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Protein interaction networks (PINs) are popular means to visualize the pro-
teome. However, PIN datasets are known to be noisy, incomplete and biased
by the experimental protocols used to detect protein interactions. This paper
aims at understanding the connection between true protein interactions and
the protein interaction datasets that have been obtained using the most pop-
ular experimental techniques, i.e. mass spectronomy and yeast two-hybrid.
We start from the observation that the adjacency matrix of a PIN, i.e. the
binary matrix which defines, for every pair of proteins in the network,
whether or not there is a link, has a special form, that we call separable.
This induces precise relationships between the moments of the degree distri-
bution (i.e. the average number of links that a protein in the network has, its
variance, etc.) and the number of short loops (i.e. triangles, squares, etc.)
along the links of the network. These relationships provide powerful tools
to test the reliability of datasets and hint at the underlying biological
mechanism with which proteins and complexes recruit each other.

1. Introduction

Protein interactions are a biological phenomenon that controls a large part of
the functionality of a cell. Protein interaction networks (PINs) are graphical rep-
resentations of the complex patterns of interactions that appear in the proteome,
which enable quantitative studies of the underlying biology via mathematical
tools and complex networks theory.

Mathematically, a PIN is a graph where nodes i =1 ... N represent proteins
and links represent their interactions. This graph is encoded in an adjacency
matrix a = {a;;}, whose entries denote whether there is a link between proteins
iand j (a;=1) or not (a; =0). However, there is ambiguity in its definition,
arising from the non-binary nature of the underlying biochemistry. For
example, three proteins may form a complex, but may not interact in pairs.
Assigning binary values to intrinsically non-binary interactions requires further
prescriptions, which vary across experimental protocols and lead in practice to
different graphs. Moreover, different experiments measure protein interactions
in different ways, which causes further biases [1-3]. For quantitative studies of
the effects of sampling biases on networks see [4-10].

In this paper, we seek to establish the connection between true biological
protein interactions and protein interaction datasets produced by the most pop-
ular experimental techniques, mass spectronomy (MS) and yeast two-hybrid
(Y2H). We argue that the most natural network matrix representation of the
proteome has a separable form, which induces precise relationships between
the degree distribution and the density of short loops. These relationships pro-
vide simple tests to assess the reliability and quality of different datasets, and
provide hints on the underlying (evolutionary) mechanisms with which pro-
teins and complexes recruit each other. Our study also provides a theoretical
framework to discriminate between ‘party’ and ‘date” hubs in PINs (e.g. [11]
and references therein) and addresses several intriguing questions concerning

© 2015 The Author(s) Published by the Royal Society. Al rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1098/rsif.2015.0573&domain=pdf&date_stamp=2015-09-02
mailto:alessia.annibale@kcl.ac.uk
http://rsif.royalsocietypublishing.org/

Downloaded from http://rsif.royalsocietypublishing.org/ on May 23, 2016

q1=2 4=

Gon=3

Figure 1. Bipartite graph representation of protein interactions. The protein species i =1...N are drawn as circles, and their complexes = 1... aN as
squares. In the bipartite graph representation of protein interactions, d; is the degree of protein / or protein promiscuity (denoting the number of complexes
it participates in), and g, is the degree of complex w or complex size (denoting the number of protein species it contains). The bipartite graph gives more detailed
information than the conventional PIN with protein nodes and pairwise links only. For instance, one distinguishes easily between different types of ‘hub’ proteins:
‘date hub’ proteins connect to many degree-2 complexes, whereas ‘party hub’ proteins connect to a high degree complex. (Online version in colour.)

the universality of protein and complex statistics across
species. For example, given N protein species in a cell,
what is the number of complexes they typically form, i.e.
to what extent is the ratio & complexes/proteins conserved
across different species? Is the distribution of complex sizes
peaked around ‘typical” values, or does it have long tails?
How is this mirrored in the protein promiscuities, i.e. the
propensities of proteins to participate in multiple complexes?
Does the power-law behaviour of the degree distribution of
PINs perhaps result from tails in the distribution of complex
sizes and protein promiscuities?

We tackle the above questions using a mathematical
approach that is entirely based on statistical properties of
graph ensembles. In §2, we define our models as distinct
separable graph ensembles which mimic PINs, each reflecting
different possible mechanisms for complex genesis. In §3, we
give an overview of the main results and their application to
real PINs measured by MS and Y2H experiments. Section 4
defines the mathematical set-up of our analysis and in
§85-7, we give a full derivation of results, that are tested
on synthetically generated networks in §8. We end our
paper with a summary of our conclusions, and suggest
pathways for further research.

2. Definitions and basic properties
2.1. The bipartite graph representation of the proteome

Proteins are large and complicated heteropolymers, which
can bind in specific combinations to form stable molecular
complexes. We consider a set of N protein species, labelled
by i=1...N. We assume that the number of stable com-
plexes p scales as p = aN, where a >0, and we label the
complexes by u=1...aN. We can represent this system as
a bipartite graph [12], with two sets of nodes (figure 1).
The set v, represents proteins species (drawn as circles), the
set v. represents complexes (drawn as squares), and a link
between protein species i € v, and complex u € v, is
drawn if protein i participates in complex . This graph is
defined by the N x aN connectivity matrix &= {&/'},
where ¢ =1 if there is a link between i and u, and £ =0
otherwise. For simplicity, we do not allow for complexes
with more than one occurrence of any given protein species.

In the bipartite graph, one has two types of node degrees:
the degree d;(§) = 3_, &/ (or “promiscuity’) of each protein i
gives the number of different complexes in which it is

involved, and the degree g, (&) = >_;&" (or ‘size’) of each com-
plex u gives the number of protein species of which it is
formed (figure 1). For a given bipartite graph & we define
the protein degree distribution, or promiscuity distribution, as

N
p| & =N 8440, (2.1)
i1

where &y, is the Kronecher function, defined as 1 for x =y and
0 otherwise. This counts the frequency of occurrence of a
protein with promiscuity d, and it is normalized by the total
number of proteins N. Similarly, we define the complex
degree distribution, or complex size distribution, as

aN
palg) = (aN)" Y 84,00 (2.2)
n=1

which counts the frequency of occurrence of a complex con-
taining g different protein species, divided by the total
number of complexes aN.

As the number of links stemming from the proteins has to
equate the number of links stemming from complexes, we have

aN N
STquH=>di(® V&
pn=1 i=1

This leads to the identity
(d(§)) = «Lq(8)),

where (d(&)) =Y ,dp(d|) is the average promiscuity, i.e. the
first moment of the distribution of promiscuities, and
©(£) = >_,qp(q|§) is the average complex size, ie. the first
moment of the distribution of complex sizes.

2.2. Protein interactions as detected by experiments
Protein detection experiments seek to measure for each pair
(i, j) of protein species whether they interact in any complex,
and assign an undirected link between nodes i and j if they
do. This leads to a graphical representation of protein inter-
actions in terms of a monopartite graph, where there is
only one type of nodes, which represent proteins. The
graph can be represented by an adjacency matrix a = {a;}
whose entries are a; =1 if there is a link between proteins
i, j and 0 otherwise. It is reasonable to expect that PIN adja-
cency matrices resulting from detection experiments are in
the form

ajj = 0 Vi (23)
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Figure 2. Bipartite graph representation & of protein interactions (a) and corresponding monopartite graph representation a, obtained by marginalizing the bi-
partite graph (b). A dimer, i.e. a complex made up of two proteins /, j in the bipartite graph corresponds to a link between proteins /, j in the monopartite graph. A
trimer, i.e. a complex made up of three proteins in the bipartite graph corresponds to a triangle in the monopartite graph. Similarly, larger complexes correspond to

clique motifs.

and
aN
a; = 9(2 g#g;f) Vi#j, (2.4)
p=1

where 6(x) is a binary function that takes value 1 if x > 0 and
0 otherwise. We call the form of the matrix a ‘separable” as
the dependence of its entries on the indices i, is factorized,
as a consequence of the fact that protein interactions are
mediated by complexes. Graph a can be thought of as a
marginalized version of the bipartite graph & whereby com-
plexes are ‘integrated-out’, i.e. summed over. Figure 2 gives
an illustration of the relationship between the two graphical
representations, and shows that protein complexes in & are
inextricably related to loops in a. In particular, the presence
of large complexes will boost the number of short loops in
PIN a.

If PINs detected experimentally displayed properties too
far away from those observed in (2.4), this might signal the
presence of strong biases in the experimental protocols for
the PIN detection and one should ask what exactly the
detection experiment is measuring. A key feature we will
exploit in our analysis is that, due to the sparsity of links

!, average properties of random graphs (2.4) are identical,
to leading orders in N, to those of the related weighted
random graphs

Cij = 0 Vi (25)
and
aN
cij = Zg;‘g;f Vi#j, (2.6)
p=1

for which average properties are much easier to calculate.
Graphs ¢ have the same structure as a but links are
weighted, with each weight cjj = 3, yé/'¢/' € IN repre-
senting the number of complexes in which proteins i and j
participate simultaneously. We will mainly focus on the fol-
lowing properties of the random graphs c:

— The degree distribution
1
plkle) = = ko) (2.7)
Nz
denoting the probability of observing a node in graph ¢

having degree ki(c) =3 ,c;j equal to k. This distribution
should not be confused with the promiscuity distribution

p(d|&). The latter is a property of the bipartite graphs &
whereas the former is a property of the monopartite
graphs c.

— The density of loops of length 3 and 4, defined as

1
ms(c) = N Z CiiC jkChi (2.8)
ik
and
1
my(c) = N Z CijC jkCreCri (2.9)
ijke

denoting, respectively, the density of closed non-intersect-
ing paths of length 3 and 4, along the links of network c.

We do not go beyond loops of length 4 because real networks
are known to be ‘small world’, with pairs of nodes typically
connected by paths of small length. With larger path lengths,
one can typically link every node to any other and the
number of loops through any node will increase significantly
as we increase the length of loops. Hence, one expects the
relevant biological information to be encoded in the short
loops statistics.

2.3. Link distribution in the bipartite graph

As we generally do not know the microscopic bipartite graph
& we will regard the &'s as random variables, drawn from a
distribution p(£), that we need to postulate. First of all,
we will assume that the &s are independent, so that their
distribution factorizes over the protein and complex indices

P& =]r).

This is the easiest assumption that we can make and will
need to be checked a posteriori. Next, we need to postulate
p(&). As each ¢! is a binary variable which can only take
values 0 and 1, we only need to specify p(¢¥ =1), and
p(éF =0) =1 — p(£¥ =1). We have three natural choices for
p(&é! =1), mimicking (i) a complex-driven, (ii) a protein-driven
and (iii) a mixed mechanism for complex genesis.

(i) A natural choice is to assume that complexes
have given sizes {q,}, distributed according to
P(g) = (aN)_leSql,h, which are determined, for
example, by the functions that they are called to
carry out inside the cell, and the likelihood of a protein
i making part of a complex u is given by the number
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g, of proteins participating in complex u divided by
the total number of proteins,

plet=1) =

v (2.10)

and p(¢f=0)=1 f%.
In random graphs £ built according to this prescrip-
tion, for large N, each complex size g,(&) is a
Poissonian random variable with average g,, and
all protein promiscuities d;(€) will be Poissonian
variables with the same average (d) = a{g), with
g = ZqP(q)q (see appendix A). Hence, in this ensem-
ble, complex sizes are prescribed on average, i.e.
7u(&) = qu Y1,

homogeneous, Poissonian variables with average

and protein promiscuities are

determined from the average size of complexes, i.e.
(di(&)) = o) ¥V i. As in this ensemble proteins’ recruit-
ment to complexes is determined by functions, we will
refer to this ensemble as ‘function-driven’ or more
briefly, ‘g-ensemble’.

(i) An alternative choice is to assume that proteins have
given propensities to interact {d;}, distributed accord-
ing to P(d) = N71Y..8;4, which are determined, for
example, by the number of their binding sites, polariz-
ation, etc., and the likelihood of a protein i making part
of complex u is given by the number of complexes
which involve protein i divided by the total number
of complexes,

d;

B_0)=1_ 2
and p(éf'=0)=1 N

d
p(éf=1)=

oy (2.11)

For large graphs & drawn from ensemble (2.11), each
protein promiscuity d;(&€) is a Poissonian variable
with average d;, whereas all complex sizes q,( &) are
Poisson variables with the same average (q) = (d)/c,
with (d) = " ,;P(d)d (appendix A). In this ensemble, it
is therefore assumed that protein binding is driven by
protein promiscuities, and we will refer to it as
‘protein-driven’ or ‘d-ensemble’.

(iii) A third obvious choice is to assume that protein
promiscuities {d;} and complex sizes {g,} are distrib-
uted according to given P(d) and P(g), respectively,
and the likelihood of protein i participating in complex
w is controlled by both protein promiscuity and
complex size

d;
per =1 = 5 and

B0y 1 pdi

(2.12)

Large graphs & drawn from this ensemble will have all
protein promiscuities and complex sizes constrained
on average, ie. (di(§)) =d; and (g.(¢)) =g, with
{d;} and {q,} distributed according to P(d) and P(g).
In this third scenario, protein-binding statistics is
driven both by complex functionality and protein
promiscuity factors, and we will refer to this as the
‘mixed ensemble’.

The mixed ensemble (2.12) reduces to (2.10) for the choice of
homogeneous protein promiscuities P(d) = 84,5, and to (2.11)
for the choice of homogeneous complex size P(q) = &, ,). By
determining which of the above ensembles reflects better bio-
logical reality, we will learn about the mechanisms with
which complexes and proteins recruit each other.

2.4. Accounting for binding sites

In all PINs, each protein is reduced to a simple network node,
in spite of the fact that proteins are in reality complex chains
of amino acids with several binding domains. Here we show
that the ensembles introduced in the previous section can
accommodate the presence of multiple binding sites when
these are equally reactive. Let us first assume that each
protein has d functional reactive amino acid endgroups.
When two such proteins bind, the resulting dimer has
2d—2 wunused reactive endgroups, a trimer has 3d—4
endgroups and a k-mer has kd—2(k—1) = (d—2)k + 2 end-
groups. If all endgroups are equally reactive, the a priori
probability that a protein i is part of a complex u is given by

dl(d -2 2 d
per =) = A= 2t }:ng(q),

(2.13)

where the last approximate equality holds for d > 1 and

Z=73",q9.4 = aN{g)d. This corresponds to ensemble (2.10),

with the choice d = a{g). If proteins have different endgroups d;,
dl[(d — 2)q + 2] d,‘q

B 1) ~ I ~ ©

PET =D =" Rpd  ~ aNig)’

(2.14)

whered = N 712 ;, leading to ensemble (2.12). If the variability
of q,,is small, g,, >~ (g),

(2.15)

and we retrieve (2.11). The assumption of unbiased interactions
between proteins with varying individual binding affinities
has been supported in [13], and in recent structural analysis on
residue-type-independent interactions [14].

3. Overview of results

In this section, we summarize the main results of this paper,
that will be derived in full details in the next sections, suitable
for readers with a mathematical or a statistical background.
Readers with a less quantitative background who are inter-
ested in the biological applications of the mathematical
framework introduced above, can stop at the end of this
section and skip the mathematical details presented later.

3.1. Test relationships
The main result of this paper is that graphs with elements
Cii = 0Viand

aN
Gj=) ENEl Vi#]
pn=1

where the & are drawn from either the ‘function-driven’ dis-
tribution (2.10) or the ‘protein-driven’ distribution (2.11),
display special relationships between the moments (k), &2,
etc. of their degree distribution p(k) and the density 13, my,
etc. of their loops of length 3, 4, etc. Remarkably, these
relationships are completely independent of «, P(q) and
P(d) and follow solely from the separable nature of the
matrix c¢;. In addition, they are identical, to orders O(NY),
to those found in the binary matrices a with elements
aj = B(ngl g;*g;*) Vi # j and a; = 0 Vi. For the g-ensemble
we have the following relationships:

my = (k%) — ()% — (k) 3.1
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Table 1. List of the publicly available experimental protein interaction datasets as used in this study, together with their main quantitative characteristics ]
(number of proteins N, average degree (k) and largest degree k., and references.

species N k)

C. elegans 2528 2.96

C/ejum e
L

pr/or/ s
o sap/ensl e o
Hsap/ensll S
o sap/ens T e e
S
B Pfalclparum T
e
e
e
ey
e
e e
e
e e
Synechocyst/s e
N Tpallldum e e

and

my = (%) — 3% + 2(Kk) + (k) (k) — (k) — 2(k)?)

= (%) = 3% + 2(k) — () — 3(kyms, (32)
whereas for the d-ensemble we have
2
m3
My = —3 . 3.3
= (33)

Remarkably, we obtain different sets of relationships for the
two ensembles, meaning that the two ensembles do not rep-
resent equivalent descriptions of the bipartite representation
of the proteome, as one may have naively expected. One
can then check whether real PINs come closer to satisfy the
test relationships from the g-ensemble or the ones from the
d-ensemble. This will hint at the underlying mechanism
with which proteins and complexes recruit each other.
Next, we apply the above results to real publicly available
protein interaction datasets, obtained via MS and Y2H exper-
iments. The detailed quantitative features of the various
datasets and their references are listed in table 1.

3.2. Application to mass spectrometry datasets

Seven of the experimental PIN datasets in table 1 were
obtained by MS experiments, and they involved three distinct
biological species, namely Saccharomyces cerevisize, Homo
sapiens and Escherichia coli. Each set takes the form of an
N x N matrix of binary entries a;;, but with different values
of N. In figure 3, we show the results of our analytical predic-
tions for the densities of length-3 and length-4 loops, as given

Knax method references
99 Y2H [15]
....... w e [17] L
vvvvv o e ”[26] B
vvvvvvv o e '”[3(')'] B

by the formulae for the function- and protein-driven ensem-
bles, versus their measured values in the MS datasets. Before
looking at the performance of PIN data with respect to the
above test formulae, let us briefly look at what we would
expect in fully random networks, of the Erdos—Rényi (ER)
type, which are not in the family of separable graphs. Let
us denote with g, and my, the density of loop of length ¢
as predicted by the function- and the protein-driven ensem-
ble, respectively, and with 1, their measured value. In
fully random graphs, the degree distribution is Poissonian
and one has (k2) = (k) + (k)* and (k) = (k)(1 + 3(k) + (k2)).
Furthermore, measured values of loop densities are typically
mim = O(N7') for ¢£=3,4. Hence, the r.hs. of (3.1) and
(32) vanish giving mz; = O(N') and my = ON?),
whereas  (3.3) gives 13y = \/(k)mym = O(N"?)  and
myg = m3, /(ky = O(N—2). Hence, one has ms; > 3y = Mam
and mym Mgy >> My

We now turn to the interpretation of plots in figure 3. First
off, we note that the theoretical predictions from the function-
driven ensemble lead to values of the number of short loops
consistently higher than those predicted by the protein-
driven ensemble, even for loops of length 3. This is remarkably
different from the behaviour expected in random graphs of the
ER type and is consistent with the behaviour of separable
random graphs, where a function-driven complex genesis
induces large cliques in the PINs, which boosts short loops.
By contrast, a protein-driven complex genesis induces a homo-
geneous distribution for the complex sizes, which suppresses
the presence of large cliques, hence of short loops, in the
PINs. Notably, the densities of length-4 loops of all MS data-
sets are in between those of the d-ensemble (which thereby
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Figure 3. (a) Theoretical predictions msy, for the densities of length-3 loops in the PINs, as obtained from the g-ensemble (stars) and the d-ensemble (circles),
plotted versus the values ms,,, measured in the different MS datasets. (b) Theoretical predictions myy, for the densities of length-4 loops in the same PINs, obtained from
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the g-ensemble (stars) and the d-ensemble (circles), plotted versus the measured values m,,. The diagonals are shown as guides to the eye. (Online version in colour.)
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Figure 4. (a) Theoretical predictions msy, for the densities of length-3 loops in the PINs, as obtained from the g-ensemble (stars) and the d-ensemble (circles),
plotted versus the values ms,,, measured in the different Y2H datasets. (b) Theoretical predictions myq, for the densities of length-4 loops in the same PINs, obtained from
the g-ensemble (stars) and the d-ensemble (circles), plotted versus the measured values my,,. The diagonals are shown as guides to the eye. (Online version in colour.)

acts as a lower bound) and those of the g-ensemble (which acts
as an upper bound). This suggests a compatibility of data from
MS experiments with the expected separable form of the pro-
teome network. However, the measured densities of length-3
loops are consistently lower than the values compatible with
a separable structure of the proteome.

To shed light on this result, it is useful to compare this be-
haviour with those of random graphs with the same degree
distribution as our PINs. As the latter is non-Poissonian,
the theoretical predictions for the loop densities given by
the function-driven ensemble are now 3, = O(1) and
myy = O(1), whereas both mzy, and myy, are still O(N 1),
yielding the same mg3; and my; as in ER networks. This
now leads to ms; > mzy > may, and My, > My, > My

In real PINs, we observe the same patterns of inequal-
ities; however, the measured values of loop densities are
O(1) hence much larger than their expected values in
random graphs with the same degree distribution. In par-
ticular, several datasets (including cerevisise VI and
cerevisiae IX) show a loop density m; of the same magnitude
as the one predicted by the separable models and dataset cer-
evisize X is in excellent agreement with the predicted value.
This suggests a degree of compatibility with the proposed

separable model, which enforces many more loops than in
a typical random network with the same degree distribution,
and also a large degree of noise which tends to randomize
interactions.

3.3. Applications to yeast two-hybrid datasets

We tested similarly the compatibility of Y2H data with a
separable structure of the proteome, by checking whether
the measured values for the network observables m; and
my fall within what appeared to be (in separable graph
ensembles) theoretical bounds set by the function- and
protein-driven ensembles. We now used the 12 PIN datasets
in table 1 that were obtained from Y2H experiments. Results
are shown in figure 4. We observe that Y2H datasets exhibit
generally fewer short loops than MS dataset. This may be
due to the fact that, at variance with MS datasets, which
use immunoprecipitations to sample from a functioning bio-
logical network, Y2H experiments sample proteins from the
entire potential biophysical network, a much larger inter-
action space than any given one cell-type/tissue sampled
by MS, leading to an undersampling of links and therefore
to underestimation of connectivity and loops. Qualitatively
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Y2H datasets show similar trends to MS, with measured
values of m, somewhat compatible with separable models,
and values for my that fall below. This is quite remarkable,
as MS and Y2H experiments are known to measure inter-
actions in very different ways. However, quantitatively, m;
is generally an order of magnitude less than that predicted
by separable models, with the exception of dataset jejuni
which stays closer to the predicted values. This suggests
that Y2H has a lower level of compatibility with a separable
structure of the proteome.

3.4. Origin of fat tails in the degree distribution
of protein interaction network

In previous sections, we have introduced the promiscuity
distribution P(d), the complex size distribution P(g) and
the degree distribution p(k). The former distributions are
properties of the bipartite graph & whereas the latter is
a property of the marginalized graph ¢, or a. The
degree distribution p(k) can be computed directly from
the graph a and for PINs it typically displays a fat tail,
p(k) =~ Ck™* for large k with 2 < u <3 [33-36].

By contrast, P(d) and P(q) cannot be measured directly,
but they are related to p(k). This allows one in principle to
infer the tail behaviour of the promiscuity and complex size
distributions from the tail of the degree distribution of the
PIN, which can be easily computed. The relationship between
the above distributions depends on the mechanism driving
complex genesis, i.e. (i) function-driven, (ii) protein-driven
or (iii) mixed.

(i) For function-driven ensembles, one has for large g
C\ .
rg = (5 )a (34

and P(d) = 8(),a(g)- This shows that the complex size
distribution P(g) decays faster than the degree distri-
bution of the associated PIN a, so fat tails in the
degree distribution p(k) of PINs can emerge from
less heterogeneous complex size distributions. In par-
ticular, complex size distributions P(q) with a finite
second moment (but diverging higher moments)
give scale-free degree distributions p(k). This is consist-
ent with the intuition that, while large hubs are often
observed in PINs, super-complexes of the same
number of proteins are unlikely to be stable. Indeed,
many interactions in hubs are ‘date’ types, as opposed
to “party’ type [11]. Our framework allows us to dis-
criminate between different types of hub proteins,
and suggests that heterogeneous (i.e. power law) be-
haviour in PINs may emerge from homogeneous
protein ‘dating’ and moderately heterogeneous
protein “partying’.
(ii) For protein-driven ensembles, one has for large d,

Pd)~Cd™* (3.5)
with
a\# 1 1—
c-c() —co (36)
whereas P(q) = 8 (1)/«- Hence, any tail in the

promiscuity distribution will produce the same tail
in the degree distribution of a, but with a rescaled

amplitude. Fat tails in the degree distribution of

PINs can thus arise from equally heterogeneous
‘dating” interactions between proteins, combined
with a homogeneous distribution of ‘party’ inter-
actions. Short loops are boosted by broad
distributions of complex sizes, as large complexes
in the bipartite graph induce large cliques in the
network a. The d-ensemble (4.2), which attributes
any heterogeneity in p(k) to heterogeneity of protein
binding promiscuities, generates separable PIN
graphs a with the least number of loops. Conver-
sely, the g-ensemble (4.1), which attributes all
heterogeneity in p(k) to heterogeneity in complex
sizes, generates separable PIN graphs a with the
largest number of loops.

(iii) For the mixed ensembles, it is easier to write relation-
ships in terms of the distribution W(g), related to P(q)
via W(q) = qP(q)/{g). Assuming W(q) has a power-
law tail, with a finite first moment (as in both cases
previously considered), i.e. W(q) >~ Kg~¥ with y> 2,
one has P@)~Cd* with u<vy, where C =
CUg)/4q)' ™ for v > p and K(d)+C'((g») /()" ' =C
for y= . This means that if W(g) decays faster
than p(k) (as for protein-driven recruitment), then
the tail in p(k) must arise from the tail in P(d),
although heterogeneities in P(q) will affect the ampli-
tude of the power-law tail in P(d). Conversely, if
P(d) is as broad as W(g), then both P(q) and P(d) con-
tribute to the tail of p(k), whose amplitude will be the
sum of the amplitudes of the tails of the two
distributions.

4. Mathematical set-up

The remainder of this paper is devoted to the derivation of
results presented in §3. We start by casting the objectives of
our study in mathematical language. Formally, we can write
the bipartite network distributions for the three different
type of protein-complex recruitment (i.e. complex-driven,
protein-driven and mixed) as

r& =11 [qﬁu dgr1 + (1 - qﬁ) 3§;‘,0]/ (4.1)

d d
and () =[] L&% Bn + (1 - az\?<2>) aﬁ,o}, (4.3)
in

respectively. Bipartite graphs drawn from (4.1) were found to
have modular topologies, and to accomplish parallel infor-
mation processing for suitable values of the parameter o
[37,38], and their connection to PINs has been pointed out in
[39]. As explained above, the three ensembles become equival-
ent when complex sizes and protein promiscuities are both
homogeneous, i.e. , ={q) Vu and d; = a{g) Vi. In that case,
the recruitment process between proteins and complexes is
fully random. We are interested in the properties of the
random graph ensemble

e oo oo

p(a) =
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where (- ); = ", -p(§) and p(§) is given by (4.1)-(4.3). Some
properties of (4.4) will turn out not to depend on the choices
made for the distributions of complex sizes and protein pro-
miscuities, and this leads to powerful benchmarks against
which to test available PIN datasets.

A key step of our analysis is that averages over (4.4) can
often be replaced by averages over the ensemble of weighted
graphs (2.6)

”H b e £ sr] {H 5, ]) . @)

<j £

For finite g, d; and «, one finds that in large networks
generated via (4.1)-(4.3), the probability of seeing c;; > 1 is
of order O(N2), and the values of many macroscopic obser-
vables in the a and ¢ ensembles will, to leading order in N,
be identical.

5. Network properties generated by the
g-ensemble

In this section, we study the statistical properties of the
ensembles (4.5) and (4.4) upon generating the bipartite
protein interaction graph & from ensemble (4.1), where
complexes recruit proteins.

5.1. Link probabilities

For the graphs c of (4.5), we find the following expectation
values of individual bonds:

<c,]>—z<§“§“> —Z("ﬁ“) o@D

where the brackets on the r.h.s. denote averaging over
the complex size distribution P(g). The likelihood of an
individual bond is (see appendix B)

plei) =$5,, v §l{‘§/&>§

p<aN

2
%) oA 1)
= 5c,, 0+—5— N (551‘;/1 - 6517',0) + ( oN2 2 N3

B2
X (3,2 = 28,1 + 8:,0) +%
X (86,3 — 384, + 38,1 — 8y0) + ONH), (5.2)

so we find for the first few probabilities:

L) AP algh) A
PO=1-"7+"0r " 2w ev

+ (’)(N’4) (5.3)
and

L adP) AP gt AP

W=7z T T TON, (54
and hence
> p(6) =1-p(0) — p(1) = O(N?) and
>1
ZL)P(Z) ={cj) —p(1) = O(N2). (5.5)
=1

The probability to have c;; # 0 is of order O(N~
graphs generated by (4.5) are finitely connected. Moreover,
although the graphs c are in principle weighted, for large N
the number of links per node that are not in {0,1} will be
vanishingly small.

5.2. Densities of short loops

We now turn to the calculation of expectation values for
different observables in ensemble (4.5). First, we calculate
the average number of ordered and oriented loops of
length-3 per node, which are (see appendix B)

1
ms = <ﬁ %; Cijcjkckz> =

— )+ ON). (5.7)

Z > (ErererEreren), (5.6)

,uvp Ti#j#k

Calculating the density of loops 1, for lengths L > 3 can
be simplified by returning to the bipartite graph & We
define a star S, to be a simple (17 + 1)-node tree in & of
which the central node belongs to v. (the complexes), and
the 1 leaves belong to v;, (the proteins). Thus, S stars represent
protein dimers, S; stars represent protein trimers, and so on.
Each link in ¢ corresponds to at least one S, star in the bi-
partite graph (which, in turn, can be a subset of any S, star
with n > 2). Therefore, the total number of S, stars in the
bipartite graph,

DD (e =D (ernen = ZZ

®oiF#] BoiF] i#j K
= a(N - 1)(g%), (5.8)
has to equate in leading order the total number of links N¢k) in
graph ¢, yielding

%4’ ON™), (5.9)

") =
which is indeed in agreement with the result of the direct cal-
culation (k) = N1 Zij(ci]'>, using (5.1). Similarly, we can obtain
the number of loops of length 3, calculated earlier, by realizing
that these loops arise when we have in the bipartite graph
either a star S; (which can be a subset of any S,, with n > 3)
or a combination of three S, stars, where every leaf is shared
by two stars. The contribution of the number of S; stars per
node to the number of loops of length 3 is

*Z S qerere) Z S ENERED

i jEk(F#D) Mo jAER(#D)

SO DI

—a<q Y +O(N™ )
I 7#]#k(#1)N

(5.10)

The contribution of the combination of three S, stars, where
each leaf is shared by two stars, is

= Z D (gtererereneny =
uvp [i,jk]

_ ﬁa3<q2>3 + O(N—l)l

Z Z q,u,qvqp

#VP] [ijk]

(5.11)

with the square brackets [i, j, k] denoting that the three indices
are distinct. The expected density of length 3 loops is the sum
of an O(1) contribution from S; stars, plus an O(N~!) contri-
bution from combinations of three S, stars that share leaves.
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For large N the second contribution vanishes, and we recover
my = a{g®). Likewise, the O(1) contribution to the density of
length-4 loops comes from S, stars in the bipartite graph,
which consist of five sites (four leaves and one central node)
and four links, each with probability O(N~!). Combinations
of two S; stars with two shared leaves, or of S, stars, always
involve a number of links at least equal to the number of
nodes and therefore yield sub-leading contributions. Hence,
the density of loops of length 4 is

= —Z Do (grelérel) = aghy +O(NT).

o[k,

(5.12)

More generally, the average density of loops of arbitrary
length L is given by

mp = a{g") + O(N). (5.13)

For large N the ratio o and the distribution P(7) of complex
sizes apparently determine in full the statistics of loops of arbi-
trary length in ¢, if the protein interactions are described
by (4.1).

Finally, we note that if m; gives the number of ordered
and oriented loops of length L per node, the number of unor-
dered and unoriented closed paths of length L equals
i, = my /6, as there are L possible nodes to start a closed
path from, and two possible orientations.

5.3. The degree distribution

It follows from (5.9) and (5.13) that by measuring the average
degree (k) and the densities m; of loops of length L we can
compute all the moments of the distribution of complex
sizes P(q):

@=2 and vis2 @y (5.14)
o o
This would allow us to calculate P(g) in full via its generating
function, provided « and {g) are known. However, counting
the number of loops of arbitrary length in a graph is compu-
tationally challenging, and « and {(g) are generally unknown.
However, it is possible to express P(q) for large N in terms of
the degree distribution P(k) of c. Specifically, in appendix C,

we show that

lim p(k) = Jo dy P(y) e vy

lim . ) (5.15)

where

ey 5 gy wwaﬁ{y—

>0 2 q1.-.q1>0

qu},

r<t

(5.16)

and W(q) =qP(q)/{q) is the likelihood to draw a link
attached to a complex node of degree g in the bipartite
graph & Formula (5.15) is easily interpreted. The degree of
node i in ¢ is given by the second neighbours of i in &
the number ¢ of first neighbours of node i will thus be a
Poissonian variable with average a{g), and each of its ¢
first neighbours will have a degree g, drawn from W(g,).
Clearly, any tail in the distribution W(g) will induce a tail
in the distribution p(k), with (as we will show below) the
same exponent, but an amplitude that is reduced by a
factor a(g).

One can complement (5.15) with a reciprocal relation- [ 9 |

ship that gives P(q) in terms of p(k). To achieve this, we
define the generating functions Qi(z) = > ,p(k)e ™,

z) = J; dy P(y)e ¥* and Qs(z) = Y., W(q)e *. We then
see from expression (5.15) for p(k) that

7yZ kl

k>0

Qi(z) = J: dy P(y

[P e =g 61
0

and
_ _a<q>z a(q) Z W ) Z@qy
>0 o ..qi>0

oo Y (A0 () “<q>Q3 2))’ — Q1]

>0

(5.18)

The first identity can be rewritten as Q;(—log(1—y)) = Qa(y).
Inserting this into (5.18) allows us to express the desired

Qs(2) as

_ log Qx(z) log Q1(—1log(1 —z))
Q3(z) =1+ 7a<q) =1+ o) ,  (5.19)
which translates into
ZP q)qe Zq*(qH——logZp )(1—2) (5.20)

q>0

We can now extract the asymptotic form of P(q) from that of
p(k). The generating functions Q;(z) of degree distributions
that exhibit prominent tails, i.e. p(k) >~ Ck~* for large k with
2 < u <3 (as observed in PINs [33-36]), are for small z of

the form
Qi) =1—-kz+CIr1 —wz*1+---, (5.21)

where I'is Euler’s gamma function [40]. For small z, we may
use 1 —z >~ e % to rewrite (4.19) as

log Q1(z) =~ {)[Qs(z) — 1]. (5.22)
Combining this with (5.21) then gives, for small z,
—(k)z+CI(1 — wz* ! ~ ag)[Qs(z) — 1]. (5.23)
Hence, for small z, Qs(z) has the same form as Q,(z),
B <k> C -1

Therefore, W(q) behaves asymptotically in the same way as
p(k), i.e. W(q) =~ (C/og))q*. This, in turn, gives

rg = () e (5.25)

5.4. Relationships that are independent of P(g) and «
The first two moments of p(k) are given, to leading order in N,

by (see appendix C)

(k) = alg®) + OIN), (5.26)
which is in agreement with (5.9), and
() = ag?) + a(g®) + (). (5.27)

The latter is easily interpreted in terms of the underly-
ing bipartite graph: (k*) is the average density of paths of
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length two, so it has a contribution from (k) = a{g?) because
of backtracking, plus a contribution from pairs of S, stars that
share a node, whose density is

1, 9
—ZZ@%% §k>—NZZ T 1

[ijk] m#v [ijk] u;év

=g, (5.28)
plus a contribution from S; stars, whose density is a{g°) (as
shown earlier). Combining (5.27) with (5.14) gives us a
relationship between average and width of the degree
distribution of ¢ and its density of length-3 loops. Remark-

ably, this relationship is completely independent of «
and P(q):

— (%) — (kY — (k). (529)

This identity and others, which all depend only on
the separable underlying nature of the PIN and the
assumption of complex-driven recruitment of proteins to
complexes, can be derived more systematically from (5.20)
by expanding both sides as power series in z and comparing
the expansion coefficients. This gives a hierarchy of relation-
ships between moments of p(k) and P(g), and hence (via
(5.13)) between moments of p(k) and densities of loops of
increasing length, that are all completely independent of «
and P(g). At order z?, one recovers (5.29). The next order z*
leads to

my = (k) — 32 + 2(k) + kYK — (k)
= (k%) — 3(k*) + 2¢k) — (K’

— 2(kY?)

— 3(kyms. (5.30)

To test these asymptotic identities in finite systems, we
generate random graphs ¢ of size N = 3000 according to

(4.1) and (4.5), and we compared the measured values of
ms and my in these random graphs with the predictions of
formulae (5.29) and (5.30), respectively. We show the results
in figure 5.

5.5. Link between a and ¢ graph definitions
In  conventional PIN databases, one
records only whether or not protein pairs interact, not the

experimental

number of complexes in which they interact. Hence, protein
interactions are normally represented in terms of the adja-
cency matrix a = {a;}, which is related to the weighted
matrix ¢ = {c;} via a; = 6(c;;) V (i # j), with the convention
for the step function 6(0)=0. We therefore have
p(aij) = {8¢;0)8, o + (1 — (65‘.].,0))6”1.],1. However, the links {a;}
are correlated. In appendix D, we derive the relation-
ship between the expected values of different graph
observables for the two graph ensembles p(a) and p(c).
Denoting averages in the a ensemble as (...),, and using
the usual notation (...) for averages in the ¢ ensemble, one
finds that for large N the first two moments of the degree
distributions and the first two loop densities in the two
ensembles are identical:

k), = NZW NZ[l (8¢,0)] = alg®) + O(N )

=k +O(N™), (5.31)
)= 3 (a0, = ol + o) + A + ON )
i#j#k
=) +O(N), (5.32)
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1
my =—

Z (agajan), = olg’) + O(N)
i 2R £
=m3 + O(Nfl)
1
and =5 > (ajagaran), = olg*) + O(N)
[i,jk0]
=my+ON).

(5.33)

(5.34)

Square brackets underneath summations again indicate
distinct indices, which excludes backtracking in the counting
of length-4 loops. Apparently, the ensembles p(a) and p(c) are
asymptotically equivalent with regard to the statistics of these
four quantities. We will see in the next section that this equiv-
alence holds also for the ‘dual” ensemble (4.2). To test the
above claims, we compute and show in figure 6 the above
observables in synthetic graphs ¢ and a generated randomly
from (4.4) and (4.5), where the random bipartite interaction
graph £ is drawn from (4.1).

6. Network properties generated by the
d-ensemble

In this section, we will derive properties for the network
ensembles (4.4) and (4.5) upon assuming that the statistics
of the underlying bipartite PIN are given by (4.2), i.e. are
protein-driven as opposed to complex-driven. Despite the
superficial similarity between definitions (4.1) and (4.2), the
expectations of graph observables in the two ensembles are
found to be remarkably different.

6.1. Link probabilities

We start by calculating the link expectation values in the

S, Eren
[ dfdi
(=Y ety =210, (6.1)
w

weighted graphs c;; =

Hence the random graphs c are again finitely connected,
now with

2
® =3 e ="2 62)
1

Averages over d refer to the distribution P(d) of protein
promiscuities in the bipartite graph & The result (6.2) can
also be written as (k) = a(q)z, and is thus notably different
from the earlier expression (k) = a(g?) found in the g-ensemble.
The link likelihood is calculated in appendix B, and shows
again that p(c; > 1) = O(N~2).

6.2. Densities of short loops

We can calculate the density of length-3 loops similar to how
this was done for the g-ensemble in the previous section.
Again these are given, to order O(1), by the Sj stars in the
bipartite graph, as the contribution from combinations of S,

stars is as before O(N~1). Here we obtain

didid,  (d)°
S et = NZZ e @ 63)

[1]k ® [ik] w»

For loops of arbitrary length L, this generalizes to

("

mp=——.
al1

(6.4)

Interestingly, the densities 1, of short loops and the
average connectivity (k) depend on P(d) only through its first
moment. Promiscuity heterogeneity apparently cannot affect
the densities of short loops. In the present ensemble, these
densities must therefore be identical to what would be found
in a randomly wired bipartite graph. This prediction will be
confirmed in simulations.

6.3. The degree distribution

In appendix C, we calculate the asymptotic degree distri-
bution of ¢ for the protein-driven complex recruitment
model (4.2), giving

p(k o lellilgoNZSk ZCU

—d g0 —Udy/a a k
=Y P Z( d ) (e g<d>/ ) > (6.5)

d>0 L

This result is again understood easily: the number of
neighbours of a node i is a Poissonian variable ¢, with aver-
age d, where d is now drawn from P(d). Each of the ¢ first
neighbours will have a degree which is a Poissonian variable
with average (d)/a, so the number k of second neighbours of
i in the bipartite graph is a Poisson variable with average
d)/a. Equation (6.5) shows that a tail in the promiscuity
distribution P(d) will induce a tail in the degree distribution
p(k) of c. The link between the two distributions is again
most easily expressed via generating functions. Upon defin-
ing Qi1(z) = Syp(k)e ™ and Qu(z) = > ,P(d)e ™, we obtain
from (6.5)

S (delde-1)/a)t

z) = ZP(d)e‘de#

>0
_ Q4( (d) (e Z—1)/0{) (66)
For z ~ 0 this gives
a@=a(22) o)

Hence, if p(k) decays for large k as p(k) ~ Ck™* with 2 <

<3, then via (5.21) we infer that

O (Z<d>> ~ 12+ CI— Wzl (68)

Equivalently,

u—1
Qu(x) ~1— “g;x +Cr(1-p) <%> L (6.9)

This implies that for large d the promiscuity distribution
will be of the form P(d) ~ C'd *, where

! « pot o 1-n
C 7C(@) =)' (6.10)
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Figure 6. Symbols: (k), (k%), m; and m, as measured in synthetic graphs ¢ drawn from (4.5) with N = 3000, shown versus corresponding values found in the
binary graphs a drawn from (4.4). Bipartite interaction graphs & are drawn from (4.1), with complex size distributions P(q) that are Poissonian (a) or power law (b).
Dotted lines: the diagonals (shown as guides to the eye). As expected, the values measured in the weighted graphs c are consistently higher than in the binary ones,
but one finds that these deviations get smaller for increasing network sizes N.

and

6.4. Relationships that are independent of P(d) and «
The first two moments of the degree distribution p(k) of the
separable PIN networks c are

d
ZP(d)z[:e dﬁ

d

(2.

2y => Kpk) =

%
_diudy  (dy 2 3 2
Ze "ET:T (6.11) :@+@+<d> <d2>.

t a a? o?

(ky =" kp(k) =>_ P(d) (6.12)
k d
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Figure 7. Symbols: theoretical (... ), versus measured ... ), values of observables {k), (k*), m; and m, in synthetic random graphs ¢ with N = 3000,
defined via (4.1), (4.5) for a power-law distributed promiscuity distribution P(d). Theoretical values are given by formulae (6.18) for (k), (6.12) for &),
(6.3), (6.14) and (6.21) for ms and (6.4) and (6.21) for m,. Dotted lines: the diagonals (shown as guides to the eye).

Combination of (6.18), (6.12) and (6.13) now yields the
relationship

@ 0~k —ms

© , (6.13)

which still involves (d%) and a. We can also find an alternative
expression for the density of loops of length 3 by combining
(6.18) and (6.13)

3/2
mz = <li>a .

(6.14)

Unfortunately, neither of our two expressions for g,
(6.13) nor (6.14), are useful, because the protein promiscuities
distribution P(d) and the ratio a are generally unknown.
Access to information on these quantities via future detection
experiments may therefore be extremely welcome in support
of theoretical modelling of protein interaction datasets. To
make progress, we need to derive relationships for graph
observables that are independent of a and P(d). We note
that (6.14) yields

vL>3 Mn @ (6.15)
my, o
This can be rewritten using (6.18) as
vL>3 Mea_ [0 (6.16)
my, o

On the other hand, we know from (6.14) that
mz/{k) = \/{k)/a. Combining the above formulae allows us
to establish the following relationship, that now is completely

independent of P(d) and o

2
s

=%

Again we have tested the various formulae in syntheti-
cally generated graphs (figure 7).

6.5. Link between a and ¢ graph definitions

As a final step, we check whether the observables 3 and 14
are indeed the same for the two PIN definitions (4.4) and
(4.5), with the bipartite graph of our protein-driven ensemble
(4.2), as protein detection experiments provide the binary
matrix a as opposed to the weighted graph ¢ for which
(6.21) was derived. Again we denote averages relating to a
as (...),, and those relating to ¢ as (...). For the moments
of the degree distributions, we find the differences to be
negligible:

dy’

k)a = %Z (ai), = - OINYHY =®)+ON") (6.18)
ij

and

© = 3 @,

i#j#k

O(N™

2 3 2 2
@ @

64 64

=+ ON). (6.19)
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Figure 8. Symbols: (k), (k*), m; and m, as measured in synthetic graphs ¢ drawn from (4.5) with N = 3000, shown versus corresponding values found in the
binary graphs a drawn from (4.4). Bipartite interaction graphs & are drawn from (4.2), with protein promiscuity distributions P(d) that have a power-law form.
Dotted line: the diagonals (shown as guides to the eye). As expected, the values measured in the weighted graphs c are consistently higher than in the binary ones,

but these deviations get smaller for increasing network sizes N.

The same is true for the densities of loops of length 3 and 4:

.1 @’ -
mi=x Y (@an) =5 +ONT)
i#j#k(#1)
=m3+ON™) (6.20)
and
1 dy*
my =53 Z (@ijjaxensi) = % +O(NT)
k.0
=my+ON?). (6.21)

This equivalence between the ensembles p(a) and p(c)
when calculating the main average values of graph observa-
bles for large N implies that large protein interaction
adjacency matrices can in practice be regarded as having a
separable structure. Again, we check our relationships
(6.12), (6.18), (6.20) and (6.21), against synthetically generated
graphs and show results in figure 8.

7. Macroscopic observables in the mixed

ensemble

The two bipartite graph ensembles (4.1) and (4.22) considered
so far led to Poissonian distributions either for the protein
promiscuities d; (in the g-ensemble) or for the complex sizes
g, (in the d-ensemble). It is possible to model heterogeneity
in both d; and g, using the mixed ensemble (4.3). Owing to
the similarities with previous calculations we can and will
be more brief in this section. For ensemble (4.3), the

expectation values of individual links in the weighted
graph c are

did]‘qi

{cij) = ; (ffff) = ; PTG
_ didi{q*) -3/2
- 7a<q)2N +O(NT7), (7.1)
and the average connectivity follows as
1 L@ 1y
<k> = N; <Cl]> = a<q>2 + O(N 1 2)
= alg®) + O(N7V2). (7.2)

Full details are found in appendix B. As in previous
ensembles, the leading contribution to the density of
length-3 loops comes from the S; stars in the bipartite
graphs, now giving

1 1 d,‘d]'dk(f’
ma = (Eretely =< i 8
3 N % z‘u: j Sk N %; m a3(q>3N3
dy (g

As before, the heterogeneity in the d affects neither the
average connectivity (k) nor the density of triangles s,
both are as they were in the g-ensemble. This is confirmed
numerically (figure 9). The degree distribution for large N
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Figure 9. Symbols: theoretical (. . . )y, versus measured ( . . . ),, values of observables {k), (k?), and m; in synthetic random graphs a with N = 3000 and o =
0.5, generated either via random wiring (a), g-preferential attachment (b) or d-preferential attachment (c). Dotted lines: the diagonals (shown as guides to the eye).

in the ensemble p(c) is calculated in appendix C, giving

_ Iy dy P@y) ety

ply =LY (74)
where
¢
P(y) =) P(d)e™ Z% > Wiq)..- W(q) 8[}/ - qu] :
d >0 7" q1..q0>0 r<fl

(7.5)

Again it is possible to relate the asymptotic behaviour of
p(k) to that of P(d) and W(g), by inspecting the relationship
between the relevant generating functions. Using our pre-
vious definitions for Q(z), Q,(z), Qs(z), and Q4(z), we obtain
via (7.4) and (7.5)

_ ok
Qi(z) = deP(y) Z% — dep(y)e—y(l—eﬂ)
T !
= falinen 76)
and
0 L
%6 =Y e G (Z Wig,)e )
d ¢ r=1 qr
¢
=Y P Y T
d VR
= Zp(d)e*d[lst(Z)] — Q4(1 _ Qg,(Z)) (77)
d

Expanding (7.6) for small z tells us that Qi(z) >~ Qx(z).
Substitution into (7.7) subsequently gives

Q1(z) >~ Qu(1 — Qs(2)). (7.8)

Assuming W(g) to have a power-law tail, but with a finite
first moment (as in all cases previously considered), i.e.
W(q) ~ Kg~¥ with y> 2, its generating function Qs(z), can
be written as

@ -1-TF o), 79)
where 8 = min{2,y — 1}. Insertion into (7.8) then leads to
~ 0 (BT _ o )
Qi1(z) ~ Q4( @ (z%) ). (7.10)

If p(k) = Ck™*#, with 2 < u < 3, we may use our earlier result
(5.21) and get

(Y L s @Y
Q4(x 0(<q2>>>_1 @ e “)(<q2>) s

(7.11)

If y> pu we have 6§ > u — 1, so we can neglect the second
term in the argument of Q,, and conclude that the promis-
cuity distribution has the asymptotic form P(d)=C'd ™ *
where C' = C((42)/{g))" *. This means that if W(g) decays
faster than p(k) (as in §6), then the tail in p(k) must arise
from the tail in P(d). Note, however, that heterogeneities in
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P(q) will affect the amplitude of the power-law tail in P(d),
which will be smaller by a factor ((32)/{(g)*)' * compared with
the case where P(q) = §,(;, where we had C' = C{g)* . Con-
versely, if y= u we have §= u — 1, and writing the O(z?)
term explicitly in (7.10) gives

Qu(Eq)/{g) = KI'(1 = p)z*") = 1 = (Bz + CI(1 — )z
(7.12)

Expanding both sides in powers of z and equating prefactors
tells us that either C'=0 and C=K({d) (ie. K=C/ag),
which  retrieves the case in §5), or d&=pu
with K{d) —|—C’(<qz)/<q>)’“1 = C. Hence, if P(d) is as broad
as W(g), then both contribute to the tail in p(k), whose ampli-
tude will be the sum of the amplitudes of the tails in P(g) and
P(d). We see in (7.12) that y < u is not possible, i.e. W(g)
needs to decay at least as fast as p(k).

In appendix C, we calculate the first two moments of the
degree distribution p(k) of the ensemble p(c). This recovers
(7.2) for the first moment, and for the second moment gives

2y — X0+ olq’) + (@)K’
(@? '

Substituting (7.2) and (7.3) into (7.13) then leads to

e ) = SRy — ()
3 = 2 .
(dy

(7.13)

(7.14)

The density of length-3 loops depends again on the first
two moments of the degree distribution p(k), but is also
seen to depend on the first two moments of the promiscuity
distribution P(d), which is unknown. Hence, this relationship
cannot serve as a test of PIN data quality. It is nevertheless
useful for comparing the mixed ensemble with the d- and
the g-ensembles in synthetically generated data.

8. Numerical comparison of the three bipartite
generative ensembles

Here we compare the ability of our bipartite ensembles (4.1)—-
(4.4) to predict properties of the associated binary PIN
graphs, for synthetic networks that are generated from any
of these ensembles. We focus on comparing homologous for-
mulae for the observables (k), (k?), m3 and m,. The synthetic
matrices a = {a;} with a; € {0, 1} are defined as before via
aj = 03, €F 5]“ ), with 6(0) = 0, and the links of the bipartite
graph & are generated from the following three protocols.
In the first protocol, links between nodes (i, 1) are drawn ran-
domly and independently, until their total number reaches a
prescribed limit. In the second protocol, we assign the links
preferentially to complexes with large sizes. In the third pro-
tocol, we assign links preferentially to proteins with large
promiscuities.

In figure 9, we show along the vertical axes the values
of (k) (left) predicted by the three ensembles, via formulae
(5.26), (6.2) and (7.2), the predicted values of (k?) (middle),
via (5.27), (6.12) and (7.13), and the predicted triangle
density mjs (right), via (5.29), (6.13) and (7.14). All are
shown together with the corresponding values that were
measured in a, along the horizontal axes. As expected, the
d-ensemble outperforms the other ensembles when links
are drawn according to d-preferential attachment, whereas
the g-ensemble performs better for graphs generated via

g-preferential attachment. The mixed ensemble performs [ 16 |

very similar to the g-ensemble in terms of counting tri-
angles, as expected from the reasoning in §7. Deviations
between the g and the mixed ensembles are most evident
in the second moment of the degree distribution, where
the mixed ensemble always leads to values well above
those of the g- and the d-ensembles. We found in §6 that
the d-ensemble is indistinguishable from a fully random
ensemble when calculating (k) and mj;, which explains
why the d-ensemble predicts the values of these two obser-
vables perfectly. The other two ensembles are more sensitive
to finite size effects, as any heterogeneity in the g will boost
the number of loops.

In figure 10, we show the values of m3 and m, predicted
by those formulae that involve only measurable graph
observables, for the synthetically generated graphs used in
figure 9. The prediction of m3 is now obtained from (5.29)
and (6.21), for the g- and d-ensembles, respectively, and 14
is evaluated using (5.30) and (6.21). In figure 11, we plot
the degree distribution p(k) of graphs with identical values
for the number of nodes (N =3000) and the number of
links L =Na{g), generated synthetically via the three
chosen protocols, together with the distributions P(g) of
complex sizes and P(d) of protein promiscuities. As
explained in §7, tails in the degree distribution p(k) ~ k™ *
can arise either from a complex size distribution P(g) ~
g *' and a homogeneous promiscuity distribution, or
from having an equally fat tail in the promiscuity distri-
bution P(d)~d " together with less heterogeneous
complex sizes P(q) ~ rf’*l with y> pu.

9. Conclusion

In this paper, we propose a bipartite network representation
of protein interactions, where the two node types repre-
sent proteins and complexes. A protein—protein interaction
network can then be regarded as the result of a ‘marginaliza-
tion” of the bipartite network, whereby the complexes are
integrated out (i.e. summed over). This leads to a weighted
PIN ¢ with a separable structure. Adjacency matrices of
PINs a are then simply the binary versions of the separable
¢, obtained by the entry truncations a;; = 6(c;;), with the con-
vention 6(0) = 0. One of the central results of this work is that
for sufficiently large networks there is an equivalence
between the two graph ensembles p(c) and p(a), inasmuch
as macroscopic statistical properties are concerned, such as
densities of short loops and degree distributions. This
allows us to regard the conventional protein interaction
adjacency matrices as if they were to have a separable struc-
ture, and induces precise relationships between expectation
values of macroscopic graph observables which, remarkably,
only depend on measurable quantities and on the underlying
mechanism with which proteins and complexes recruit each
other. They are independent of inaccessible microscopic
details of proteins and their complexes.

We considered the two extreme complex recruitment scen-
arios, one where recruitment is driven solely by protein
promiscuities, and another where it is driven by complex sizes.
Preferential attachment to large complexes (the g-ensemble)
favours the presence of large cliques in PINs, which boosts
the number of short loops. Hence we can reasonably expect
that the predictions on short loop densities from the
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Figure 10. Predicted versus real ms (a) and m, (b) for random bipartite graphs with N = 3000 and v = 0.5 generated via random wiring (a(i),b(i)), g-preferential
(a(ii),b(ii)) and d-preferential (a(iii),b(iii)), calculated by using formulae (5.29), (5.30), (6.21) and observables appearing in the formulae computed directly

from the network.

g-ensemble will overestimate the real number of loops.
Conversely, preferential attachment based only on protein
promiscuities (the d-ensemble) leads to homogeneous com-
plex sizes, which suppresses large cliques in PINs, leading
to an underestimation of short loop densities. Remarkably,
real protein interaction data from MS and Y2H experiments
show a density of length-4 loops in between the predictions
of the d-ensemble and those of the g-ensemble, suggesting a
degree of compatibility of these experimental data with a
separable structure of the proteome. By contrast, both MS
and Y2H datasets show densities or length-3 loops that are
consistently smaller than all our theoretical predictions and
closer to expectation in random graphs with identical
degree distributions, suggesting the presence of a noise
level which randomizes interactions. We note that MS
values generally show a higher degree of compatibility with
a separable structure of the proteome than Y2H.

We believe that, by providing a systematic and practical
framework for understanding protein interaction experiments,
our approach may represent a valuable step towards esta-
blishing a more solid connection between protein interaction

datasets and the underlying biology. Universal bounds on
observables in PINs may become powerful tools for data qual-
ity testing. As future work, it would be useful to apply the
present framework to datasets with different features, includ-
ing ribosomal data, large-scale datasets resulting from the
union of known datasets (e.g. [41]), more nuanced descriptions
of PINs as those involving alternative splicing, as well as
adapting the present framework to include multiple measure-
ments from repeated experiments [42]. Improved versions of
the present models, which fit the experimental data better,
may open a route to infer quantities such as the ratio «, and
the distributions of protein promiscuities and complex sizes.
Such quantities are hardly available in the current PIN data-
sets, and are generally difficult to access experimentally. The
present work has revealed that the asymptotic forms of these
distributions can be extracted from the tails of the PIN
degree distributions. Recent protein—complex datasets such
as [43,44] may provide useful sources to test inference capabili-
ties of the present framework. Finally, our method my shed
some light on the way protein and complexes recruit one
another, in particular, whether this recruitment is driven by
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Figure 11. Distributions P(q) of complex sizes, P(d) or protein promiscuities and p(k) of the degrees in a (distinguished by markers as shown in the legend),
for random bipartite graphs with N = 3000, « = 0.5 and (g) = 4.8, which have been generated via random wiring (a), via g-preferential attachment

(b) or via d-preferential attachment (c).

proteins or by complexes, and may enable us to discriminate
between “party hub” and ‘date hub” interactions.
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Appendix A. Promiscuities and complex size
distributions in ensembles P,(&€) and P4(&)

For graphs drawn from ensemble (4.1), where complex
sizes {q,} are drawn from a given distribution P(g), the
distribution of protein promiscuities is, for large N,

s i [T A9 Gy i0d e
pld) = Jim (0,5~ o) = Jim [ 5Zeivite 2l
_ J i dﬁeim+a<q)(e"“—l) _ e‘“<q>(a<q>)".

27 d! (AT)

< > T dw . aN feheh

— . iwc;i - i &

p(C,‘]‘) = 5% Z §f.§]’f £ J,,,.ETe ' 1_[1<e j >§
p<aN p=

L.

D e 1y 0<N-4>]
=50+ “%2> (8,1 — 80,0) + (“ZZ?Z ;aﬁ‘;)
+ “36%? (8,3 — 30¢,2 + 38,1 — 8:,0) + O(NH).

dw 1wc- i qi —iw qi dw 1“’C’J+E
277- /E{ﬁe + 1_ﬁ 7J_7,27T

2<q2>
2N?

For graphs drawn from ensemble (4.2), where protein promis-
cuities {d;} are drawn from a given distribution P(g), the
distribution of complex sizes is, for large N,

iwq<e—iw2i§f>

. . T do
p(q) = lim (5, s zu) = &T;J 2

—T

dw

i@+ ((d)/a)(e”

-[.

277

iw_q) _

e e (@/a)
e

(A2)

(72/N?)[e

Appendix B. Link probabilities in the weighted

protein interaction network

In this appendix, we derive the likelihood to have a link in the
weighted PIN ¢; = >, &/'¢ /“ , when the £/ are drawn from
the ensembles (4.1)—(4.3).

B.1. The g-ensemble

In the g-ensemble, we have

(g4 /NH)e 1)

e v_1]—(1/2) Z

2

(e~ 1)

> (Sc,j,Z - 255,-]-,1 + 6c,v,-,())

(B1)

1505107 2L 20pan 205y o Buobunsygndisepospeforys [


http://rsif.royalsocietypublishing.org/

Downloaded from http://rsif.royalsocietypublishing.org/ on May 23, 2016

From this, one reads off directly the values of p(c; = 0), and using
p(cij=1) and p(c;; > 2). The density of triangles is obtained ) )
writing (B2) as (EHEY) = (EMNEY) + 8u(EM(1 — (€M)
_ qudv Qe (1 _9u
=R (1-%).

aN
my=(N—1)(N=2) Y (EHENEENEER,  (B2)

uvp=1 This gives

o= [0 0(5)] 3 a0 (1= 2] [+ 00 1 )] [+ a0 (1)

rvp=1
1 1 v 3
= (17 0(3)) 5 man [T R (1 50) -390y (- ) ot (1) )
uvp=1
1 aN 3 1 B
:N; (1-2)q + O(N) = o)+ O(NY).

B.2. The d-ensemble

In the d-ensemble, we obtain

m d iwc: di/a —iw])_ aN)?) (e iv_
(C,]) <8C Z §#§M> :J (l)elmcxj+(d,d]/ N)(e7'1) 1/2(d12d72/( N)”)(e 1)
ijs

_p 2
T o e | didy 1/dd\*, . .2 1dd) . .o
_Jiwﬂe y 1+w(e 71)+§<0{N> (e *1) *E(aN)g (e *1)

1 didf3 —iw 3
+6(W>(e 71) + -

which gives

did did;\ 2 dd\® 1 d2d?
p(c”,O):l_ / 1 jatier) _1 - _1 J
aN 2\« 6 \aN 2 (aN)3
did;  (did\* dd\® dd?
plo = 1) = 24 (44i)" 1 faids J
aN aN 2\« ( N)3

p(cij >2) = O(N7?). (B6)

B.3. The mixed ensemble

For the mixed ensemble, the link likelihood is found to be

J gw wci+y S (@i, /(g N?) (e 1) :Jﬂ d_weiwc;i+(d,dj<q2>/a(q)zN)(e"“’—l)
K

- 27

ddi@®) i, 1 (40 i
+aN<q>2 +2<QN<L]>2) +}

(Cll) <8 Z I §F> =

o
— o didi(g)/alg)*N J do eloci |1
_ g2

giving

plej=0)=1-

didiq®) |1 (didiq®) ’ 5
NEETRS 2<a<q>2N + O

o d;d; <q2> did]-<q2> .
p(clj =1)= a(q)zN ( a(q)zN +O(N™)

plcij > 2) = O(N?). (B8)

EZSOSLOZ ‘:z‘1 a)‘njjajt//“")dg."y"[‘ ‘.Bjol'ﬁlj.!q.s!|qhd‘/(191)6§[é/(01';jsj E


http://rsif.royalsocietypublishing.org/

Downloaded from http://rsif.royalsocietypublishing.org/ on May 23, 2016

Appendix C. Calculation of the degree
distribution p(k)

In this appendix, we calculate the degree distribution of the
weighted PIN ¢; = &7 §]’-‘ , in which the entries £/ are
drawn from the bipartite ensembles (4.1)—(4.3).

C.1. The g-ensemble

In the g-ensemble, we can calculate p(k) as follows:

(7 e i/l “iod g\ [T A0 i, —ied o
p(k)i‘[_nﬁe <ﬁze i fJ_ﬁETe (e / >§

—1w§”>

[ e

_p2m
_ 7 29 gioksagiexplate 111 | (N~
27

-

- J

—e YL . J

dw
277

T Ao g, Y 5 g T dw gty gt
_elwk e WS =15 _ _euuk e 1 15
J‘77T27T < >§ J‘77727T g< >§

-1
Feenll e o)

d_weimzﬂ(q#/wnexp[w 1) -1]+O(N

lwk+alge explge” i]) + O(N—l

b

D)

2 el (ge T explge ) + O(N )

>0
—a dw iwk e r
. <q>z <H (3,e7) J, 20 ke PO oy ON-)
€>0 r<t ™
@ W
—a ) r ick—i _
=€ @Z <H (gre™) ! J 27" ‘ mg>q1---flf +OWNT)
€>0 r<t s>0 -
—a N r I/q") -
—e 0y W e ) =510, L, + 00 ) e
= &
Hence, for large network sizes N — o we obtain
@ -5 ‘
lim p(k) = e~ Z [LarJe == O g0 /K
é>0 r<t r<t q1---q¢
ey 2 e < ) /k'> (€2)
Z>O qe=>0 r<t
We can rewrite this in terms of the distribution and upon defining

W(q) = qP(q)/{9), which denotes the likelihood to draw a
link attached to a node of degree g in the bipartite graph,

- @)
lim p(k) = e~ *? <
N—oo [Z(;
Z W(q) . Kﬂr( qu /ku> (C3)
q1...90>0 r<t

=0y “@ Z Wig wwz)a[y—

>0 ..q¢>0 r<t
(C4)
we finally get to
y
Jim p(k) = J dy P(y)—ey (C5)

The interpretation is that if we draw ¢ from a Poisson dis-
tribution with (¢) = «{g), and then draw ¢ variables g, from
W(g,), we find k as a Poissonian variable with (k) = >~ ,q:.
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Clearly p(k) is normalized, and for its first moment we find

<k>:Joo dyP 7a(q>z a(7> Z W( ql (W) qu
0 >0 qe>0 r<t
—eny o) 2 Wial=atr. (c6)
£>0

For the second moment, we obtain

<k2>:<k>+r° dy P(y)

— a{gd)+e ,a@Z “<‘7> > Wiqn).. W) > a4

>0 ‘! q1...40>0 r,s<l

2
= a(g’)+e @ (Z W(W) > (O‘(Z»
q

>0

| = (atg)’
e [Z W(g)q* ~ (Z W(q)q) } Z(? = 1)!
q !

q >0

,a<q2>+e*a<q>z a<q> Z W W(q/) quqs
>0 ' q--q,>0 r,8<l
S > <q2> ey = a<q> 4
@ =
_ iy ey T +< T 2+ o)
@ | @
= (P + o) + (g (C7)

This is in agreement with results from a direct calculation:

<k2> = % Z <C1]Ck/> = Z <C1]C]1> +NZ <CZ]Cjk>

i#j#k 1#] [ijk]

NZZ<§“§“§“§”>+ NZZ<§“f”f”fk

i#] uv [ijk] v

NZZ<€“5”>+ LSS et ernere)

i#] K [ijk] m#v

+= ZZ<§“§”§k>+O )

[ik]  w
q# ql-‘- v
NZZ sziiJrNZZ
i#j] p [ijk] m#v [ijk]  w
= &)+ (g?)’ + og) + O(N )
=)+ &) + o) + O(N ). (C8)

C.2. The d-ensemble

We can calculate the asymptotic degree distribution in the

d-ensemble as follows:

T 1 B 1 ™ dw ik *in 5;‘“2-»M
p(k) fl\ljlfc}oﬁz<5k,zﬁ>§*ﬁzi:£ﬁ%e (e e
1 ™ da) ik d,‘ 7iw§;‘
NN Ee Il [”m(me )-1

s 1 1w
LI IE VTS

el@/a)e—1) _ 1)}

1 T dw (@/a)eio—1)_
— lim — iwk+di(e 1)
NCwNZ<) 27"
T AW s de@aeio-n_q
_Zp(d) 2 ikt (e )
7 ) 2w
da) : —iw
_ 7d —(({d)/ o) A wk+L((d)/ )
=Y Pty e e [ S
il o (Ud)/ @)"
=Y "Pd)> e dﬁe iy )T{' (C9)
d 7 : :

C.3. The mixed ensemble

In the mixed ensemble, we have the asymptotic degree
distribution

d —iw
= l1m NZ(&( Zc,/ NZJ = 1wk< Z g Z ‘f

1 d(u . dq e
= lim — iwk m iwg )
NCWoNZ«) 27 IMI [1+a<ﬂi>N(H<e ) 1)}
1 d(u iq
= lim — lwk” M (gu(e™=1) _
NowN [H N R
i LN [T 49 okt 3, @ /aN) e 1)
=lmy 27

i —1T
A0 iwkd/i@)qe™ 1),

=Y _P(d) J;ﬂe

— Y Pd)e J’T Zﬂewkﬂd/w»ww exple ),

m

=Sy UL S tenpige

d >0

k
Zd:P *d24,<H(qrg>q)r;—fw>qw. (C10)

>0 r<t

We can rewrite this expression in terms of the associated
distribution W(q) = qP(q)/{q) as

- Tl ) ’Z'””>

q1-.qe
=S P@e Y Y Wign).
d

[>O “q1..90>0

k!

(C11)

(q,)e L M
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or, equivalently, as Appendix D. The link between observables in  IER
the a and ¢ networks z

p(k) = J " dy P(y) efy'.‘/k/ (C12) In this appendix, we inspect the relationship between expectation : %_

0 k! values of various observables in the ensembles p(a) and p(c). 18

2

=

where D.1. The g-ensemble =
Denoting averages in the a ensemble as (.. .),, we have, for '~§

the g-ensemble of bipartite graphs 8

=Y P ‘”’Z Z W(q)- (qz)S[y—qu]- =

d i>0 .qe>0 r<t LR

1 1 1 e

C13 - = y

(C13) <k>ﬂ—ND@,LWZ(@{@]—E}) ¥

ij 1] S

)

1 _ _ =

The first two moments of p(k) are = NZ [1— (8,0 = ag”) + ON"!) = (k) + O(N ) S

1 —

N

CHEE

(ky= J dyP(y) "‘Z > Wiq)--Wige) Y ar g
= 1 ko r<t and 3

=ZP<d)ed;@_m;wmm:w%:a@ (C14)

d

K= O = Nz<ag>+ > (a0

NS N isxten
and 1
:NZ<(176€;’,’/0)>+N Z <(1765i/70)(17651k/0)>
ij i#j#k(#1)
° 1 2y 1
=G+ [ ayp)y? S (126,08 08,0)
0 ij i#jAk(#D)
= alg?)+_P(d)e W(gr)-.. W(ge) > 04 ?) X
Xd: ZZO: q;q;o ' ! ;g —(N-1)(N-2)—2(N-1)(N-2) 1—“%>+a2§i’p>
=a(@+ P(d)e [@ W(g a<q2> o) a2<q2>
Ed: ;zv 2 W HIN=D(N=2){ 1-2— "+ +2 7 +alg?)
2 2
+€(£1)(ZW(q)q> = o)+ adg’)+ g =),
q (D2)
el Dy ) +ag) +Thap. (c19
@ () (d) where we used
. Z (8. 08c, 0)
NN-D(N-2),, Gz "
1 T dodo ER (P ot it e
_ <el§, (éf ot o )>
N(N - 1)(N — 2)1#;#1 J,,T 42 1;[
o T dodo q,u, iw i ‘h i(o+o) _ jio o
_LT iz #{1+N2[( R VAt e~ 1))
_ r doda ()N (@ +e ~2)+ (o) /N?) () —ei—e 1)~ (alg")/2N%)( eopei —2)”
. 4
Y S B U M B U W B T AU
=l-2 7+ T2 LN ot (D3)

For loops of length 3, we proceed in the same way,
obtaining
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1 1
mi=x D, (ampan) =5 Y (1= 8,0)(1— 8e0) (1= d,0))
i#jAR(#0) i#£K(#0)
1
N 3<6C,’/’,0> + 3<5C;,,066]‘k,0> - <605/,08C]k,06ck,,0)>
i#j#k(

B oA P
=(N-1)(N-2) —3(N—1)(N—2)<1 _TJ’ZW)

2
+3(N - 1)(N -2) (1 %) @) ) )

N N2 N2

@ o), 9 C
—(N—l)(N—2>(1—3a13 P2 )—a<q3>zm3,

where we used

1
- Oc.: 00¢, 00,
N(N — 1)(N — 2) Z < c‘,,O c]k,() ck,,0>

i#j#k(#i)
1 J’T dwda)’da)”H i (ErorEl ) HEM E W
- Z ettt adietet (e i\Sj k j >k >
NN-DN-2), Syl 87

da)dw’dw” qM iw io i’ ql/- i(0+o'+o") iw io i
#{1+N2[(e +e¥ +ev —3)+ N( —e?—ev —e +2)]

-

T
dwdw d(l) a<q2>/N) “"+ei“’/+e“” —3)+( ﬂ<q3)/N2)( (ot +0) _ ei“’—ei“‘/7e“"//+2)—(a<q4)/2N3)(+e“",+e‘“’//73)2

-

a<q2> o) 9P 9aleh) NP 9

=1—
3N N2 2 N2 2 N3 N3 2 N3

Finally for loops of length 4, we have

1
my =y > (@jagagas)
[ijkA
1
= N Z <(1 - 86,7,0)(1 - Sc/k,o)(l - SCkhO)(l - 86/1,0»
[ijik 0]
1
= N Z (1 - 4<6C,/’,0> + 4<6017‘,06C/k,0> + 2<5C,’1/0><6C]k,0> - 4(651./.,()69}(/065}(“0))

[ij k)
+< 8c,-],O ‘Sc,k,O Sck[,O 85(,,0 )>

=(N-1)(N-2)(N — 3){ (1

o) | ) @ o)
N 2N?2 6N3 2N3

oAg?) APy AP 4a3<q2> algy g
+4<12 N TR TN T3 a2 X

2
of1 D), g ) ol
N 2N? 6N?3 2N3

1 AP g 9@ 9 9t XX
4(13N+2N2+2N2 2 N> 2N -6 N3

oA?) AP« 2<q2> APHP) 3263
+<1_4T+4 NT T <4>+8 — 16— “ 3

= afg*y = mj,

J” da)dw’dw” qi/NZ)(eim+eim’+e +Z /N% (m+m’+m”)_eiw_eim/_eiw”+2>_Z‘L(q’4L/2N4)(eim+eim’+eim”_3)2

(D4)

(D5)

(D6)
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where we used

1

NN TN DN 3 iﬁ;ﬁ (8¢;,005,,085,,,0)
1 J" dwdo/de’ I (£ ot o) HER £
_ — | | {e®i Tk )
N(N —1)(N = 2)(N _3)1‘#]';1«#) 87 1;[

T dwdode” ., i i i i’
:J #H{l +Z“z (€ 4+ + e —3) + (e 1) 4 - 2)
g “

q i (o iw”
—|—N'Lze (e —1)(e —1)}}

_ J da)dgt;’jw” S @/ND e 1 3) 13 (g /NP 1) (e e ~2) -3 (gh/aNY) (e et e -3)’
—T

w eWlh/NYe (o-1)(" 1)

J dwdw’dw" e(a(q2>/N)(ei‘“+ei"’/ +ei‘“N 73)+(a<q3)/N2)(ei“’/71)(eiw+ei‘””72))7(a<q4)/2N3)(ei‘“+ei‘”, +eiw” 73)2
. 87

wa(@)/N¥)e (e -1)(e -1)
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L) L) 90 9alg)  aXgXg) 9o
D A VAR N VR W ¥ N3 2 N3 (D7)
and
! > " (86,08,,000,,08:,,0)
cii,0 Oc jx.,0 Ocyy,0 Ocy; 0
NN - 1)(N - 2)(N - 3) & o
- 1 J dode/do"do" H (oL el
N(N-T)(N-2)(N-3) &= 167
_ dwdw’dw”dw”’ q# ql-‘- i(o+o) qj 7qil-‘~ ia iw” 1 _ql-'- ?
_Lw o { { {Nze +N N (e +e) + N
_ e e ) Yo i(o+alr) qu qu i +a")
+(1 N>}+N{N2e (1 NN
q_# _ q_M iw _ q_# q_lL iw iw” _ & q_lL iw” _ q_# 2
+N( N){e (1 N+Ne>+e (1 N+Ne +( N)
— o (1 _ 9w\ ) |9e (4 ) _u
H{N( N +( N){N(l x) 0 N)H
{ @ 5
= H 1 -4 gt _ﬂ} — o4l )/N)+4(etg®)/N*)~9(alg")/N?) +O(N ™)
h N2 N3 Nt
@) o) gD gl M) 32 L
14 AT+ B = 9Tt — 1 — S O(N ). (D8)
Again, the square brackets underneath the summations _
indicate that all indices are different, to exclude backtracking DZ The d ensemble
in the counting of loops of length 4. For the d-ensemble, denoting averages relating toa as {...),,
we have
1 1
k)a = N Zl]: (aij), = N Z (1 —(8¢;00] =
dd 1/dd\> 1 did?
Z + 6 1) +3 3
N aN 2 6 \ aN 2(aN)
d
—Q+O( D=k +ON) (D9)

and
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®,=x <aqa,k>—N2<a,]>+ > o)

z#]#k i#j#k(#1)

(dy

A SRR (CIE WHICHr S
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(@ il
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[ dada 4 [ o Ak sora) o
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For loops of length 3, we have

1 1
"=y > Cagaga) = N > (1= 8,001 = 8e,0)(1 = e,0))

i#j#k(#1) i#j#k(#1)
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[z]k
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where we used

(D10)

(D11)

(D12)
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Finally, for loops of length 4, we have
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where we used
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