and quadratic factors. Let
us consider separately the cases for when c modulo 3 is equal to 0, 1 and 2:

q3 =


(3v + 4) · (3v2 + 11v + 4)/2! for c = 3v,

(3v + 5) · (3v2 + 13v + 8)/2! for c = 3v + 1,

(v + 2) · (9v2 + 45v + 38)/2! for c = 3v + 2.

Now the linear and quadratic factors are both integers. For 2cp3 to be pristine, the
linear and quadratic factors must equal q and q2. But the quadratic factors are
not squares of the linear factors, so this is not possible in general. It remains to
check whether the quadratic and the square of the linear terms intersect at positive
integers, which can happen at most twice. By inspection, they do not.

For d = 5, the right side of (4) is a polynomial of degree 5 in c that factors:

q5 = (c+ 6)(c4 + 34c3 + 331c2 + 914c+ 640)/5!.

By similar arguments, not included here, 2cp5 cannot be pristine. �

Theorem 4. Let q be prime. At most d− 1 numbers of the form 2cqd are pristine
for d odd.

Proof. It may well be that there are no pristine numbers of the form 2cqd for d
odd. But I can only prove the weaker result. Using the falling factorial notation,
where (c)i = c(c− 1) . . . (c− i+ 1), (4) can be rewritten as

(5) qd =
1

d!

d∑
i=0

(d− i)!
(
d

i

)2

(c+ i)i.

Making use of the identity

d∑
i=0

(−1)i
(
d

i

)2

=

{
0, d odd,

(−1)(d/2)
(
d
d/2

)
, d even,

for d odd (5) can be expressed as

qd =
c+ d+ 1

d!

d∑
i=1

(d− i)!(c+ i− 1)i−1

d∑
j=i

(−1)j−i
(
d

j

)2

=
c+ d+ 1

d!
P (c),

where P (c) is a polynomial in c. Let d! = αβ, where α is the largest proper divisor
of c + d + 1. For 2cqd to be pristine, it is necessary that q = (c + d + 1)/α, and
therefore

(c+ d+ 1)d−1

αd−1
=
P (c)

β
.

The numerators on both sides are polynomials in c of degree d − 1 in which the
coefficient for the leading term is one. For the equality to hold in general, we need
αd−1 = β, or α = (d!)1/d. But since (d!)1/d is not an integer for d > 1, it does not
hold in general. Since two different polynomials (now the fractions, not just the
numerators) of degree d−1 can match at at most d−1 places, there can be at most
d− 1 pristine numbers of the form 2cqd for odd d. �
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4. Open questions

Numbers can be sorted into three pots depending on whether they exceed, equal
or are less than the sum of their proper divisors. In a similar way, numbers can
be sorted into pots depending on whether they exceed, equal or are less than the
number of their recursive divisors. The properties and structure of these two sets
of pots have some intriguing parallels. This correspondence suggests the possibility
of deeper connections between the divisor function and its recursive analog, which
I hope others might pursue.

4.1. Open questions. There are several open questions on this topic, and I list
six here. The first three concern ample numbers and the last three concern pristine
numbers.

Question 1. What is the asymptotic density of the ample numbers for large n?

Question 2. I computed the least ample number not divisible by 2 and not divisible
by 2 nor 3. Do there exist ample numbers not divisible by the first k primes, for all
k?

Question 3. If so, what is an efficient recipe for generating the smallest number
not divisible by the first k primes?

Question 4. What is the asymptotic density of the pristine numbers for large n?

Question 5. There are no pristine numbers of the form 2cp3 and 2cp5. Are there
none for 2cpd, for odd d? I have not found any, and have shown that there are at
most d− 1.

Question 6. Are there no pristine numbers of the form 2cpd for even d > 2? I
have not found any.

I acknowledge Andriy Fedosyeyev for assistance with the search for odd ample
numbers and for creating the divisor tree generator, lims.ac.uk/recursively-divisible-
numbers.
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