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Simple elements interacting in networks can give rise to intricate emergent be-

haviors. Examples such as synchronization and phase transitions often apply

in many different contexts, as many different systems may reduce to the same

effective model. Here we demonstrate such a behavior in a model of input-

output networks inspired by memristors. When weakly driven, the system is

described by movement in an effective potential, but when strongly driven, in-

stabilities cause escapes from local minima which can be captured as an unsta-

ble tunneling mechanism. We dub this collective and non-perturbative effect

a “Lyapunov force" which steers the system towards the global minimum of

the potential function, even if the full system has a constellation of equilib-

rium points growing exponentially with the system size. This mechanism is

appealing for its physical relevance in nanoscale physics, and for its possible

applications in optimization, novel Monte Carlo schemes and machine learn-
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ing.

Introduction

Tunneling and escape phenomena occur when a barrier separates two minima, and a particle

escapes (tunnels) from one minimum to the other aided by either spreading of the quantum

wavefunction or via thermal fluctuations [1, 2]. The discovery of quantum tunneling was a

paradigmatic shift from classical mechanics and underlies many important physical phenomena

and technologies (e.g. alpha decay, scanning-tunneling microscopy, etc). Similarly, in thermal

or stochastic dynamical systems particles can escape from a metastable state when thermal

fluctuations/noise impart sufficient energy to surmount the barrier [2]. An analogy between

these behaviors is not surprising considering that the Schrödinger equation can be mapped to a

non-Markovian stochastic system [3], or to a classical particle in a non-local force field [4].

Escape phenomena are of current interest in computation, where tunneling is a leitmotif

for optimization schemes both in classical and quantum frameworks such as simulated and

quantum annealing [5, 6]. At the same time, there is mounting interest in alternative approaches

to computation and optimization to meet rapidly growing demands on computing [7, 8, 9, 10,

11, 12, 13]. Proposals utilizing oscillators or frequency domain encoding [12, 13, 8, 14, 15],

leveraging near- or in-memory computation [16, 17, 18, 19, 9, 20], and memcomputing [9, 20]

are being used to more efficiently solve difficult problems across optimization [21, 22].

Among these alternatives, interest in active or chaotic systems has experienced a revival

[23]. Chaotic dynamics have been posed as an obstacle to reaching fixed points in dynamical

system-based computing [24] but there has also been evidence that unstable dynamics can im-

prove the efficiency of some optimization schemes. In particular, unstable dynamics can lead to

escaping local minima [25] in memristor-implemented simulated annealing.

While escape phenomena are familiar in quantum and thermal settings, we are aware of
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Figure 1: Representation of the tunneling phenomenon. On the left (a,c), the memristor po-
tential V (x,s) for an high (a) and a low (c) value of the voltage s is sketched and two attractors
are highlighted through the directions that internal memristor state take depending on the initial
conditions. On the right (b,d), the memristor potential V (x,s) now represents either each one of
memristors in the network in absence of the coupling, or equivalently the mean field approxi-
mation of the system. In this case, the emergent Lyapunv force (blue arrows) pushes the system
towards the global minimum creating an effective tunneling through the barrier. In the middle
inset (e) the equivalent schematic of the memristive system is reported highlighting the role of
the potential V (x,s).
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Figure 2: Tunneling phenomenon as a function of the energy barrier between the local and
global minimum. Upper panel: Local (xlm, dashed dotted red line) and global (xgm, solid green
line) minimum location as function of voltage s. Lower panel: Energy Step (blue solid curve)
and Barrier ∆E (dashed yellow curve) as a function of voltage s.
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Figure 3: Sample trajectories in the laminar and transiently chaotic regimes. Dynamics of
the system for s = 0.15 and s = 0.25, and the mean field basins of the attractions of the effective
potential are represented by the background blue and red coloring. The initial condition for the
elements of x is a uniform distribution in [0,1]. Left panel: trajectories of the dynamical system
in the case with s = 0.15 and χ = 0.9 and in line with the mean field regime (equivalent to a
single memristor). Right panel: rumbling trajectories of the dynamical system for the case of
the non-convex potential, for s = 0.25, and in which the mean field equations fail to capture the
dynamics of the network.

no examples of classical dynamical systems which exhibit barrier escapes when the system is

a-thermal and passive.

Here we present an example of barrier tunneling as an emergent, multi-particle effect in an

a-thermal, passive [26] system moving in an effective potential. The effects of stochasticity

in thermal sytems or the spreading wavefunction in quantum systems are replaced by hidden

degrees of freedom, which transition from a laminar phase (i.e. always negative local Lyapunov

exponents) to an unstable or transiently unstable regime (i.e. local Lyapunov exponents positive

for short transients).
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Results

The framework

The system considered is inspired by the dynamics of memristor networks [27, 28, 29, 30, 31,

32], that can be interpreted as flows on a graph which are coupled through dynamics on the

edge resistances. We study the equations of motion of the edges in which a low dimensional

effective potential representation shows barrier escapes. This property is shown in Fig. 1 and

is the central result of this paper, which we characterize both analytically and numerically. The

effect comes from the intrinsic coupling among elements, which can be thought of as induced

by Kirchhoff’s laws. In fact, the linearity of Kirchhoff’s laws to eliminate flow variables leads

to a closed equation in which the edges interact nonlinearly through a matrix inverse, which in

turn involves the state variables. Due to the non-pertubative nature of this coupling, we use a

recently obtained exact large-N formula for the matrix inverse, and show analytically that the

effective coarse grained dynamics can be approximated by that of a single memristor, i.e. a

mean field approximation. As we show below, when the effective potential lacks convexity, the

emergent Lyapunov force pushes the system into the absolute minimum of the potential, thus

effectively tunneling through the barriers. Interestingly, this Lyapunov force is directly related

to instabilities in the dynamics.

The dynamical equation for a circuit of memristors has been derived in [33].In particular, it

models a flow network which obeys current and energy conservation and whose edge dynamics

are bounded to an interval. A polar resistor with memory can be described by an effective

dynamical resistance which depends on an internal parameter x. For instance, TiO2 memristors

are approximately described by the functional form R(x) = Roff(1−x)+xRon, where Ron < Roff

are the limiting resistances , and the state variable x ∈ [0,1] physically describes the size of the

oxygen-deficient conducting layer [29]. The internal memory parameter evolves, to the lowest
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order of description, according to a simple equation of the form

d
dt

x =
Ro f f

β
I−αx =

Ro f f

β

V
R(x)

−αx (1)

with hard boundaries. The parameters α and β are the decay constant and the effective ac-

tivation voltage per unit of time respectively, and determine the timescales of the dynamical

system.

The model above is the simplest description of a polar resistive device and many extensions

have been considered. For example, removing the hard boundaries and multiplying by a window

function can approximate diffusive effects near the boundaries [34, 35, 36]. Similarly, nonlinear

conductive effects may be included by replacing I with a function f (x, I) or introducing new

parameter dependencies, for instance temperature in the case of thermistors [37]. Comparisons

between these models [38, 39, 40, 41] show that many are more faithful to the precise IV curves

of physical devices, but most (if not all) share the basic pinched hysteresis phenomenology of

the linear model. In analytical work we assume that the dynamics are linear in the currents in

order to demonstrate the behavior we study in the widest possible context. However, the behav-

ior is quite robust and in the supplemental material we show that it applies to many extensions

of this equation including different window functions and conduction effects.

For a single memristor under an applied voltage S we use Ohm’s law S = RI to obtain an

equation for x(t) in adimensional units (τ = αt) given by

d
dτ

x =
S

αβ

1
1−χx

− x =−∂xV (x,s). (2)

Here we have defined χ = Roff−Ron
Roff

and s = S
αβ

, with 0≤ χ ≤ 1 in the physically relevant cases,

and V (x,s) as an effective potential.

The dynamics of the one-dimensional system, which is described by a single memristor

device, is fully characterized by gradient descent in the potential

V (x,s) =
1
2

x2 +
s
χ

log(1−χx), (3)
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with s = S
αβ

. The potential can have two local minima and the ‘energy step’ between the two is

shown in Fig. 2 for various values of s and for χ = 0.9. We consider s on the restricted interval

for which a barrier exists as shown in Fig. 2. In this range, and with χ near 1, the local minimum

can move inside the domain [0,1], and an unstable fixed point (i.e. the location of the peak of

the barrier) emerges, leading to two basins of attraction (Fig. 2). For α = β = 1 and χ = 0.9

this range is 1/10 < s < 5/18 . The requirement that χ , which characterizes the nonlinearity

of the system, be near 1 implies that the phenomenon is non-perturbative. The value χ = 0

implies Ron = Roff which means the network is composed of regular resistors. The asymptotic

behavior of this single-element dynamical system is fully characterized by the simple basins

of attraction of the potential, and presents no exotic features. Typically, since one must have

0 ≤ x ≤ 1, the equations of motion of the single variables are supplied with (non-absorbing)

cutoff functions, e.g. d
dτ

x = −W (x) f (x,y), with W (x) = 1 for {0 < x < 1}∪{x = 1, f (x,y) >

0}∪{x = 0, f (x,y)< 0} and zero otherwise.

When, instead of a single memory device, we have a circuit composed of many memristors,

each with resistance R(xi) and with voltage generators Si in series but taken to be constant

Si = S̃, the differential equation (2) generalizes to a system of coupled and nonlinear ordinary

differential equations. The network dynamics equation for the memory elements xi(t) is [42,

43]:

d
dt
~x =

1
β
(I−χΩX)−1

Ω~S−α~x, (4)

with χ = Roff−Ron
Roff

< 1, and Xi j(t) = xi(t)δi j. The matrix Ω is the projection operator (Ω2 = Ω)

on the vector space of cycles of G , the graph representing the circuit [42]. In practice, Ω can

be determined via the directed incidence matrix B of G as Ω = I−B(BtB)−1Bt [44, 33, 45, 46].

The fact that Ω is a projection operator is a mathematical representation of Kirchhoff’s circuit

laws. In this paper we choose B to be a random matrix in order to abstract the dynamical system
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from a particular circuit topology.

The system has a Lyapunov function when~S is constant (see Supp. Mat. A), and memristors

are passive elements and thus cannot possess positive Lyapunov exponents, e.g. the system

cannot be unstable for long times [26]. Passive components subject to DC voltage generators

will approach an equilibrium and thus only transient forms of instability are possible. Exact

information about the behavior of Eqn. (4) has been difficult to obtain as the matrix inverse (I−

χΩX)−1 contains the variables xi(t) and is therefore hard to solve analytically. Additionally,

Bézout’s theorem for quadrics of order 2 with N variables suggests the number of equilibrium

points (stable, unstable or saddle) is exponential in the number of memristors [47], but at most

2N . Intuitively, this can be seen considering that each memristor has 2 fixed points.

Interestingly, in the regime where the potential V (x,s) has multiple minima and the initial

condition of the system lies outside of the attraction basin of the global minimum, the system

exhibits instability. This can be seen in Fig. 3 (red curves), where for χ = 0.9 the system

shows qualitatively different dynamics at different values of s. Here we have assigned the initial

conditions of the elements of~x according to a uniform distribution on [0,1] and considered two

cases for s: s= 0.15 for which the global minimum is located at xi≈ 0.2, and s= 0.25 for which

the global minimum at xi = 1 (see Fig. 2). The former case shows laminar behaviour with the

trajectories converging smoothly to xi ≈ 0.2. On the other hand, for s = 0.25, initial conditions

for the elements of ~x are almost all within the local minimum’s basin of attraction since now

the global minimum is at xi = 1; now the system shows unstable dynamics, pushing trajectories

to the other side of the barrier and converging to the global minimum xi = 1 (see Fig. 3).

We quantify this behavior numerically using the distance between replicas of the system

with similar initial conditions. Considering a central trajectory ~x(t) we generate others such

that ~xε(0) =~x(0)+~ε where ||~ε||1 = 0.01N, and where || · ||1 represents the vector 1-norm. It

is natural to define the quantity Mτ = N−1||~x(τ)−~xε(τ)||1, e.g. a normalized 1-norm which
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quantifies the deviation of the trajectories element by element, and which is convenient because

it is naturally normalized between 0 and 1. The results are shown in Fig. 4, where we see that

for the case in which s = 0.15 (laminar), Mτ decays to zero rapidly. For s = 0.25 (unstable),

Mτ grows for a transient approximately 7-fold longer before asymptotically reaching zero.

For this reason, we dub this phenomenon as a rumbling transition due to the chaoticity of

the individual trajectories, resulting from the nonlinearity of the interaction. The nonlinearity

emerges from the inverse matrix (I− χΩX)−1, which has its root in the essential nonlinearity

of the memristive devices. Because of this nonlinearity, the transition from one minimum to the

other is not laminar, and is characterized by the instability of each single trajectory.

Coarse-grained dynamics

We now make the intuitive picture above more precise by introducing an effective mean field

potential. In a recent work, one of us has shown that the resolvent of large matrices exhibits

statistical regularities, for which it can be approximated by an effectively one-dimensional ma-

trix [48, 49] which is universal at the zeroth-order in the limit of weak correlations between the

matrix elements. If we define ~f = Ω~x and the matrix

Ã =


f1(~x) · · · f1(~x)
f2(~x) · · · f2(~x)

... . . . ...
fN(~x) · · · fN(~x)

= ~f ⊗~1t , (5)

we then have the approximate relation (details in Materials & Methods)

(I−χΩX)−1 = I +
1
N

χ

1− 1
N χ ∑

N
i=1 fi(~x)

Ã+O
(

1
N

)
. (6)

Thus, if we define the operator mean as 〈~�〉= N−1
∑

N
i=1�i and the coarse-grained variable

xcg = 〈~f (~x)〉 we can write an effective one dimensional dynamics:

d
dτ

xcg =
1

αβ

(
〈Ω~S〉+ χ〈Ω~S〉

1−χxcg
xcg

)
− xcg +L (~x)

= −∂xcgV (xcg,χ)+L (~x), (7)
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Figure 4: Laminar and Transient chaotic regimes. Growth and decay of Mτ = N−1||~x(τ)−
~xε(τ)||1 as a function of time for χ = 0.9 and s = 0.15 and s = 0.25. The realization of the noise
ε on the initial condition is such that initially M0 = 0.01. In the laminar regime (s = 0.15),
Mτ quickly decays to zero, while it grows for a transient of time in the unstable regime. In
order to measure the growth and decay of Mτ , we look at λ = 1

τ̄
log Mτ̄

M0
. For s = 0.15, we obtain

λ =−0.79(1) measures on the whole interval, while for s= 0.25 we obtain λ = 0.2(1), and thus
positive. Inset: Evolution of the Lyapunov force as a function of time and for s ∈ [0.15,0.27].
Every curve is averaged over 100 initial conditions and the shadow area represents the standard
deviation on the mean curves.
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where L (~x) is an effective force due to the fact that the coarse-graining is not exact. We see that

at the zeroth order xcg obeys dynamics similar to those of a single memristor, where however

the parameter s
αβ

is replaced by the mean field value s = 〈Ω~S〉
αβ

. Thus, the equation above again

represents gradient descent dynamics for a one-dimensional system, but where an effective

external force L (~x) emerges from the interaction between the large set of (hidden) variables

xi, and which we can evaluate numerically on the dynamics. In a sense, while the N particles

somehow feel a similar potential, these can interact as well, leading to a non-trivial collective

dynamics. As a result we find that the variable xcg is a natural dynamical order parameter to

study for our system.

Laminar versus Transient unstable (rumbling) dynamics

We numerically examined the validity of the coarse-grained dynamics for various ranges of

the parameters s and χ , and found that it does fit the dynamics in some range of parameters.

Specifically, the picture which emerges is represented in Fig. 3. In the laminar regime the mean-

field dynamics accurately fit the dynamics of the system. This is always the case for χ � 1,

in which very few trajectories cross the barrier and the dynamics are therefore smooth. In this

regime, the effective force L (x) (which we call Lyapunov force for reasons which become

clear soon) is typically small after a short transient, as we can see the inset in Fig. 4. This

implies that the equilibrium points of the dynamics, which are those satisfying d
dτ

xcg = 0, are

well approximated by the mean field dynamics. This gives the equilibrium value

x∗cg =
1
N ∑

i j
Ωi jx∗j =

αβ −
√

α2β 2−4αβ χ〈Ω~S〉
2αβ χ

, (8)

which matches simulations. This equation has many multiple possible solutions in high dimen-

sions (See Supp. Mat. B), explaining the large number of asymptotic states of the memristive

dynamics commonly seen in numerical experiments [50]. Yet, this also implies that the dynam-
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Figure 5: Tunneling probability Pt from the local to the global minimum of V (x,s). Insets
(a-b) are evaluated for the standard deviation of initial condition distribution around the local
minimum σ = 0.5. (b) probability Pt as a function of the energy step between the two minima
and the size of the system (or equivalently the number of memristors). (a) section of the plot
in (b) for System Size = 100. Blu dots are the numerical evaluation of Pt vs the energy step
while the solid red curve is the fitting using the tanh functions. The dashed yellow curve is the
barrier ∆E as a function of the energy step. Insets (c-d) are evaluated for System Size = 100.
(c) probability Pt as a function of the energy step between the two minima and the standard
deviation σ of initial condition distribution around the local minimum. (c) section of the plot in
(d) for σ = 0 and 0.5. Blu dots and squares are the numerical evaluation of Pt vs the energy step
while the solid red curves are the fittings using the tanh functions. The dashed yellow curve is
the barrier ∆E as a function of the energy step.

ics can be succinctly described by a scalar order parameter for the system, and that the mean

field and the effective potential do play a role.

The ability of the coarse-grained dynamics to capture the memristor network evolution

changes abruptly when most xi have initial conditions outside of the attraction basin of the

global minimum, as can be seen in the right panel of Fig. 3. Individual trajectories xi(t) now

deviate from the coarse-grained value xcg(t) substantially, as we can see in Fig. 3 (right), with

clear instabilities which lead them to the global equilibrium xi(t) = 1. While this might seem
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irksome at first, we argue that this phenomenon is worthy of attention. In fact, the effective

Lyapunov force L (x) is now consistently pushing the system towards the mean-field global

minimum suggesting that the mean-field potential is still capturing important features of the

asymptotic dynamics.

Tunneling

To capture this effect as a tunneling phenomenon, we initialized the system around the local

minimum using the initial conditions ~x(0) = xlm(s) +~σ where xlm(s) is the location of the

coarse grained local minimum as depicted in figure 2, and ~σ is a random vector drawn from the

Gaußian distribution N (0,σ). Given this, we performed Monte Carlo simulations and obtained

the probability Pt that the system hops from the local minimum to the global minimum, or, in

other words, the probability Pt that the initial condition ~x(0) = xlm(s)+~σ leads to ~x(t = ∞) =

xgm(s) where xgm(s) is the location of the global minimum as depicted in Fig. 2. We also note

that xlm(s) shows an abrupt change for s = scrit ≈ 0.206 as depicted in Fig. 2 as at that point

the local and global minima switch locations. This leads to two different effective tunneling

directions for s > scrit and s < scrit (see the sketch in Fig. 1).

We first investigated how tunneling emerges as a collective behaviour of the system. Fig. 5-

b reports the tunneling probability for σ = 0.5 and for system sizes from 1 to 100 components

and for the entire range of s. We observe that at small system size the tunneling probability

is proportional to the number of initial conditions that fall into the global minimum attraction

basin. However, at increasing size, the probability shifts into an almost perfect sigmoid as a

function of the energy barrier ∆E (see also Fig. 5-b). This transition is smooth and qualitatively

equivalent for both tunneling directions. Therefore the system shows a size-depended transi-

tion from gradient dynamics to a collective tunneling towards the global optimum, led by the

emergent Lyapunov force.
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We also investigated the dependence of Pt on σ , the spread of the initial conditions. Figure

5-d reports the tunneling probability Pt as a function of σ for a system of 50 components. An

interesting feature manifests itself: for σ = 0 there is a non-null height of the barrier ∆E for each

tunneling direction below which the system is still able to tunnel towards the global minimum

with probability 1 (this is highlighted in figure 5-c). This shows that the Lyapunov force is an

intrinsic collective large-system-size feature present even in the absence of any randomness in

the initial conditions.

Based on this, we investigated whether transient instability could be attributed to a local

amplification of perturbations due to non-normality of the Jacobian [51]. We analyzed a large

number of local minima via Monte Carlo (See Supp. Mat. C), finding that the non-normality of

the Jacobian does not lead to any amplification phenomenon. This also leaves us with the only

option that the instability of Fig. 4 are due to a non-perturbative and cooperative phenomenon

between the dynamical variables. We have also analyzed random initial conditions which span

the interval [0,1]. The picture which emerges is also qualitatively and quantitatively similar to

the one presented above (for details see Supp. Mat. D).

The system displays this behaviour even when randomly initialized, and was investigated

systematically. To highlight the role of the basin of attraction of the global minimum we em-

ployed Monte Carlo simulations, randomizing over the initial conditions on [0,1]. The results

are shown in Fig. 6. The surface shows the potential V (x,s) as a function of xcg and s. The

superimposed red curve represents the asymptotic average position E [〈~x(t = ∞)〉] where E [·] is

the average over the Monte Carlo samplings and 〈~x〉 = 1
N ∑i xi is the average over the compo-

nents. As can be seen, before the barrier disappears the dynamics reaches the right minimum of

the potential V (x,s) with probability one. A glimpse of the structure of the basins of attraction

can be obtained by fixing the initial conditions homogeneously for all but two variables xi, and

look at the resulting asymptotic state in these two variables (see the Supp. Mat. D for details)
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Figure 6: Asymptotic states as a function of the forcing s in the effective potential. We
plot the average asymptotic state E [〈~x(t = ∞)〉] (red curve) of the memristor coarse grained
variable, obtained from 400 Monte Carlo instances for each point (s,~x), on a grid of 50 points
s ∈ [0.15,0.27] and 30 points xi ∈ [0,1] and for χ = 0.9, obtained with an Euler integration
method with dt = 0.1, and tested against a Runge-Kutta 4 integration method for stability. The
transparent plane is for visual aid to show that the average climbs the barrier.

near the transition point.

Discussion

We have presented a novel mechanism in which barrier escapes emerge in the effective descrip-

tion of a multiparticle system, and provided a qualitative and quantitative analysis of this picture

in a well defined model. We presented a class of dynamical systems, derived from networks of

memristors, that can be mapped to an effective one-dimensional dynamical system. The result-

ing dynamics is characterized by a potential which depends on the external applied voltage, and

an effective force which occurs when the system becomes Lyapunov unstable. The result of

this instability is that the effective representation may jump between basins of attraction, even

16



through a barrier. This transition is due to the large number of directions in which the system

can travel, via a sequence of saddle points in the dynamics, and from which the local instability

emerges. This is compatible with previous investigations of memristive circuit dynamics ap-

plied to self-organizing logic gates [52, 53], and the observation of instanton-like behavior in

the dynamics [54, 55].

Our analysis of the effective Lyapunov force provides an explanation of the observed tun-

neling as an epiphenomenon of the interaction between the memory elements. In principle this

might fit into a coarse graining argument of the hidden variables [56], which will be consid-

ered in the future. This said, we wish to stress that the system we studied is a-thermal, i.e.

no stochastic forces were introduced in our analysis, and that the effective Lyapunov force is

far from random. The results presented in the present paper have been also extended to other

type of more memristor dynamics, incorporating both window functions and nonlinear currents

functions, confirming that the “tunneling" picture is present also in more realistic component

descriptions (see Supp. Mat. E).

The main message of this paper is that the introduction of hidden variables in a dynamical sys-

tem can lead to transitions between local and global minima in the effective description via

instabilities in the full system. This occurs also in classical interpretations of quantum mechan-

ics, for instance in Bohm’s mechanics [4] and in attempts of generalizing gradient descent [57].

While a similar behavior has been observed in memristor-enhanced simulated annealing [25],

this has never been properly understood or characterized analytically.

An issue of immediate importance is whether this behavior can be generalized to arbitrary dy-

namical systems, i.e. whether we can embed any set of coupled ODE in a larged dynamical

space. Among these, of particular, interest are dynamical equations based on the gradient of

potentials, which have applications in optimization. In this case, the interesting question is how

minima, maxima and saddle points are mapped in the new dynamical system. All the questions
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above will be investigated in future papers.

Nonetheless, we hope that our paper can spark further interest in the study of tunneling in

dynamical systems via “hidden variables", with their interesting properties, and with important

applications to computer science and optimization in particular [25, 31, 54, 55] or machine

learning, where similar phenomena have been previously observed [58, 57].

From the point of view of experiments in neuromorphic systems, our paper predicts that with

the increase of applied voltage in networks of interconnected memristors, system level switch-

ing should be observed. Within the context of nanowire network, a similar system switching

has been recently observed both experimentally and numerically in [59]. However, an interpre-

tation for the switching in terms of an energy function has not been provided. The present paper

shows, at least within the context of the models we studied, that the dynamical switching can

be interpreted as a symmetry breaking phenomenon.

Materials & Methods
Numerical Simulations

The numerical results in this paper were obtained using an Euler integration scheme with a step

size dt = 0.1. In order to test the validity of this scheme, we have also tested that the same

phenomenology emerges to smaller values of dt (dt = 0.01 and dt = 0.001). Moreover, we

have performed independent simulations using a Runge-Kutta 4 method with similar step sizes,

obtaining comparable results both in terms of the general phenomenology, and the transient the

Lyapunov exponents.

Large-N resolvent and mean field equations

A resolvent is a matrix of the form

R(z;A) = (zI−A)−1. (9)
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It is not hard to see that in eqn. (4) we have a similar matrix inverse, which is a unfortunately

a technically difficult task in general, both numerically and analytically. For this purpose, we

now introduce an approximate resolvent, based on the notion that the matrix A is random. In

particular, we discuss the theorem used in the main text to derive the mean field potential. Such

theorem has been derived with the intention of studying resolvent matrices, but we will see

below how to apply it to the memristor dynamics.

Theorem. Let A = (ai j) be a random N×N matrix, characterized by the joint probability

density function of the entries PA(a11, . . . ,aNN). Let ai j ≥ 0, ρ(A)< 1, β > 1 and

〈ai j〉A = zi/N > 0 (10)

〈ai jak`〉A−〈ai j〉A〈ak`〉A ∼
Ci j

Nβ
δikδ j` as N→ ∞ (11)

for all i, j, with 〈(·)〉A defined as

〈(·)〉A =
∫

da11 · · ·daNNPA(a11, . . . ,aNN)(·) , (12)

and Ci j be constants. Then we have:

(I−A)−1 = I +
1
N

1
1− z̄

~z⊗~1t +O(
1

Nγ
). (13)

where z̄=(1/N)∑
N
i=1 zi, and zi =∑

N
j=1 Ai j, with γ > 0. The results above hold irrespective of the

precise form of PA. For a proof, see [48], and an application of the formula above to complex

datasets is given in [49]. While the theorem is stated for a particular form of the correlation

between the elements, as a matter of fact it is more general, and it applies to matrix functions

whose elements correlations are sufficiently weak. Nonetheless, for finite N the expansion has

some corrections which are important and lead to the the Lyapunov force, which we estimated

numerically in the main text.

In our case, the ensemble A is the one of the random projector operators Ω multiplying the

state variable matrix X . We will make hereby the connection between the theorem and our setup.
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The formula for the resolvent is exact when the span of the operator Ω is one dimensional, as it

can be promptly seen using the Sherman-Morrison formula.

We now consider the equation:

d
dt
~x =

1
β
(I−χΩX)−1

Ω~S−α~x. (14)

The technical condition limN→∞ N〈ai j〉A = ci j applies in the case of memristive dynamics if we

consider the fact that Ω is a projector operator. As shown in [43], typically, Ωi j ≈ c
N because

of the condition Ω2 = Ω. As such, if we identify A = χΩX , since we impose 0 < xi < 1

dynamically, and χ < 1, then we have that ai j <
χ|c|
N , which satisfies the technical condition.

The numerical results are obtained for a number of memristors equal to N = 200, and the of the

span of |Span(Ω)|= N−M with M = 50. For random matrices, we generate Ω = At(AAt)−1A,

with A a random matrix of size N×M, and ai j randomly distributed in [0,1].

We now discuss how to apply the result above to the dynamics of memristors. Let us define

fi(~x) = ∑ j Ωi jx j. It is not hard to see from the definition above that zi = χ fi(~x). Let us define

~f = { fi(~x)}. We then have

Ã =


f1(~x) · · · f1(~x)
f2(~x) · · · f2(~x)

... . . . ...
fN(~x) · · · fN(~x)

= ~f ⊗~1t . (15)

The expansion above can be rewritten as

(I−χΩX)−1 = I +
1
N

χ

1−χ
1
N ∑

N
i=1 fi(~x)

~f ⊗~1t +O(
1

Nγ
), (16)

from which we obtain, if we call Ω~S = Ω~S

d
dt
~x =

1
β

(
Ω~S+

χ
1
N Ω~S ·~1

1−χ
1
N
~f ·~1

~f
)
−α~x+O(

1
Nγ

), (17)
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Now that we have the identity Ω~f = ~f and Ω~S = s. Thus, if we project the equation using Ω,

we have
d
dt
~f =

1
β

(
Ω~S+

χ
1
N Ω~S ·~1

1−χ
1
N
~f ·~1

~f
)
−α~f +O(

1
Nγ

). (18)

The asymptotic states are thus determined by the equation

1
β

(
Ω~S+

χ
1
N Ω~S ·~1

1−χ
1
N
~f ·~1

~f
)
−α~f = 0, (19)

or

~f = Ω~x =
1

1− χ

αβ

〈Ω~S〉
1−χxcg

Ω~S
αβ

, (20)

where we defined 〈~G〉 = 1
N
~G ·~1. The asymptotic states can be obtained up to a linear transfor-

mation ~x∗ =~x∗+(I−Ω)~r for an arbitrary~r. Such freedom is exactly rooted in the Kirchhoff

laws for the circuit [33]. The equation above however cannot be solved without first finding a

value for xcg. The differential equation for xcg =
1
N
~f ·~1 can be obtained by summing over all the

indices on both sides of eqn. (18) and dividing by N, obtaining

∂txcg =
1
β

(
〈Ω~S〉+ χ〈Ω~S〉

1−χxcg
xcg

)
−αxcg +L (~x), (21)

where L (~x) is an effective force we will discuss in a moment, due to the rest O(1/Nγ) in eqn.

(18).

The equilibrium points are obtained by the solution of

1
β

(
〈Ω~S〉+ χ〈Ω~S〉

1−χxcg
xcg

)
−αxcg = 0, (22)

which is equivalent to a mean-field equation of the form

xcg =
〈Ω~S〉
αβ

(1+
χxcg

1−χxcg
). (23)

The solutions are given by

x∗cg =
1
N ∑

i j
Ωi jx∗j =

αβ −
√

α2β 2−4αβ χ〈Ω~S〉
2αβ χ

. (24)
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By setting 〈Ω
~S〉

αβ
= s we obtain a mapping to the one dimensional case. Let us now discuss the

emergence of the lack of convexity of the potential V (x,s) as a function of s; specifically, let us

analyze the situation in which the potential has a minimum or a maximum. The coarse grained

variable is given, as mentioned earlier, by xcg = 1
N ∑i j Ωi jx j. First, we focus on the potential

on a compact support D = [xmin,xmax], determined via the condition xmin = min~x∈[0,1]N (xcg)

and xmax = max~x∈[0,1]N (xcg). For s < 0 the potential has only a local minimum (which is also an

absolute minimum) at xcg =max(0,xmin). For s> 0, the potential V (x,s) = 1
2x2+ s

χ
log(1−χx),

can have at most two points in which its derivative in x is zero, given by the values x± =

1±
√

1−4sχ

2χ
. While x− is always a local minimum, x+ is always a local maximum of the potential.

However, there is an intermediate set of values, given by s = [0, 1
4χ
], in which the potential has

only a single minimum in the domain [xmin,xmax], as x+ is outside the domain. In this case,

the local minimum x− is also an absolute minimum in the domain [0,1]. However, if χ is close

enough to 1 and s large enough, we have that x+ moves inside the domain, and thus the potential

has two local minima in [0,1], one at x− and one at xmax. If s increases further, we can have

that V (xmax) < V (x−), implying that the potential is not non-convex, and a barrier of height

∆E(s) = Vs(x+,χ)−Vs(x−,χ) emerges between the the local minimum x− and the absolute

minimum at xxmax.
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