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1. Introduction

This article lies on the border between linear algebra and functional analysis, since
we study the behavior of a finite dimensional object namely, parallelotope generated by
m+1 independent vectors, belonging to an n-dimensional space when dimension n— co.
Parallelotop is the set which is made up of vectors Y C; f; where C; € [0, 1]. The main
result is proved in Section 4. Some application are given in Section 5. They are the
law of large numbers, some generalizations and the proof of the irreducibility. To prove
the irreducibility for some infinite-dimensional groups [6], we need to approximate a
rich space of functions by combinations of generators of one-parameter subgroups. The
desired approximation on the n-th step is of the order of the inverse height h,, of the
projections of vectors fr and the parallelotope to some finite-dimensional space R™.
Namely, we show that if no non-trivial linear combinations of m+ 1 vectors belongs to £
then all the heights h of an infinite parallelotope generated by vectors fo, f1,..., fm are
infinite.! This allows us to prove the approximation and the irreducibility. In the proof we
used also the explicit formulas obtained in [6,9] for det B(\), B~1()\) and (B~'()\)a, a)
where B(A) = B + diag(\1,...,A,) and B is an n X n matrix, for details, see Section 3.

We use notations C and C} for an absolute constants. Also we denote by ¢5 the real
Hilbert space ly = {2 = (z)32, : ||z, = Y0y lzk]? < oo}

! To define correctly the height, see details in Lemma 4.1.
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Definition 1.1. Let us recall the definition of the Gram determinant and the Gram matrix
(see [3], Chap IX, §5). Given the vectors x1, xa, ..., L, in some Hilbert space H the Gram
matriz y(x1, T2, ..., Ty) is defined by the formula

’Y(iﬁla T2, 7x’m) = ((xk’xn)):jn:P

where (zy,z,) is a scalar product in H. The determinant of this matrix is called the
Gram determinant for the vectors 1, xa, ..., T, and is denoted by I'(x1, za, ..., Z, ). Thus,

T(x1, 20, .., &Tm) = dety(z1, 22, ..., Tpm). (1.1)
We start with a general problem, see Sections 5.1 and 5.2 below.

Problem 1.1. For a fixed vector fy in a Hilbert space H and an infinite sequence of
vectors (fn)nen in H, when

fo €V = (fp,n € N)? (1.2)

Here (f,,n € N) is the completion of all finite linear combinations of vectors from a
family (f)nen- Let us denote by V,, the subspace generated by the first n vectors, then
the square of the distance d?(fy,V;) of the vector fy from the hyperplane V,, is given
by the ratio of two Gram determinants, see (2.1) below. Finally, fo € V if and only if
lim,, 00 d%(fo, Vi) = 0.

2. How far is a vector from a hyperplane?
2.1. The distance of a vector from a hyperplane

In this section we follow [9]. We start with a classical result, see, e.g. [3]. Consider the
hyperplane V,, generated by n arbitrary independent vectors fi,..., f, in some Hilbert
space H.

Lemma 2.1. The square of the distance d(fo,Vy) of a vector fo from the hyperplane V,
is given by the ratio of two Gram determinants, see Definition 1.1

2 _F(f()afl,f%"'afna)
) = N o )

Proof. We follow closely the book by Axiezer and Glazman [1]. Set f =Y, tpfu € Vi
and h = f — fo. Since h should be orthogonal to V,, we conclude that f,. L h, i.e.,
(fr,h) =0 for all r, or

(2.1)

n

Ztk(.frafk):(fﬁfo)’ I<r<n. (22)

k=1
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Set A=~(f1, f2,..., fn) and b= (fx, fo)7_, € R™. By definition we have
@ = min |If ~ foll? = (4t,1) ~ 2(65) + (o, o) 2.3

Since d? = (h, h) = (fo, h) we conclude that d* = >"}'_, tx(fo, fx) — (fo, fo) or

n

Ztk(an fi) = (fo, fo) — d°. (2.4)

k=1

So we have the system of equations:

t1(f1, f1) +ta(fi, fo) + -+ tu(f1, fn) = (f1, o)

t1(fo, f1) +ta(fo, fo) + -+ tu(fo, fn) = (f2, fo)

(2.5)
tl(frufl)+t2(fn7f2)+"'+tn(fnufn) = (fn7f0)
t1(fo, f1) +t2(fo, f2) + - + ta(fo, fn) = (fo, fo) — d?

: 2 _ D(fo,f1,f2 s fns)
Excluding t; from the system we get d* = e fy - O

Remark 2.1. From the system (2.5) we conclude that At = b, where b = (f%, fo)i_, € R™,
hence t = A~1b. By (2.3) we get

F(va.flnya"'afn).

2 _ — (AL =
d” = (fo, fo) = (A7°b,b) NG

(2.6)

See also [6, Chap. 4.3, Lemma 4.3.2].
2.2. Cramer’s rule reformulated
Consider two Gram matrices, see Definition 1.1:

Am:FY(fla"wfm): ((fkafr)):r:p Bm:')/(fmfla“wfm)’ (27)

and a vector b = (fx, fo)i; € R™. The solution of the equation A,,t = b is as follows.
Recall that A% (B) denote cofactors of the matrix B, see Definition 3.2.

Lemma 2.2. We have

g1 L —A§(Bum)
t=Aub= s 3 (2.8)
— A}, (Bm)
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Proof. By Cramer’s rule the solutions of a system of linear equations
At=1b (2.9)
where A € Mat(m, C) with det A # 0 and ¢,b € C™, are given by the following formulas:

det (Ak)

1<k< 2.1
det (A) sksm, (2.10)

tr =

where Ay is the matrix formed by replacing the k-th column of A := A,,, by the column
vector b. Consider the matrix B, defined by (2.7). We have

det (A) = AS(B,,), det(Ax) =—A%B,), 1<k<m, (2.11)
thus implying (2.8). O
2.3. Some estimates

We use some facts from [6], Section 1.4.1, pp. 24-25.

Lemma 2.3. For a strictly positive operator A (i.e., (Af,f) > 0, f # 0) acting in R™
and a vector b € R"\{0} we have

1

=T (2.12)

min ((Az,2) | (2,0) = 1) =

z€R™

.. . A Y
The minimum is assumed for x = A-T0.0)

Lemma 2.3 is a direct generalization of the well known result (see, for example, [2],
Chap. I, §52): for ax, > 0, 1 < k < n we have

n n n
1
i 2 - 1) - ( —) 2.13
i (ot | 3o >, (213)

k=1

We will also use the same result in a slightly different form:

n n b2 —1
. 2 k
b 1) - ( —) . 2.14
min (ot | s 2 214

-1
. . , b
The minimum is assumed for xj, = g—’; ( S ore1 i) . We can prove more general state-

ment. Denote by D(B) the domain of the definition of an operator B acting on some
Hilbert space H.
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Lemma 2.4. For a strictly positive operator A in an infinite-dimensional Hilbert space H
and a vector b € H\{0} such that b € D(A™'), we have

min ((dz,2) | (2,5) = 1) = ﬁ. (2.15)

xeH
. . _ 1 1
The minimum is reached for xo = 7(A*1b,b)A b.

Proof. Consider a new scalar product in H defined as follows

(f.9)a=(Af,9)u, fg€H. (2.16)

Since
(Az,2)g = (x,2)4 = ||x||124 and 1= (b,x)g = (A_lb7 x) A,

the minimum |[|z||% will be achieved on the vector xg = sA~1b generating hyperplane
1 = (A71b, ) 4 and belongs to this hyperplane. We get

1 1
- -1 = = A7t
1=(b,sA™"D), therefore s= (AT0.0) To = = A™D.

Finally, we get (Axo, zo) = ﬁ' =

Below we will provide a counterexample showing that condition b € D(A™1!) is essen-
tial in the previous lemma.

Counterexample 2.5. Consider a positive definite operator A = diag(A;)32, defined in
a Hilbert space £, where A\, = % Take b = (b)ren € 2 with b = % Then we have
b D(A™'), since (A7'b)x =1 for all k € N hence, A7'b & £5. In this case
Indeed, for the corresponding projections A,,, b, on R™ we have

A7 b, by) zn:
k=1

1 —
@ = O

?vl»—‘

3. The generalized characteristic polynomial and its properties

Let Mat(m, C) be the set of all m x m complex matrices.

Definition 3.1 (/6], Ch.1.4.3). For a matrix B € Mat(m,C) and A = (A1,...,Ap) € C™
define the generalization of the characteristic polynomial, pp(t) = det (tI — B), t € C as
follows:

Pp(\) =det B(A), where B()\)=diag(A1,...,A\m)+ B. (3.1)
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Lemma 3.1 (/6], Ch.1.4.3). For the generalized characteristic polynomial Pg(\) of B €
Mat(m,C) and A = (A1, A2, ..., \p,) € C™ we have

Pg(A) =det B+ > Aiy Nig oA, A2 (B, (3.2)
r=11<i1<i2<...<1,-<m

Definition 3.2. For a matrix B € Mat(n,R), a€ R™ and fixed 1 < i1 <ig <--- <4, <n
rows and 1<j; <jo< -+ < jr <n columns 1 < r <n denote by

lezgu (B) and A’LllQ’LT (B)

J1J2---Jr J1Jz2---Jr

the corresponding minors and cofactors of the matrix B. Set M(ijiz...i,)(B) =

Mfllzjf: (B) and a;y4y..5, = (@iy, @iy, - - -, a;,.). Let also By, 4, ;. be the corresponding sub-
matriz of the matrix B. The elements of this matrix are on the intersection of i1, is, ..., i\

rows and column of the matrix B. Denote by A(DB;,i,..;.) the matrix of the cofactors
of the first order of the matrix B;,;, ., , another name is adjugate matriz, occasionally
known as adjunct matriz:

A(Biiy...i,) = (A5(Biyiy...i,) )1<ij<r- (3.3)

Minor of order zero is often defined to be 1, therefore, set A(By) =1 for 1 <k < n. As
usual, denote by BT the matriz transposed to B.

Remark 3.1.If we set A, = A Ai,... N, where o = (iy,42,...,i,) and A¥(B) =
Al 2in(B), ME(B) = M2/7(B), \g = 1, A}(B) = det B (see Definition 3.2) we
may write (3.2) as follows:

Ps(\) = det B(\) = > Ao A%(B), (3.4)
0CaC{1,2,...,m}

<H /\k> > Mi(B), (3.5)
k=1 @

Pp()) = det B())

Let
T11  T12 .. Tip
X=X, = T Taz e T | (3.6)
Ewi Tmz e Tn
Setting

Tk = (x1k7x2kra axmk) € Rm7 y’!‘ = (x’r‘la'r’l‘Qa "'7xTTL) S Rn) (37)
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we get
(:cl,:cl) (1’171’2) (l’l,l’n)
xox = | T em) i) | e, @)
(T, 1) (Tny22) o (Tp,Tp)
(yi,91)  (Wiy2) o (Y1,Ym)
xxr— | W2y) (w2y2) o (w2um) | _ (1Yo s ), (3.9)
(ymayl) (ymayQ) (ymaym)
therefore, we obtain
INx1, 22, ..., xn) = det(X*X) = det(X X™) = T(y1, Y2, oo, Ym)- (3.10)

3.1. The explicit expression for B=*(\) and (B~'(\)a, a)

In this section we follow [9]. Fix B € Mat(n,R), a € R™ and A € C™. Our aim is to
find the explicit formulas for B~1()\) and (B~1(\)a, a), where B()) is defined by (3.1).
Let n = 3, then A(Bia3) = A(B) is the following matrix:

AL Ay A M
AB) = Ay = | 4 4 43 | = | -y alg g | )
Apoayoag) \ wfo-wlp My

where we write M} instead of MJ(B) and A} instead of A%(B).
Remark 3.2. Let AT be the transposed matrix of A. Then
. —1
A" (Biyiy..i,) = det By, i, (Bm‘z...z;) . (3.12)

In what follows we will consider the submatrix B;,;,. s, of the matrix B € Mat(n,R)
as an appropriate element of Mat(n, R).

Theorem 3.2. For the matriz B(\) defined by (3.1) a € R™ and A € C™ we have

(Y, ¥ SR ew

k= r=11<i1<is<--<ip<n I

=

( H )\k) Z 3 fl(AB:—ZA) (3.14)

r=11<11<i2<...i-<n
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n

- 1 . (A(Biyiy..i,)irin.iy s Virin...i)
(B 1(/\)a,a)=PB(>\)(k1:[1)\k>Z > WS )

r=11<i1<is<...ir<n tr

(3.15)
Below we will provide an example of calculation of det B(\) and B(\)~!.
Example 3.1. For the matrix B(\) defined below we have by (3.5)
14X\ 1 1
1 1 o 14\,

n n 1
det BO) = ([T %) (1+X >\_k) (3.17)
k=1 k=1
1 NS P AT (By,) AT (Byy)
BAN =11 — —_— S A 1
() + Z Ak {Z Ak + Z A Ay }’ (3.18)
k=1 k=1 1<k<r<n
where AT (By,) = (fl 711) and AT (B,s) =0for 1<k <r<s<n.
3.2. The case where B is the Gram matriz

Fix the matrix X,,, defined by (3.6). Denote by B the Gram matrix v(x1, 22, ..., Ts),
ie.,

B:’Y($173327...,$n), (319)

where (21, za, ..., 2, ) are defined by (3.7) and y(x1,x2, ..., 2,,) by (3.8). In what follows
we consider the operator B(A) defined by (3.1).

Remark 3.3. In this case we have

Pp()) = det(Z/\kEkk + (21, T2, xn)) (3.20)
k=1

)\k(l—f—i Z ()\ilx\iz.../\ir)ilf(xil,xiz,...,xi,,‘))

r=11<41<i2<...<i,<m

WY S () (ae0)’),

r=11<i1<i2<...<i,<n;
1<j1<j2<...<jr<n

I
=

=
Il
—

Il
o

>
Il
—

where we have used the following formula (see [3], Chap IX, §5 formula (25)):
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T(@i,, iy ooy T3,) = 3y (Miizir (X))

1</ <je<...<jr<m

(3.21)

Fix two natural numbers n,m € N with m < n, two matrices A,,, and X,,,, vectors
gr € R™1 1 <k<nandacR" as follows

a11 a12 ce Qln a2k
any a22 agn asg m—1 n n

Apn = , gk= e R™™, a=(a1r)r—1 € R". (3.22)
Aml Am2 -« Amn Umk

Set B = Y(g1,92,---,9n). We calculate Pg()\) and (B~!(\)a,a) for an arbitrary n.
Consider the matrix (3.6)

T11 T12 Tin
T21 T2 ... T2p arg \™
Xmn = ; h = ) r = \Lr n: R™.
| = (3) et
Tml Tm2 - Tmn
(3.23)
3.8. Case m =2
Lemma 3.3 ([7]). For m = 2 we have
det(I>+ s I I'(y1,
B (Va,a) =& (L+(y1.92)) 1= D) + Ty 2) (3.24)
det (11 +(y2)) 1+T(y2)
where y1 and ys are defined as follows
aip \" azk \"
y1 = Yo = : (3.25)
(\/)\k>k:1 (V)‘k)kzl
3.4. Case m=3
Lemma 3.4 ([9]). For m = 3 we have
det(I3+ , Y2,
(371()\)%@) _ de ( 37y v2 y3)) _1, (3.26)

det (12 +v(y2, y3))

where the y,. are defined as follows:

Arf "
Yr = eR", 1<r<3 (3.27)
<\/)\k>k—1
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3.5. General case

Lemma 3.5 ([9]). For the general m we have

det(Im +v(y1, - - Ym))

B '(\)a,a) = -1 3.28
( (A)a,a) det(Im_1 +’y(y2,...,ym)) ( )
where the y, are defined as follows:
Qrk "
yr= | — eR”, 1<r<m. 3.29
( V Ak ) k=1 (329)

4. The height of an infinite parallelotope

Lemma 4.1. Consider vectors fo, f1 ..., fm € R* such that fo, f1..., fm & l2. Denote
by f,gn) € R™ the projections of the vectors f,. on the subspace R™. Then for all s with
0<s<m

F(fovflaAale’L) F(f(gn)7f1(i)\a ’f(T:l))

= lim = 00, (4.1)
Do oo fm) P pg o gt
if and only if for all (C’k);::—zl € R™*+1\ {0} holds
S Cofrtls, > Cofy @l (4.2)
r=0 r=0,r#s
Here fs means that the vector fs is absent and T'(fo, f1, ..., fm) is the Gram determinant.

Before proving Lemma 4.1 let us formulate one more statement.

Lemma 4.2. Consider vectors fo, f1..., fm € R> such that Y ;- Crfi & {2 for any
non-trivial combination (Cy)j-,. Then for any s with 0 < s < m holds

det(Ims1 +Y(fos-- s fm det (L1 +~(f™, ..., £

et (Imt1 ’Y(foA fm)) — lim et (Im+1 W(fo/\ ) Coo. (4.3)
det(Im—'_’Y(fO’?fS”fm)) ni}oodet(fm+7(f(§n)a7fs(n)a7 7(7?)))

Here I, is identity matriz and y(fo, ..., fm) is the Gram matrix.

Proof. The proof follows from Lemma 4.1 and (3.20). O
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4.1. Particular cases of Lemma /4.1
4.1.1. Casem =1

Lemma 4.3 (/6,7]). Consider vectors fo, fi € R® such that fo, f1 & {2, then

Lo f) _ o DA™ 0 Tlof)
D) o pmy 0 () “4)
if and only if Cofo+ Cifi & s for all (Cy,C1) € R?\ {0}. (4.5)

Proof. The initial proof can be found in [6], Lemma 10.4.20 or [7]. Here we give a different
proof that can be generalized for an arbitrary m € N. For t € R and fy, f1 € H, where
H is some Hilbert space, define the quadratic form?

Fu(t) = |Itf1 — folir = £ (f1, f1)m — 2t(f1, fo)u + (fo, fo)m =
(Ait, t)r — 2(t, )r + (fo, fo)m, where b= (f1, fo)u € R. We have

. _ _ F(anfl)
min F(t) = Fi(to) = TG (4.6)

where ty = %, 3 and A; is a Gram matriz (see Definition 1.1)

Ay =7(f1) = (f1, fu)- (4.7)

Consider another Gram matrix

., | (fo, fo) (fo, f1) M) pn) p(n)
Bl '7V(f07f1)* ((fl,fo) (fl,fl)>, Bl *’Y( 0 7f1 )? (48)

then

ty = (f1,fo) —AYBy) (4.9)

(fi,fr)  AY(B)

where AY(B;1) and AJ(B;) are the corresponding minors of the matrix Bi, see Defini-
tion 3.2. If we replace the vectors fo, fi with fén),fl(n), the formulas (4.6) and (4.9)
become

o e T Yy o g
min F{"(0) = 1" (tg )):%’ = O ONS 01( o SR
L(f™) (i 7)) Ag(ByY)

2 we prefer to write (A1t, t)r to find a general pattern in the case R™, see below (4.9), (4.19) and (4.36).

3 important notation: in general, for ¢t,b € R™ and A,, € Mat(m,R) we denote by to the solution of the
equation A,,t = b, see below (4.34), see also Remark 2.1.
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Suppose that there exists an absolute constant C' such that for all n € N
U KT < ¢ (1.11)
Without loss of generality, we can assume that for all n € N
r(f”) < (M), (4.12)

we choose some subsequence ny, if necessary. Then it is sufficient to verify the first part
of (4.4). Indeed, denote by a,, = I'( én)) and b, = F(fln)). We have two sequences of
positive numbers (a,) and (b,) with property lim, a, = lim, b, = oco. Let for some
absolute constant C7 holds a,, < Cib, for all n € N, then (4.12) holds. Suppose the
opposite. Denote for all N € N the set Exy = {n € N : a,, > Nb,}. Then this set Ey
is infinite for all N. Now fix N and denote all the elements of Enx by (ng)32,, then
bn, < N~la,, for all k € N or D(f™)) < T (f{™).

V(Ve) pr(oxge that the sequence tg") defined by (4.10) is bounded. Since all the matrices
o 1)

~( are positively defined, we have

R R B A A G

1> > 0 o J1 )
TR AR AR AR (M e G

(1)’

Hence, the sequence té") is bounded. Therefore, there exists a subsequence (té"’“))keN

that converges to some ¢ € R. This contradicts (4.11). Indeed

lim () =00, FMEY) <O, lim ¢ =1,

n—o00 k—oc0

To prove the necessity condition suppose that Cofo + C1f1 € £ for some Cy, C;. Let
f1 =cofo+ h, where h € 5. We have

L(fo, f1) = T(fo, h) < T(fo)L'(h).

Since h € ¢5 and f & 5 we conclude that % is bounded. O

4.1.2. Case m =2

Lemma 4.4. Consider vectors fo, f1, fo € R such that fo, f1, fo & L2, then for all r;s
with 0 < r < s <2 holds

P(fofrde) _ o T A" 65)
TG A, FO( T(nf’ §”>2) — o, (4.13)
if and only if -2y Cofe & £ for all (Co,C1,Cs) € R¥\ {0} and Cy f, + Cofs & o for
all (Cy, Cs) € R\ {0}.
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Proof. Suppose that for all n € N

T8, 17 1)

- (4.14)
(™, 15)
Without loss of generality, we can assume that for all n € N
(fo af1 )— 2 (f1 ,f2 )a (fo >f2 )_ 1 (fl 7f2 ), ( )

we choose some subsequence ny, if necessary. See explanations of (4.12) before. Then it
is sufficient to verify (4.13) for (r,s) = (1, 2).

For t € R? and fy, f1, fo € H, where H is some Hilbert space, define the quadratic
form F(t) as follows:

2 2 2
By(t) = 1> tofr = follzr = D tute(fs ) =2t fis o) + (fo, fo)m
r=1

k,r=1 k=1
= (Aat, t)r2 — 2(t,b)r2 + (fo, fo)u,

where b = (fx, fo)i_, € R? and A, is the Gram matriz

As =5(f1, F2) = ((Fi ) s (4.16)

For ty defined by Asty = b we have by Lemma 2.1

L(fo, f1. f2)

Fy(t) = (Aat,t) — 2(t,0) + (fo, fo) = (A2t —to), (t — to)) + T fo)

and therefore,

(anflva).

FQ(tO) = FF(f17f2) (417)

Consider the following matrix

(fo, fo)  (fo, f1) (fo, f2)
By :=~(fo, f1, fo) = | (f1,fo) (f1,fr) (fi, f2) |- (4.18)
(f2, fo) (fan fr)  (f2, f2)

By Cramer’s rule (see Lemma 2.2) we have

L —AYB,
"R (ASEBQD | 19
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Let we have fy, f1, f2 € R> and let fén), fl(n), fQ(n) be their projections on the subspace
R"™. Define for ¢t € R? the quadratic form FQ(n) (t) as follows:

2
F) = 3t f = £ 13 = (A5t e — 2(8, b)re + (£, f8 )R,
r=1

where b = (fk"), fon))i:1 € R? and Aén) is the Gram matrix

In what follows we will use a scalar product (f, g) g without referring to a specific space
H. By (4.35) we have

D(Fm p) p(m)
ESO () = min (1) = TWo A0S0
Ve CARNER

(n

We prove that the sequence t; ) is bounded. If we replace the vectors fy, f1, fo with
fon), fln), f2n), we will get the following expressions:

n 1 —AY(BY
tg" = — (n) (1)( %m) ’ (4.21)
AY(BS™M) \ —A5(By")

where B(™)(2) is defined by

S S 1y (80, 15
B = (5 1M i = L £y (L £y g™y | (4.22)
S £y My (5 )

Since all the matrices Bén) defined by (4.22) are positively defined, the inverse matrices
-1
(Bén)) are also positively defined. We have the following expression for them, here

we denote by BT the matriz transposed to B,

0/ p( 0 0/ R(

ON LMYy Al My Aty p)
(B") = AYBLY) ALBYY) AYBY) | (4.23)

3(BS i 3(B§

We prove that the sequence tgn) defined by (4.21)

A0/ p(n)
P
AY(ByM) \ —A3(By )
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is bounded when (4.15) holds. Set

tm = Ar(BM), 0<r<2, tW=—ATBM"), 0<r#£s<2. (4.25)

() _ (5 62 g ~ ™\ L -
Then ty’ = o gty ) Since the matrix ( By is positively defined and (4.15)
00 00

holds, we have

n (n),(n n)\ 2 n),(n
(t6)° < tiely,  (t65)” < #0455, (4.26)
) < Oy (”), W < oyl (4.27)
”t(n)H2 |1‘L01)|2 + |t ‘2 420) (n) + t(n) (4 28)

It (")|2 - 1) ’
00 00

(1:27) Cutfy + Chatly

< —2——=2 =(C; +Cs. (4.29)

B t6g)

Hence, the sequence tgn) € R? is bounded. Therefore, there exists a subsequence

(tén"))keN that converges to some ¢t € R2. This contradicts (4.14). Indeed

lim F( )( t) = o0, Fé")(tén)) <C, hm t(n’“) =t.

n—oo

We prove the necessity condition for (r,s) = (0, 1), the general case is similar. Suppose
that 327 _ Cfr € £ for some (Cy)y, but Cofo + C1f1 & £ for all (Co, C1) € R?\ {0}.
Let fo = cofo + c1fi + h, where h € ¢5. We have

L'(fo, f1, f2) = T'(fo, f1,h) < T(fo, f1)T(h).

Since h € £y but Cofy+Cyfi € € for all (Cp, C1) € R2\ {0} we conclude that JJo-f1.f2)

is bounded. O e
4.2. The proof of Lemma 4.1
Proof. Suppose that for all n € N we have

LU S ) <C. (4.30)

NGRS A R 0
Without loss of generality, we can assume that for all n € N and 1 < s < m hold
TSy <o (i 1L e, (4.31)

we choose some subsequence ny, if necessary. Consider the following quadratic forms for
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Fot) = || £ Zt F2. (4.32)

The forms F" (t) defined by (4.32) have the following properties, for any fixed ¢t € R™
we have lim,,_; o F,(,?)(t) = 0o. By Lemma 2.1 there exists some tén) € R™ such that

( ) (n) — (n) (f() 3f1 g m )
Fm ( ) B tlélﬂén Fm ( ) ( (n) f(") f(n)) ’ (433)

We prove that the sequence t((J") is bounded. To find tén) explicitly in (4.33) we introduce

some notations. For t € R™ and fo, f1,..., fin € H define the function

= ||Ztkfk*fo||2 Z tetr(fi, [r) Z te(frs fo)u + (fo, fo)m

k,r=1 k=1

= (Amtu t)]R"" - 2(t7 b)Rm + (an fO)H
where b= ((fx, fo)u )k | € R™ and A, is the Gram matriz, see Definition 1.1:

A =v(f1,-- -, fm) = ((fk’fT)H)Z?r=1’ (4.34)

The minimum of F,(t) is attained at to defined by A,,to = b. By Remark 2.1, (2.6) and
(2.3) we get (for details see Section 2.1)

Fit) = (At 0) = 20.) + (fo fo) = (At = t0). (6 = t0) + e,
- F(fO?flv“‘vfm)
and therefore, F,(tg) = T fo) (4.35)
Consider the following matrix
(fo, fo)  (fo. 1) (fo.f2) .o (fosfm)
(fi,fo) (fi. i) (fi.fo) o (f1sfm)
Bm:’Y(vafla"'ufm): (anfO) (anfl) (f27f2) (f27f’m)

Und) G f1) s fo) ove (s fon)

By Cramer’s rule (see Lemma 2.2) the solution of A,,ty = b is as follows:

(4.36)
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If we replace the vectors (fx)j", with ( f (n))zlzo we will get the following expression

I e (G
AYBL) \ o (o

where B(™ (m) is defined by

(R ARG RN A0 WSSO ¢ A A2
B (s ooy [ A )

m

(U 157) D ) )

)

-1
Since all the matrices B,(,:L are positively defined, the inverse matrices (B,(,? )> are also

positively defined. We have the following expression for them

T
AQBRY AYBY) ... AL(BW)
~1 1) 1gn) 1 gn)
(BT(::)) _ 1( : Ay(By’)  Ai(Bm’) ... AL(Bw’) (4.38)
det By, .
A (B Ap(BYY) ... ABRY)
We prove that the sequence (tgn))n is bounded when (4.31) holds.
G
1)
L B (4.39)
— A (Bm”)
Set t™M = A"(BM), 0 <r <m, t{ = —A(BM), 0<r#s<m. (4.40)

) _ (P 5 . . m\ L. .
Then t5~ = nok t(") see st ) Since the matrix ( Bm is positively defined and
00

(4.15) holds, we have

(tfg)) <tMt | forall 0<r<s<m, (4.41)
tm < cstgg , forall 0<s<m-—1, (4.42)
t |2 (1.41) N tgg‘)
\ 66 |2 too
(4.42) t
< Lz Cotoo. Z C,. (4.44)
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Hence, the sequence té") € R™ is bounded. Therefore, there exists a subsequence

(t(()nk))keN that converges to some ¢ € R™. This contradicts (4.30). Indeed
lim FM(t) =00, FM(tM)<C, lim t5) =1t
n—ro00 k—oo

The necessity is proved as in the case m =1 and m=2. 0O

5. Some applications

5.1. The law of large numbers

In this and the following subsection we explain how Lemma 2.3 and the study of
the generalized characteristic polynomials det B(A) (especially the explicit expression
for B~1()\)) where B()) is defined by (3.1)

Pg(X) =detC(\), where B(\) =diag(A1,..., n) + B,

could be used in other fields. Consider R*° with infinite product of a standard Guassian

measures
- 1 i

() = @, p(zy), where du(zy,) = o €XP ( - 7)dxn (5.1)

Set fo(r) = 1 and f, = 22. The law of large numbers can be reformulated in this

particular case as follows:

Lemma 5.1. We have fo € (fn,n € N) moreover, in H = Ly(R*, 1) holds
1 n
.4 2
S. 1171Ln - kg_lxk = fo, (5.2)

where s.lim means a strong limit in a Hilbert space H.

Proof. To prove this lemma we should show that lim,, . d*(fo, V;,) = 0 where d?(fo, V)
is defined by (2.1). We should calculate T'(fo, f1, fo,..., fn) and D(f1, fa2,..., fn). For

the corresponding Gram matrices y(f1, fay..., fn) we get (we denote Ay = 2 for all
1<k<n)
111..1 11 1... 1
n 131..1 114A 1. 1
’Y(f07f17f27"'afn): ((fﬂfj)) . O: 113...1 = 11 I4x... 1 s
i,j=
111..3 11 1. 14X,

Jj=1

n 31... 1 1+ 1. 1
A(Frs foreoos f) = ((fiafj))i = <1 3... 1 > _ ( 1 14Aa... 1 > 7
’ 11... 3 1 1... 14\,
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F(anf17f27"'7fn) = det’}/(f07f1,f2’-~-7fn) (5:]7) HAIW

k=1

F(anflva,"wfn) = det’Y(vafl,an"'afn) (3;7) H )\k(l +Z/\i),

k=1 k=1

) B det(v(fo, f1,---+ fn)) B n 1y
oY) = i ) (1+};2) 0,

By Lemma 2.3 and (3.18) we conclude that on the step n the coefficient should be
tr = % O

5.2. Some generalization
Consider R* x R*° with infinite product of a standard Guassian measures
p2(z) = @iy Oy pl@rn)- (5.3)
Set fo(z) =1, fn =22, + anT1nTon.
Lemma 5.2 (/9]). We have fo € (fn,n € N) if and only if > ;-4 é = 0.

Proof. To prove this lemma we should show that lim,, . d*(fo, V;,) = 0 where d?(fo, V)
is defined by (2.1), if and only if >~.7 4 é = co. Further,

1 1 ... 1
Y(for for Fas- s fn) = ( e ) : (5.4)
11 .. 1+4al,,
1+a2 1 .. 1
V(farfaroo ) = [ 1 M) (5.5)
1 1 .. 1+al,
n+2
det (y(fo, f3, far- -+ fry2)) LD ( H ai), (5.6)
k=3
n+2 n+2
det(V(f& Jay-oo, fn+2)) (327) ( H ai) (1 + Z a_1,2€> (5.7)
k=3 k=3

Finally, by (2.1) we get

det (v(fo, f3, fa,- -5 fni2)) 2
d2(fo, V) = _ 1 |
(fo, Vi) det (v(fs, fas-- -5 fut2)) (1+]§a%> -0
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5.8. Idea of the proof of irreducibility

By Lemma 2.3, for a strictly positive operator A acting in R™ and a vector b € R™\{0}
we have

1

min ((Aa:,x) | (z,b) = 1) = AT D)

zeR™

In the concrete examples considered in [4-9] we prove the irreducibility as follows. First,
we can approximate a lot of functions in L>°(X, 1) using Lemma 2.3. Second, the measure
u is ergodic with respect to the action of the group. The approximations follows from
the fact

lim (B,(\) ta,,a,) = co. (5.8)
n—oo
Here B, = ~%(91,92,---,9n), where ~(g1,92,...,9») is Gram matrix of vectors

91,92, ---,9n € H, (see Definition 1.1) and B,(\) = diag(A1,...,Ap) + Bp, A € C™.
By Lemma 3.5 proved in [9] we have (for notations see Section 3.2)

I (m) () )
(Bo(N) " tan, a,) = Aot + 10 7?112) : ’:(yn) ) - L
det (L1 + (55", ym?))

(5.9)

Finally, by Lemma 4.2 we have

iy 968 + Y@ s, )
e det(Im—l + ’Y(yén)v s 7y7(7?)))

=00,
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