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1 Introduction

Sigma models on Kählerian and super-Kählerian target spaces play an important role in
strings and various aspects of quantum field theory — from mathematics to phenomenology.
If supersymmetrized in two dimensions, they have extendended supersymmetries, N = 2
or N = 4.1 In generic Kählerian models with non-Einstein target space each order of
perturbation theory brings in new geometric structures, (see e.g. [1–5]), say, in the first-
and second-loop orders we have

Leff =
{
Gij̄ +

(
α′Rij̄ +

(α′)2

2 Rik̄ℓm̄R k̄ℓm̄
j̄

)
L+ . . .

}
∂µφ

i∂µφ̄
j̄ (1.1)

where L in eq. (1.1) is defined as

L = − log Muv
µ

. (1.2)

Neither Rij̄ nor Rik̄ℓm̄R k̄ℓm̄
j̄

reduce to Gij̄ in the general case.
In this paper, we first consider renormalization aspects of the so-called first order

formalism in generic sigma models [6] (for brevity referred to as the first-order sigma
models). We treat these models as deformations of the conformal field theories of the simple

1In addition to N=(2,2), the Kähler spaces allow for chiral spersymmetrizations N=(0,2) or (2,0).
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bosonic “β-γ” systems by using the so-called coordinate approach to compute the beta
function. We consider correlation functions in the real space (opposite to the traditional
momentum) and employ the point-splitting regularization. This construction is a priori
expected to produce beta functions of a certain self-repeating pattern of the (differential)
polynomial type for the inverse metric Gij̄ . Comparing with eq. (1.1) we see that the
expected pattern does emerge at one loop (see below). Although generalizing our analysis
to higher loops we continue to observe the polynomial pattern, the β function obtained in
this way does not coincide with the result of the standard geometric calculation presented
in (1.1) starting from the second loop [1–3, 7]. Three-loop contribution is RG-scheme
dependent — therefore one might blame the difference in the renormalization schemes for
the disagreement.2

However, the disagreement we observe appears already in the second loop. This leads
us to the hypothesis that starting from the second loop a certain anomaly manifests itself,
perhaps, similar to that established in supersymmetric Yang-Mills theory [8–11]. Some
indirect arguments in favor of this hypothesis will be given in section 4.

Besides the generic Kähler target spaces we discuss in detail the so-called Lie-algebraic
sigma models.3 In paricular, this is the case when the perturbed field Gij̄ is a product of
the holomorphic and antiholomorphic currents satisfying two-dimensional current algebra.
We obtain exact formulas for the one and two-loop beta functions using only algebraic data
and observe the full correspondence with the known results for current-current deformations
of the conformal field theories [14–16] (but not with the geometric formulas).

The paper is organized as follows. In section 2 we introduce first-order sigma model,
outline the two-loop computation of the β function and discuss why the answer is different
from the one in eq. (1.1). In section 3 we discuss an important example of the current-
current perturbation, which we also dub as Lie-algebraic sigma models, and show why the
answer in section 2 makes sense from the algebraic point of view. In section 4 we indicate
that discrepancies between the“geometric” and “algebraic” β functions can be an IR effect.
Illuminating instanton calculations are presented in section 5.

2 Coordinate β function

2.1 Model and derivation

The first order sigma model proposed in [6] and further developed in [17–19], was initially
introduced as a tool to address singular background in string theory. More specifically, the
bare action is described by the following conformal field theory

S0 = 1
α′

∫
d2z

π

(
pa∂̄φ

a + p̄ā∂φ̄
ā
)
. (2.1)

Here d2z = dxdy = idz ∧ dz̄/2, the index a runs from 1 to D/2 (here we have assumed that
the target space is a complex manifold with local coordinates φa and φ̄ā). The fields pa,

2It was calculated by Foakes and Mohammedi, and Graham in a particular scheme [1–3].
3The quantum-mechanical Hamiltonians with the Lie-algebraic structure led to the discovery of quasi-

exactly solvable systems, see reviews [12, 13].
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pā are (1, 0) and (0, 1) forms on Σ correspondingly, and the fields φa, φā are scalars. For
our purposes, it will be enough to consider Σ = CP 1. For more precise definitions and
discussion about the choice of complex structure see [20]. To simplify notations in what
follows we put α′ = 1.

The action (2.1) is equivalent to the following operator product expansions,

pa(z)φb(w) = δb
a

z − w
+ reg, p̄ā(z̄)φ̄b̄(w̄) = δb̄

ā

z̄ − w̄
+ reg. (2.2)

To turn to the non-singular sigma models one considers perturbation of the action (2.1) by
four possible classically marginal terms

S = S0 −
∫
d2z

π
(OG +Oµ +Oµ̄ +Ob) (2.3)

where

OG = Gaāpap̄ā, Oµ = paµ
a
ā∂̄φ̄

ā, Oµ̄ = p̄āµ̄
ā
a∂φ

a, Ob = baā∂φ
a∂̄φ̄ā. (2.4)

Assuming that Gaā is not degenerate one can integrate over p and p̄ and obtain the second-
order sigma model with the metric and Kalb-Ramond fields parametrized in terms of the
data G, b, µ and µ̄ (see [6]). Besides, an additional field of a dilaton appears due to the
anomaly in the path integral measure.

For operators (2.4) to be primary, in the first order of perturbation theory one has to
impose transversality condition

∂aG
aā = ∂āG

aā = ∂aµ
a
ā = ∂āµ̄

ā
a = 0. (2.5)

This in particular allows one to avoid possible self-contractions of p and φ inside operators.
In what follows, we will not insist on the transversality condition and presume that self-
contractions are subtracted, in other words the operators are normal-ordered.

In this paper we focus mainly on the case when only OG perturbations are present —
then the metric and Kalb-Ramond fields are, respectively, symmetric and antisymmetric
forms of inverse of the bivector Gaā, which we denote by Gaā. The dilaton field Φ is
proportional to the logarithm of the determinant

Φ ∼ log detG .

Note that for Kählerian metrics with constant determinant the effects due to the Kalb-
Ramond fields and dilatons are irrelevant.

Here again, we stress that the first order system makes sense even when the inverse of
Gaā does not exist. Our point of view is that the original sigma model is represented by
Lagrangian (2.3). In this paper we focus on making sense of (2.3) as a quantum field theory.

First, let us focus on the case when baā = µ̄ā
a = µa

ā = 0, i.e. on the action

S =
∫
d2z

π

(
pa∂̄φ

a + p̄ā∂φ̄
ā −Gaā(φ, φ̄)pap̄ā

)
. (2.6)
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We can regard G as a perturbation for the conformal field theory given by S0 in eq. (2.1).
Let us demonstrate the necessity of renormalization using the example of the perturbative
calculation of the following two-point function,

C2(x, y) =
〈
B(x)Og(y)

〉
G
≡
〈
B(x)Og(y) exp

(∫
|z|<R

d2z

π
OG

)〉
0
. (2.7)

Here
B(x) ≡ bcc̄∂φ

c∂̄φ̄c̄

is a composite field which is denoted differently from Ob to emphasize the fact that the field
baā is an observable (and not the one in the action). By Og we denote gaāpap̄ā again to
emphasize different role of the observable field gaā as opposed to Gaā in the exponential.
All observables are considered to be normal ordered, so we don’t have to worry about
self-contractions. The effect of non-zero G is included order by order in the perturbation
theory which is symbolized by the last equality in (2.7). The subscript there reflects that
computations are carried out in the free theory (2.1). Here we have also introduced an
IR cut-off R and assume that |x| ≪ R, y ≪ R. In the zeroth order using OPE (2.2)
we conclude

C
(0)
2 (x, y) = gaābaā

|x− y|4
. (2.8)

At this point, we have to clarify what we mean by correlation functions as functions of
the target space fields. Strictly speaking instead of gaābaā one has to consider an integral∫

gaā(φ(0))baā(φ(0)) dDφ(0) (2.9)

over the modes φ(0) of the φ-fields. We assume that the target space is compact, or that
the observables gaā, baā are functions rapidly vanishing at the “space-time infinity,” so that
all integrals are convergent.

We assume this prescription for all the correlation functions in this paper.
In particular, this will allow us to integrate by parts in some of the examples below.

Note also that we use Wick’s theorem to contract derivatives of the field, which would,
otherwise, vanish after the integration.

The next order is given by an integral of the three-point function

C
(1)
2 (x, y) =

∫
|z|<R

d2z

π

〈
B(x)Og(y)OG(z)

〉
0
. (2.10)

In this case the computation of the correlation function is a bit more complicated, but still
can be performed explicitly. Namely, after contracting the p field with the derivatives we
arrive at

〈
B(x)Og(y)OG(z)

〉
0
= ⟨baā(x)gaā(y)Gcc̄pcp̄c̄(z)⟩

|x− y|4
+ ⟨baā(x)gab̄p̄b̄(y)Gcāpc(z)⟩

(x− y)2(x̄− z̄)2 +
(
y ↔ z

G↔ g

)
.

(2.11)
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Contracting the remaining p field we obtain

⟨baā(x)gaā(y)Gcc̄pcp̄c̄(z)⟩
|x−y|4

= Gcc̄∂c∂c̄baā(x)gaā(y)
|x−y|4|z−x|2

+Gcc̄∂cbaā(x)∂c̄g
aā(y)

|x−y|4(z−x)(z̄−ȳ) +
(
y↔x

g↔ b

)
,

(2.12)

⟨baā(x)gab̄p̄b̄(y)Gcāpc(z)⟩=
∂b̄∂cbaāg

ab̄Gcā

(ȳ−x̄)(z−x) + ∂b̄baā∂cg
ab̄Gcā

(ȳ−x̄)(z−y) + baā∂cg
ab̄∂b̄G

cā

(ȳ−z̄)(z−y) + ∂cbaāg
ab̄∂b̄G

cā

(ȳ−z̄)(z−x)
(2.13)

Assembling everything together we obtain an expression for the correlator that does not
look like a typical three point function in CFT. This happened because we relaxed the
transversality condition, which on this level is equivalent to the statement that operators
are primary. Anyhow, from the obtained expression one might expect possible divergences
when the integration comes close to x or y, therefore we add UV regularization prescription
that small disks of the size ϵ are excluded from the integration domain, namely |z − x| < ϵ,
|z − y| < ϵ. Performing integration with such a prescription we obtain

C
(1)
2 (x, y) =

log |x−y|2
ϵ2

|x− y|4
(
gaā[b,G]aā + baā[g,G]aā

)
+ δC

(1)
2 (x, y) (2.14)

where δC(1)
2 is present only due to effects of the fields being non-primary (non-tranversal in

the sense of eq. (2.5)),

δC
(1)
2 (x, y) = Gcc̄∂c∂c̄(baāg

aā)
|x− y|4

log R2

|x− y|2
+ 4
ϵ2
gcc̄∂c∂c̄(baāG

aā)
|x− y|2

+ ∂c(baāG
ac̄)∂c̄g

cā + ∂cg
ac̄∂c̄(baāG

cā)− gcc̄∂c̄(baā∂cG
aā)− gcc̄∂c(baā∂c̄G

aā)
|x− y|4

.

(2.15)

Notice that if trasversality condition (2.5) is satisfied then δC
(1)
2 vanishes after integration

by parts in the target space (see eq. (2.9)).
The coordinate part of the first term in eq. (2.14) is universal for the correlation

functions in deformed CFT [21–23], while the field dependent coefficient represents the
OPE data. The expression in the bold squared parentheses in (2.14) are bilinear operations,
which are explicitly given by

[b,G]aā = ∂c̄bcā∂aG
cc̄ + bcc̄∂a∂āG

cc̄ +Gcc̄∂c∂c̄baā + ∂cbac̄∂āG
cc̄ (2.16)

[g,G]aā = gcc̄∂c∂c̄G
aā − ∂c̄g

cā∂cG
ac̄ + (G↔ g). (2.17)

In (2.16), (2.17) and in what follows the brackets [ ] typeset in bold acting on two tensors
are to be understood as a tensor product of the Lie derivatives acting in holomorphic
and antiholomorphic sectors. They also have a close relation to the Courant/Dorfman
brackets [18].

Therefore, to remove UV divergences we can perform the following renormalization,

B → B(1) =
(
baā − [b,G]aā log

ρ2

ϵ2

)
∂φa∂̄φ̄ā − 4

ϵ2
baāG

aā, (2.18)
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Og → O(1)
g =

(
gaā − [g,G]aā log ρ

2

ϵ2

)
pap̄ā. (2.19)

Here the logarithm plays the same role as in eqs. (1.1), (1.2) upon the replacement of the
momentum cutoff by the coordinate regulator Muv → ϵ−1 and the renormalization point
µ→ ρ−1. In this way, the renormalized correlation function reduces to

⟨B(1)(x)O(1)
g (y)⟩=

log |x−y|2
ρ2

|x−y|4
(
gaā[b,G]aā+baā[g,G]aā

)
+Gcc̄∂c∂c̄(baāgaā)

|x−y|4 log R2

|x−y|2

+ ∂c(baāGac̄)∂c̄gcā+∂cgac̄∂c̄(baāGcā)−gcc̄∂c̄(baā∂cGaā)−gcc̄∂c(baā∂c̄Gaā)
|x−y|4 +O(G2).

(2.20)

Proceeding in the same way step by step one can derive renormalization in the higher orders.
Unfortunately, all expressions become more and more bulky; besides, as we see, a lot of
other terms are produced that are not responsible for the renormalization. To avoid at least
part of these problems we change our approach a bit.

Namely, since we are mostly interested in the renormalization of Og, we limit integration
to |z| < R and assume that |y| < R but |x| ≫ R. In this sense the perturbation does
not “touch” observable B(x). Then in the leading order we immediately obtain the Og

renormalization directly∫
|z|<R

d2z

π

〈
B(x)Og(0)OG(z)

〉
0
= baā[g,G]aā

|x|4
∫

|z|<R

d2z

π

1
|z|2

= baā[g,G]aā

|x|4
log R

2

ϵ2
(2.21)

Here we have put coordinate of Og to zero y = 0 because in the leading order of |x| → ∞
the rest of the correlation function retains transnational invariance. In the next order we
have to compute

C
(2)
2 (x) = 1

2

∫
Σϵ

d2z1
π

d2z2
π

〈
B(x)Og(0)OG(z1)OG(z2)

〉
0

(2.22)

The integration domain Σϵ is defined as

ϵ ≤ |z1| ≤ R, ϵ ≤ |z2| ≤ R, ϵ ≤ |z1 − z2| ≤ R. (2.23)

Note extra IR regularization |z1 − z2| ≤ R; it does not affect the UV divergences but
significantly simplifies computations as it makes Σϵ invariant under various changes of
variables, for example, z1 ↔ z2; z1 → z̄1, z2 → z̄2; z1 → z2 − z1, z2 → z2 etc. Using this
invariance and routinely contracting p and φ using OPE (2.2) and the Wick’s theorem we
observe that only four possible structures appears in C

(2)
2 (x)

C
(2)
2 (x) = 1

|x|4
4∑

i=1
AiIi (2.24)

with

I1 =
∫
Σϵ

d2z1
π

d2z2
π

1
|z1|2|z2|2

, I2 =
∫
Σϵ

d2z1
π

d2z2
π

1
z2

2 z̄1(z̄2 − z̄1)
(2.25)

– 6 –



J
H
E
P
1
0
(
2
0
2
3
)
0
9
7

I3 =
∫
Σϵ

d2z1
π

d2z2
π

1
z2

1 z̄
2
2
, I4 =

∫
Σϵ

d2z1
π

d2z2
π

1
|z1|4

. (2.26)

In the appendix A we demonstrate that the integrals can be expressed as

I1 = L2
ϵ , I2 = Lϵ, I3 = 0, I4 = R2/ϵ2. (2.27)

Here
Lϵ ≡ logR2/ϵ2 .

The corresponding tensor structures Ai read as

A1 = baā[g, [G,G]]aā

4 + baā[[g,G], G]aā

2 , A2 = 1
2baā[g,G,G]aā (2.28)

A3 = baā(∂cG
kā∂k∂k̄G

cc̄∂c̄g
ak̄ + ∂cg

kā∂k∂k̄G
cc̄∂c̄G

ak̄), (2.29)

A4 = baā

2 (gaā∂k∂k̄G
cc̄∂c∂c̄G

kk̄ + 2Gaā∂k∂k̄G
cc̄∂c∂c̄g

kk̄) (2.30)

where quadratic brackets are the operations defined as above (2.16), (2.17) that the qubic
bracket is given by

[g,G,G]aā = ∂k̄G
cc̄∂c̄G

kk̄∂c∂kg
aā+∂kG

cc̄∂cG
kk̄∂c̄∂k̄g

aā+2∂kG
cc̄∂cg

kk̄∂k̄∂c̄G
aā+

2∂k̄G
cc̄∂c̄g

kk̄∂k∂cG
aā+∂c∂c̄G

kk̄(∂kg
cc̄∂k̄G

aā+∂k̄g
cc̄∂kG

aā+∂kg
aā∂k̄G

cc̄+

∂k̄g
aā∂kG

cc̄+gac̄∂k∂k̄G
cā+Gac̄∂k∂k̄g

cā+gcā∂k∂k̄G
ac̄+Gcā∂k∂k̄g

ac̄)

+∂c∂c̄g
kk̄(∂kG

cc̄∂k̄G
aā+∂k̄G

cc̄∂kG
aā+Gcā∂k∂k̄G

ac̄+Gac̄∂k∂k̄G
cā)

−(gkā∂k̄G
cc̄+Gkā∂k̄g

cc̄)∂k∂c∂c̄G
ak̄−(gak̄∂kG

cc̄+Gak̄∂kg
cc̄)∂k̄∂c∂c̄G

kā

−2∂k∂c̄G
ak̄(∂k̄g

cc̄∂cG
kā+∂k̄G

cc̄∂cg
kā)−2∂c∂k̄G

kā(∂kg
cc̄∂c̄G

ak̄+∂kG
cc̄∂c̄g

ak̄)

−Gkā∂k̄G
cc̄∂k∂c∂c̄g

ak̄−Gak̄∂kG
cc̄∂k̄∂c∂c̄g

kā

−2∂k̄G
cc̄∂cG

kā∂k∂c̄g
ak̄−2∂c̄G

ak̄∂kG
cc̄∂c∂k̄g

kā.

(2.31)
Now we have to deform Og and OG by addition of some counterterms to make the correlation
function finite when ϵ→ 0. In particular, to remove contribution from A4 we have to shift
Og by the scalar observable

Og → Og −
∂k∂k̄G

cc̄∂c∂c̄g
kk̄

ϵ2
. (2.32)

Note that the first term in A4 has a disconnected character and disappears after taking into
account contributions from the partition function. The remaining part of the correlation

– 7 –
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function reads.

C
(1)
2 (x) + C

(2)
2 (x) = baā

|x|4

(
gaā + Lϵ[g,G]aā + L2

ϵ

4 [g, [G,G]]aā

+L
2
ϵ

2 [[g,G], G]aā + Lϵ[g,G,G]aā

2

) (2.33)

To understand renormalization further we have to separate deformation of Og and OG. In
typical Callan-Symanzik approach that would correspond to β and γ functions [24]. For
this we consider the following one-point function,

C1(x) =
〈
B(x) exp

(∫
|z|<R

d2z

π
Gaā(φ, φ̄)pap̄ā

)〉
0

(2.34)

Again here it is assumed that |x| ≫ R. Its expansion up to the fourth order in Gaā can be
deduced from (2.33)

|x|4C1(x) = baā

(
G+ Lϵ

2 [G,G] + L2
ϵ

4 [G, [G,G]] + Lϵ

3! [G,G,G]
)aā

(2.35)

To make it finite as ϵ→ 0 we have to deform G in the following way

G→ G̃ = G− [G,G]
2 ℓ+ (ℓ)2

4 [G, [G,G]]− ℓ

3! [G,G,G] +O(G4) (2.36)

with
ℓ = log ρ

2

ϵ2
.

Then
G̃+ Lϵ

2 [G̃, G̃] + L2
ϵ

4 [G̃, [G̃, G̃]] + Lϵ

3! [G̃, G̃, G̃] =

G− [G,G]
2 Lρ +

(Lρ)2

4 [G, [G,G]]− Lρ

3! [G,G,G] +O(G4),
(2.37)

where now
Lρ = logR2/ρ2 .

Now we can study the flow of the deformed observable

∂G̃

∂ℓ
= − [G,G]

2 + ℓ

2 [G, [G,G]]− 1
3! [G,G,G] +O(G4) = − [G̃, G̃]

2 − [G̃, G̃, G̃]
3! +O(G̃4)

(2.38)
We see that contrary to the deformation (2.36) the flow (2.38) does not contain logarithms
but only the observables. Following the traditional notation we call this flow a beta function

−∂G̃
∂ℓ

= β2(G̃) + β3(G̃) +O(G̃4) (2.39)

with

βaā
2 (G) = [G,G]aā

2 = Gcc̄∂c∂c̄G
aā − ∂cG

ac̄∂c̄G
cā (2.40)
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βaā
3 = [G,G,G]aā

3! = 1
2
(
∂k̄G

cc̄∂c(∂kG
aā∂c̄G

kk̄ −Gkā∂k∂c̄G
ak̄)

+ ∂kG
cc̄∂c̄(∂k̄G

aā∂cG
kk̄ −Gak̄∂c∂k̄G

kā)

+ ∂k∂k̄G
ac̄(Gcā∂c∂c̄G

kk̄ − ∂c̄G
ck̄∂cG

kā)

+ ∂k∂k̄G
cā(Gac̄∂c∂c̄G

kk̄ − ∂cG
kc̄∂c̄G

ak̄)
)

(2.41)

Once we have figured out renormalization of Gaā we can determine how to renormalize gaā

using eq. (2.33)

g → g̃ = g − ℓ[g,G] + ℓ2[[g,G], G]
2 + ℓ2[g, [G,G]]

4 − ℓ

2 [g,G,G] +O(G3). (2.42)

The corresponding flow is

−∂g
∂ℓ

= [g,G] + 1
2 [g,G,G] +O(G3). (2.43)

2.2 Results and discussion

Now let us discuss our results (2.40) and (2.41). It was shown already in [6] that the
formula (2.40) leads to results identical to the one-loop expressions obtained in the back-
ground field method [25–27]. For a Kähler metric and in the absence of a dilaton the
two-loop β function reduces to the simple geometric flow that was already mentioned in the
introduction [28, 29]

µ
∂gij

∂µ
= β

(1)
ij + β

(2)
ij + . . . (2.44)

with
β

(1)
ij = Rij , β

(2)
ij = 1

2RiklmRj
klm ≡ Sij . (2.45)

Here the superscripts indicate the number of loops, while the subscripts in (2.40), (2.41)
reflect the degree of G.

For a Kähler metric one can easily demonstrate that Raā = βaā
2 (in eq. (2.40)). Note

that contrary to [6] we do not require neither a dilaton or the transversality condition (2.5).
To compare the second loop answer (2.41) we need to find Sij = GikSklG

lj , which for
the generic Kähler metrics is

Saā = 1
2Gss̄

[
Gkk̄Gcc̄∂c∂k̄G

as̄∂k∂c̄G
sā −Gcc̄∂k̄G

ks̄∂cG
ak̄∂k∂c̄G

sā

−Gcc̄∂kG
sk̄∂c̄G

kā∂c∂k̄G
as̄ + ∂cG

ak̄∂c̄G
cā∂kG

sc̄∂k̄G
ks̄
]
.

(2.46)

This expression does not coincide with (2.41). This fact is immediately obvious for
the one-dimensional target space, when G11̄ ≡ G. In this case (2.40) and (2.41) read

β2 = G∂∂̄G− ∂G∂̄G (2.47)

2β3 = (∂̄G)2∂2G+ (∂G)2∂̄2G−G∂̄G∂2∂̄G−G∂G∂̄2∂G− 2∂∂̄G∂G∂̄G+ 2G(∂∂̄G)2

(2.48)
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They are obviously, (differential) polynomials in G. The geometric answer, however, reads as

R11̄ = G∂∂̄G− ∂G∂̄G, (2.49)

S11̄ = (G∂∂̄G− ∂G∂̄G)2

G
= G(∂∂̄G)2 − 2∂G∂̄G∂∂̄G+ (∂G∂̄G)2

G
(2.50)

which is not even polynomial because of the last term in S11̄.
It is interesting to note that for CP 1 model, which corresponds to G = R(1 + φφ̄)2/2,

both approaches give the same answer

β2 = R2(1 + φφ̄)2/2, β3 = R3(1 + φφ̄)2/2. (2.51)

Here parameter R is a scalar curvature, which is constant for CP 1, the RG flow basically
expresses how R depends on ℓ. In the general case, it is no longer true, and beta functions
in different approaches start to be different. More specifically, if we focus on a slightly
deformed case (see section 3).

G = n1 + n2φφ̄+ n3(φφ̄)2. (2.52)

Then geometric approach gives

−∂G
∂ℓ

= G

(
R
2 + R

2

4 + . . .

)
. (2.53)

Here
R
2 = n1n2 + 4n1n3φφ̄+ n2n3(φφ̄)2

n1 + n2φφ̄+ n3(φφ̄)2

is a non-constant curvature for the metric with the lower indices (i.e. 1/G, with G given
in (2.52)). One can even conjecture that in the appropriate scheme the flow can be resummed
and in this way is defined only by a one-loop result

−∂G
∂ℓ

= GR
2−R (2.54)

In any case, we see that the structure (2.53) is not reproduced by eqs. (2.40) and (2.41)
beyond one loop. On the contrary eqs. (2.40), (2.41) show that the model is renormalizable
and the corresponding flow reads

−∂n1
∂ℓ

= n1n2+n1n
2
2,−

∂n2
∂ℓ

= 4n1n3+4n1n2n3, −∂n3
∂ℓ

= n2n3+n3(8n1n3−n2
2). (2.55)

This flow is interesting by itself as the stable point there depends on initial conditions.
For two-dimensional complex target-space we see that similar to CP 1 case of Fubini-

Study (Bergman) metrics eq. (2.46) and (2.41) gives identical results. However, already for
Eguchi-Hanson metric,4 which reads explicitly as

Gac̄ =
√
1 + α

u2

(
δac̄ −

α

α+ u2
z̄azc

u

)
, u = |z1|2 + |z2|2, (2.56)

4We use notations of [30].
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one can see the difference between (2.55) and (2.54). Notice that metric (2.56) is a Kähler
metric, it has unit determinant and obeys transversality condition ∂aG

aā = ∂āG
aā = 0,

which immediately rules out ambiguities with a dilaton and Kalb-Ramond field.
Finally, let us discuss the transformational properties of the obtained answers (2.40),

(2.41). These expressions are manifestly not symmetric with respect to classical diffeomor-
phisms of the target. For example the change φ→ 1/φ and φ̄→ 1/φ̄ would result in the
exchange n1 ↔ n3 in (2.52) which obviously is not a symmetry of eq. (2.55) (but it is for
the flow (2.54)). Alternatively, n1 can be brought to the same value as n3 by rescaling
φ→ λφ, which is also not reflected in (2.55).

To quantify general case a bit more we focus on the holomorphic transformations

φa → φa − V a(φ), φ̄ā → φ̄ā. (2.57)

The classical diffieormorphisms

Gaā → Gaā + V k∂kG
aā − ∂kV

aGkā (2.58)

preserves the one-loop result (2.40). Namely, the transformation properties of (2.40) are
the same as for the metric

βaā
2 → βaā

2 + V k∂kβ
aā
2 − ∂kV

aβkā
2 , (2.59)

while β3 in eq. (2.41) transforms as

βaā
3 → βaā

3 + V k∂kβ
aā
3 − ∂kV

aβkā
3 −

1
2∂m∂cV

kLmc;aā
k (2.60)

where

Lmc;aā
k = ∂k∂k̄G

cā(Gac̄∂c̄G
mk̄−Gmc̄∂c̄G

ak̄)+∂k̄G
mā(Gac̄∂k∂c̄G

cdk̄−∂kG
cc̄∂c̄G

ak̄)

+∂kG
mk̄∂k̄(G

cc̄∂c̄G
aā−Gac̄∂c̄G

cā)+Gmk̄∂k̄(∂c̄G
aā∂kG

cc̄−Gac̄∂k∂c̄G
cā),

(2.61)

which is another manifestation that (2.41) cannot be expressed via geometric structures (met-
ric and curvature). Nevertheless, in the next section we discuss that for the Gaā that corre-
sponds to current-current deformations satisfying the 2D current algebras, both (2.40), (2.41),
and (2.61) can be neatly expressed via the algebraic data.

Finally, let us note that usually the ambiguities related to different choices of the
regularization/renormalization scheme correspond to changes [31]

βµν ∼ βµν +∇µξν +∇νξµ. (2.62)

In the problem under consideration, it is impossible to choose a vector ξµ to cancel non-tensor
structures, i.e. those that do not transform as tensors under the diffeormophisms. Moreover,
it is even expected that at the quantum level, the diffeomorphisms are deformed [32]. The
full clarification of this issue requires a separate investigation.
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3 Lie-algebraic sigma models

One of the important examples of the perturbed first-order sigma models comes from the
parametrization of the Gaā with holomorphic and antiholomorphic vector fields, namely

Gaā = GAĀV a
AV

ā
Ā
, (3.1)

or equivalently OG = GAĀJAJ̄Ā, which is a current-current deformation with currents given
by JA = paV

a
A (and similarly for antiholomorphic). For a linear realization of the vector

fields we are in a position of the so-called bosonic Gross-Neveu model [33–35]. The current
algebra immediately follows from the OPE

JA(z)JB(0) = −
ηAB

z2 + fC
ABJC(0)− ΩAB

z
+ reg (3.2)

and similarly for the antiholomorphic components. Here we assume that vector fields
form an algebra with the structure constants fC

AB, i.e. V c
[A∂cV

a
B] ≡ f

C
ABV

a
C , the rest of the

structures are defined as

ηAB = ∂kV
c

A∂cV
k

B , ΩAB = ∂cV
k

B∂m∂kV
c

A∂φ
m. (3.3)

With such expressions the β functions (2.40) and (2.41) reads

β2 = 1
2G

AĀGBB̄fC
ABf

C̄
ĀB̄

(3.4)

β3 = 1
2G

AĀGBB̄GCC̄
(
fD

ACf
E
BDηĀB̄ + c.c.

)
(3.5)

More specifically, to get (2.40) ((2.41)) from (3.4) ((3.5)) one has to contract with the
corresponding vector fields βaā = βCC̄V

a
CV

ā
C̄

. These expressions correctly reproduce answers
of known current-current deformations [15, 16] (see appendix B). They were also obtained
in [36] using techniques developed in [37] for some special choices of current algebras (see
also [38]). Moreover the expression (2.31) also simplifies significantly

[g,G,G]aā =
(
GAĀGBB̄gCC̄ +GAĀgBB̄GCC̄ + gAĀGBB̄GCC̄

)
ηĀB̄f

D
ACf

E
BDV

a
EV

ā
C̄
+ c.c.

(3.6)
Much more important is that formulas (3.4) and (3.5) follow immediately from the

operator algebra and are universal. To be more precise and introduce the rest of the field
in (2.4) we assume that fields VA (VĀ) form a basis in all operator fields and introduce a
conjugate basis of 1-forms normalized such that

ωA
a V

a
B = δA

B. (3.7)

This is equivalent for a target space to be a complex Lie group. The basis condition can
be relaxed by considering only a certain subset of all vector fields. In this case we limit
ourselves to consideration of very specific perturbations.
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Provided with the basis of one-forms we introduce additional currents

IA = ωA
a ∂φ

a, ĪĀ = ωĀ
ā ∂̄φ

ā. (3.8)

This way the rest of the fields in (2.4) can be presented as

Oµ = mA
Ā
JAĪ

Ā, Oµ̄ = m̄Ā
AJ̄ĀI

A, Ob = bAĀI
AĪĀ. (3.9)

Additionally to (3.2) the current algebra reads

JA(z)IB(0) = δB
A

z2 + fB
CAI

C(0)
z

+ reg, (3.10)

IB(z)JA(0) =
δB

A

z2 −
fB

CAI
C(0)
z

+ reg, (3.11)

IB(z)IC(0) = reg, (3.12)

and similarly in the antiholomorphic sector.
To calculate the corresponding β functions in the same coordinate approach as in the

previous section one has to consider in particular the correlation function

C1(x) =
〈
IC(x)ĪC̄(x) exp

(∫
|z|<R

d2z

π
GAĀJAJĀ(z)

)〉
0

(3.13)

instead of (2.34). The current correlation functions readily follow from the operator algebra.
Namely, the two-point correlation function are just the 1/z2 coefficients,

⟨JA(z)JB(0)⟩0 = −ηAB

z2 , ⟨JA(z)IB(0)⟩0 = δB
A

z2 , ⟨IB(z)IC(0)⟩0 = 0. (3.14)

Higher order correlation functions can be computed using a typical trick with the
contour integrations (see appendix C). In particular, three and four point correlation
functions read

⟨IC(x)JA(z)JB(w)⟩0 = fC
AB

(x− z)(x− w)(z − w) (3.15)

⟨IC(x)JA1(z1)JA2(z2)JA3(z3)⟩0 = −
δC

A1
ηA2A3

(x− z1)2z2
23

+
fC

DA1
fD

A2A3

(x− z1)z12z13z23
+ c.p. (3.16)

where c.p. stands for cyclic permutation of 1, 2, 3. Note that since

fC
DA1f

D
A2A3 + c.p. = 0 (3.17)

this correlation function is O(1/x2) as should be. After this, the computation goes identically
to the previous section and one can “independently” recover the results (3.4) and (3.5).

Now let us comment on the universal nature of the obtained results. In particular,
we can immediately get beta function of the model deformed by Oµ̄ +Oµ operators. This
deformation leads to the flow of Ob operator [39, 40]. The exact beta function computed
within the background field methods reads

∂ℓbaā = N̄ c̄
akN

c
āk̄
Mk

c M̄
k̄
c̄ (3.18)
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where

Mk
c = [δk

c − µ̄s̄
cµ

k
s̄ ]−1, M̄ k̄

c̄ = [δk̄
c̄ − µs

c̄µ̄
k̄
s ]−1, (3.19)

N c
āk̄

= ∂[āµ
c
k̄] − µ

s
[ā∂sµ

c
k̄], N̄ c̄

ak = ∂[aµ̄
c̄
k] − µ̄

s̄
[a∂s̄µ̄

c̄
k]. (3.20)

Here the brackets means antisymmetrization, for instance ∂[āµ
c
k̄] = ∂āµ

c
k̄
−∂k̄µ

c
ā. Notice that

the beta function (3.18) is in fact identical to eq. (5.8) in [36] upon identification m→ λ

and m̄→ λT . Contrary to those findings, here eq. (3.18) is exact since in the background
field method only one-loop diagrams are non-zero [39], similar to other “all-loop” beta
functions [14, 15, 41, 42]. On the other hand, the computation of the coordinate beta-
function reveals a similar disagreement between the geometric answer (2.46) and (2.41) [40].
In [40] this was attributed to the seemingly different “IR” reason for the logarithms to
appear. Here we can highlight the differences within in algebraic data. Namely, the exact
beta function expanded to the second order gives

β = βaā∂φ
a∂̄φ̄ā =

(
mA

Ā
m̄B̄

Bf
B
ACf

Ā
B̄C̄

+ fE
ABf

D
EC(mm̄)B

Dm
A
C̄
+ . . .

)
IC ĪC̄ . (3.21)

Repeating computation in the coordinate approach for the correlation function

C̃1(x) =
〈
JC(x)J̄C̄(x) exp

(∫
|z|<R

d2z

π
(Oµ(z) +Oµ̄(z))

)〉
0

(3.22)

or using universal answer (3.4), (3.5) we obtain

βb =
(
mA

Ā
m̄B̄

Bf
B
ACf

Ā
B̄C̄

+
(
fE

ABf
D
EC + 1

2f
D
EBf

E
CA

)
(mm̄)B

Dm
A
C̄
+ . . .

)
IC ĪC̄ (3.23)

We see that in the cubic order two expressions differ by a term 1
2f

D
EBf

E
CA(mm̄)B

Dm
A
C̄

. In
ref. [40] it was argued that the logarithms appearing in this term have a different nature (IR)
than in front of the other terms that are responsible for the genuine UV divergences. In the
next section we exhibit that similar phenomenon occurs in the β functions in supersymmetric
theories.

Finally, let us comment on what the transformation law (2.60) means in the Lie-
algebraic approach. Namely, the terms with the second derivative of the vector field come
from the transformation of ηAB . More specifically, for the generic transformation (2.57) its
transformation can be found from the explicit form (3.3)

δV ηAB = V k∂kηAB − ∂a∂kV
cV k

B∂cV
a

A − ∂c∂kV
aV k

A∂aV
c

B (3.24)

which states basically the same as transformation (2.60). We can rewrite (3.24) equiva-
lently as

δV ηAB = ∂cV
a

A∂a(V k∂kV
c

B − V k
B∂kV

c) + (B ↔ A) (3.25)

This presentation is especially useful if V = VC is one of the fields forming the algebra. In
this case

δVC
ηAB = fD

CAηDB + fD
CBηDA, (3.26)

which looks more natural than the transformation (2.60).
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Concluding this section, let us return to subsection 2.2 and explain the emergence of
the Lie-algebariac metric (2.52) from sl(2)× sl(2) algebra. The non-linear realization of
sl(2) generators has the form

ℓ1 = −ϕ2 ∂

∂ϕ
, ℓ0 = ϕ

∂

∂ϕ
, ℓ−1 = ∂

∂ϕ

plus a similar equation for the antiholomorphic algebra.
Lie-algebraic models based on sl(2) are obtained as a linear combinations of the operators

l−1 l̄−1, l0 l̄0, l1 l̄1, (l0 l̄−1 +H.c.), (l0 l̄1 +H.c.), l1 l̄1 (3.27)

with arbitrary coefficients. More precisely,

G11̄ ∂

∂ϕ

∂

∂ϕ̄
↔

∑
ab̄=1,−1,0

(
Pab̄ la l̄b̄ +H.c

)
(3.28)

with a set of numeric coefficients {Pab̄}. Linear combinations of (3.27) span the set of Lie-
algebraic metrics G11̄. If we want to preserve a U(1) symmetry we choose the combination

n1l−1 l̄−1 + n2l0 l̄0,+n3l1 l̄1 (3.29)

which is equivalent to the metric (2.52).

4 Comparison with supersymmetric sigma models

One possible way out reconciling the first-order perturbation theory with the standard
geometric formalism can be presented as follows. The OPE in the coordinate space in the
Lie-algebraic (bosonic Gross-Neveu) problem which represents the genuine Wilsonean OPE
in one loop. Higher loops are obtained as a result of certain “anomaly” in the measure
revealing itself in the calculation of the second and higher loops, in analogy with Yang-
Mills theory.5 A general proof is presented in [8–11] while the direct perturbative all-loop
calculations are given in [43–45].

One can complexify the coupling constants in the Lagrangians introducing their holo-
morphic counterpartners,

8π2

g2 + iθ super YM,

4π
g2 + iθ N = (0, 2) CP 1. (4.1)

In fact, this complexification is automatic in the superfield language. Moreover, it is
maintaned in the β-function calculations at one-loop, but the same supersymmetry forces it
to be broken at higher loops [8–10] due to infrared singularities for massless fields.

5Also, the phenomenon we observe has a direct parallel in the chiral N = (0, 2) two-dimensional CP 1

model [10].
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In other words, the bona fide Wilsonean OPE in N = 1 super-Yang-Mills and (0,2)
CP 1 model ends at one loop and is holomorphic; the holomorphic anomaly shows up at two
loops in the matrix elements of the relevant operators rather than in the OPE coefficients.
In [11] this phenomenon in supersymmetric theories was related to an anomaly in the
corresponding path integral measure.

The exact all-order NSVZ β function in super-Yang-Mills [8] and its analog in N = (0, 2)
CP 1 model ensued. In the both cases the two-loop result in the β functions fixes all higher
orders through a geometrical progression. Of course, since the third and higher orders
are scheme dependent one must use a perturbative regularization/renormalization scheme
compatible with supersymmetry. This was directly verified for the first time in [43–45].

5 Instanton analysis

In the previous sections, we have established that the first-order formalism for sigma models
proposed in [6] when applied to β function calculations works perfectly in the leading
order, however, leads to results incompatible with the standard geometric (background field)
calculations starting from the second order. The hypothesis we have formulated to explain
the discrepancy is as follows: the polynomiality in the second and higher loops is due to an
infrared effect which in turn reflects the loss of symmetry in the measure not explicitly seen
in the path integral. In our subsequent work [46] we will demonstrate that this is indeed
the case. Starting from a supersymmetry-based regularization it will be proven that making
superpartners’ mass large we are left with a finite effect, an anomaly. In this section, we
present a parallel of exactly the same phenomenon with the loss of holomorphy beyond one
loop which occurs in four-dimensional Yang-Mills theory and two-dimensional CP 1 model.
The latter example is especially close to the problem we deal with in the present paper.
Below we use the instanton-based analysis to reveal the parallel. (It is not the only possible
demonstration, but it is the simplest).

In the instanton background a part of supersymmetry is preserved. The symmetries
broken by the given instanton generate zero modes. The exact formula for the instanton
measure in pure SUSY-Yang-Mills (without matter) is

dµSU(2) =
1

256π2 e
−8π2/g2(µ)nb−

nf

2

(
8π2

g2

)1
2 (nb−nf )

d4x0 d
2θ0 dρ

2 d2 β̄ (5.1)

where nb and nf are the numbers of the boson and fermion zero modes, respectively,
x0, . . . , β̄ are the instanton moduli, both boson and fermion.6 In what follows there is no
need to show integration over the moduli explicitly, since we will focus on the β function.
For the SU(2) gauge group

nb = 8, nf = 4 . (5.2)

For SU(N) we have
nb = 4N, nf = 2N . (5.3)

6Integration over the instanton three angular orientations in the SU(2) group is performed.
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Since the expression (5.1) is exact we can immediately derive the β function for 1/g2 to
all orders. The µ dependence appears in (5.1) explicitly in the pre-exponent and implicitly
through g2. The combination as a whole must be µ independent, therefore,

β(g2) = ∂

∂L

1
g2 =

(
nb −

nf

2

) 1
8π2

1
1− 1

2 (nb − nf ) g2

8π2

. (5.4)

The second and higher order coefficients in the β function come from the denominator

in (5.4) which, in turn, is entirely determined by the factor
(

8π2

g2

)1
2 (nb−nf )

in eq. (5.1)
representing infrared (zero modes) effect. Note that g2 in the denominator in fact must
be understood as Re g2. The reason is obvious: the parameter θ = Im (1/g2) does not
appear in perturbation theory. However, if we ignore the denominator (i.e. limit ourselves
to one loop) the coupling 1/g2 in the left-hand side of (5.4) can be viewed as holomorphic.
Equation (5.4) (and (5.10) below) is to be compared with eq. (2.54).

Let us consider extended supersymmetry. For N = 2 we have nf = nb, hence, the
denominator disappears, we have one-loop β function and the holomorphy is preserved. For
N = 4 we have nf = 2nb, and the β function vanishes.

Adding matter fields in N = 1 Yang-Mills theory produces two changes. First, the
overall first coefficient in (5.4) must now include the matter field contributions. Generically
it still remains integer and holomorphy is preserved. Second, the anomalous dimen-
sions of the matter fields appear in the NSVZ β function starting from the second loop;
they defy holomorphy since the Z factors which produce the anomalous dimensions are
non-lolomorphic.

We make a pause here to rewrite (5.1) in the following useful general form,

dµSU(N) =∝ e−Sinst(µ)nb−
nf

2 (Sinst)
1
2 (nb−nf ) (5.5)

where Sinst is the instanton classical action S = 8π2/g2.

Now, it is instructive to briefly review the N = (0, 2) CP 1 model since it exhibits a
novel feature absent in Yang-Mills. This model can be formulated in terms of N = (0, 2)
superfieds. In its minimal version it is constructed from a single superfield with two physical
components — a complex scalar field ϕ and a two-dimensional Weyl fermion ψL. The CP 1

target space is, of course, Kählerian, which allows one to introduce a complexified coupling,
see eq. (4.1). The perturbative superfield calculation yields [10] in one and two loops

β(g−2)(0,2) =
∂

∂L

1
g2 = 1

2π

(
1 + g2

4π + . . .

)
. (5.6)

While the one loop contribution preserves holomorphy in 1/g2, the second loop term in the
parentheses is in fact Re g2

4π which ruins holomorphy. This is due to an infrared singularity
which can be seen both perturbatively and through the instantons. Unlike the Yang-Mills
theory the fermion contribution in perturbation theory starts from the second loop.

Let us start from the instanton in N = (2, 2) CP 1. The latter is well known to produce
only one-loop β function due to the Kähler nature of the target manifold [47–49]. The
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instanton measure is

dµ(2,2)CP 1 ∝ e−4π/g2 (µ)2 dx0
dρ

ρ
{dα dᾱ dβ dβ̄} (5.7)

Fermion and boson zero modes completely cancel, both in the pre-exponent and in the
exponent. There are four real boson zero modes and four fermion zero modes (the fermion
moduli are in braces in eq. (5.9)). Integration over the U(1) angle is carried out. The zero
modes give rise to (

µ

g

)4
(boson),

(
µ

g2

)−2
(fermion). (5.8)

All two-loop and higher loops in the instanton background cancel each other, see e.g. [50],
Section 6.4. Therefore there is no g dependence in the pre-exponent. Imposing the
condition of µ independence in the right-hand side of (5.7) we obtain one-loop β function
as was expected.

Now let us pass to N = (0, 2) which is exactly half-way between (5.7) and non-
supersymmetric CP 1 [51]. In the passage we must completely discard the ψR Weyl fermion
present in (2, 2). As a result, if in the previous (2, 2) case we had four fermion zero modes,
now we have two. Thus, the fermion zero mode factor(

µ

g2

)−2

(2,2)
→
(
µ

g2

)−1

(0,2)
,

implying (µ)3 in the pre-exponent. This would change the first coefficient in the β function
which cannot happen because fermion contribution emerges only at the second loop. What
is forgotten?

Two-loop and higher loops in the instanton background still cancel each other [10].
However, the balance between the boson and fermion non-zero modes characteristic to the
(2, 2) model is destroyed by elimination of the ψR Weyl fermion field from the theory. This
produces extra exp(logµ) factor. Assembling all these factors together we arrive at the
(0, 2) instanton measure,

dµ(0,2)CP 1 ∝ e−4π/g2 (µ)2 1
g2 , (5.9)

resulting in the following exactβ function

β(g−2)(0,2) ≡
∂

∂L

1
g−2 = 1

2π
1(

1− g2

4π

) , (5.10)

to be compared with eq. (5.6).
A couple of remarks are in order here. First, again, in the denominator we have in fact

Re g2

4π rather than g2

4π . Second, in the (0, 2) model one can introduce “matter” fields much
in the same way as in 4D super-Yang-Mills. Their impact is similar to that of matter in
super-Yang-Mills [10]. Finally, a comparison of (5.10) to (5.6) gives a strong hint in favor
of conjecture eq. (2.54), for the Lie-algebraic sl(2)× sl(2) structure (2.52).7

7We remind that the third and higher order coefficients are scheme dependent. Although currently
they are calculated up to four loops [1] the renormalization schemes used do not necessarily preserve the
sl(2) × sl(2) algebraic structure.
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In section 3 we introduced the simplest Lie-algebriac model. Its Lie-algebriac structure
is presented in eq. (3.29). Above in this section we studied N = (0, 2) supersymmetric
generalization of CP 1 model, in combination with the instanton analysis to argue that
the β function is of the NSVZ type. Like in N = 1 super-Yang-Mills theory, CP 1

(0,2) has
only one coupling constant and one beta function. Now let us address a problem with two
coupling constants and two coupled β functions, with the metric G11̄ from eq. (2.52) and
N = (2, 2) supersymmetry. It is known that the Kählerian nature of the target space in
this case guarantees that only one-loop result survives in the instanton background. Let us
see whether we can find both β functions.

The metric of the N = (2, 2) generalized model in eq. (3.29) contains three parameters,
n1,2,3. Rescaling the fields ϕ one can always arrange n1 = n3 even if in the original metric
n1 ̸= n3. The only condition is that both n1,3 ̸= 0. Then we are left with two parameters,8

g2 and k,

n1 = n1 = n3 = g2

2 , n2 = g2k . (5.11)

Besides the moduli, the instanton measure now takes the following exact form,

dµ(2,2) ∝ µ2e−Sinst , Sinst =
4π
g2

arccosh(k)√
k2 − 1

, k ≥ 1 . (5.12)

For k < 1 the second expression in (5.12) must be analytically continued. From the above
equation differentiating over L = log µ we obtain an exact relation

2− ∂

∂L
Sinst = 0 . (5.13)

Sinst now depends on two constant. To derive two β functions for two couplings we need
another relation. At one loop we know that

g4
(
k2 − 1

)
= RG invariant. (5.14)

We may or may not assume that it holds to all orders. So far it is not yet establsihed.
Equation (5.14) in conjunction with (5.13) implies

βk = ∂

∂L
k = g2

2π (k
2 − 1) (5.15)

Applying ∂/∂L to (5.14) we arrive at

βg = ∂

∂L
g2 = − k

k2 − 1g
2βk = −kg

4

2π (5.16)

Equations (5.15) and (5.16) coincide with the standard one-loop perturbative calcula-
tions. For k = 1 (i.e. undeformed CP 1) βk = 0 and βg coincides with that of CP 1 (here
α′ = 1/(2π)).

8Note that eq. (2.55) does not allow this rescaling because it is incompatible with diffeomorphisms.
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6 Conclusions

We applied the first order formalism of loop calculations in generic Kähler 2D sigma
models suggested in [6] (for further developments see [17–19]) to multiloop calculations
of β functions, using the coordinate space graphs and operator product expansion (OPE)
rules. We also considered the same formalism in Lie-algebraic sigma models, in which the
OPE rules are especially transparent. Starting from the bare Lagrangian we obtained a
certain pattern of loop coefficients β(i). In the one-loop coefficient we observed that the
first-order formalism and the old standard geometric method of the β-function calculations
fully coincide. However, starting from the second loop the coincidence disappears at least
for some metrics. While the standard geometric method respects all symmetries of the
target space at the classical level, this is not the case with the first-order formalism even
when one cannot expect such a paradox. In a bid to solve the discrepancy, we made a
number of encouraging observations, but the full solution of the issue is still evasive. We
conjectured that some so far undetected infrared anomalies might be responsible for the
non-completeness of the first-order calculations, in the same vein as it happened in the
anomaly supermultiplet in super-Yang-Mills. Our hypothesis is formulated in eq. (2.54).

What remains to be done? It is highly desirable to directly verify (or falsify) the
all-order formula (2.54) which defies polynomiality of the first-order formalism predictions
for Lie-algebraic Kähler target spaces. Alternatively, we could undertake a step-by-step
approach and further search for loopholes in the first-order formalism focusing on the second
loop. This problem is quite general, and so must be its solution. After all, taken separately,
theoretical elements of the first-order formalism are solid. There is nothing wrong in
Feynman graphs in the coordinate space for massless fields, or in OPE rules. Taking into
account dilaton’s contribution [25, 26] might also “fix” the beta function [52]. However, for
the transversal Kähler metrics these contributions are absent [6] yet the coordinate and
geometric approaches give different results. Besides we have reproduced beta functions for
the current-current deformations without invoking any dilatons. Yet systematic clarification
of the dilaton role is highly desirable.

Another question for the future is if some Lie-algebraic metrics define an integrable
model as it happens with CP 1 then one may expect to determine the spectrum of the
asymptotic states and observe how the model at hand acquires a mass gap generation. The
number of such states is still three at least, in a range of parameters close to CP 1, but,
of course, the O(3) symmetry of the spectrum must be lost as it is explicitly lost on the
target space.
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A Integrals

In this appendix we study integrals (2.25), (2.26) needed for the second-order perturbation
theory. We start with I1(ϵ) defined as

I1(ϵ) =
∫
Σϵ

d2z1
π

d2z2
π

1
|z1|2|z2|2

(A.1)

where Σϵ is defined in (2.23). Notice that ϵ dependence comes only in the form R/ϵ.
To find ϵ dependence we compute the following derivative

−ϵ ∂
∂ϵ
I1(ϵ) = ϵ

∫
Σϵ

d2z1
π

d2z2
π

δ(|z1| − ϵ) + δ(|z2| − ϵ) + δ(|z12| − ϵ)
|z1|2|z2|2

(A.2)

The delta functions fix absolute value of the corresponding variables, however the phase
can be also fixed due to the rotational symmetry zi → zie

iθ inside the integral. This way
one of the integrals can be computed completely, and the result after additional rescaling
z → ϵu leads to

−ϵ ∂
∂ϵ
I1(ϵ) = 2

∫
Σ̂1

d2u

π

( 2
|u|2

+ 1
|u|2|u− 1|2

)
(A.3)

where Σ̂1 is defined as

1 ≤ |u| ≤ R/ϵ, 1 ≤ |u− 1| ≤ R/ϵ, (A.4)

we can explicitly present this integral as

−ϵ ∂
∂ϵ
I1(ϵ) = 4 log R

2

ϵ2
− 4

∫
Σ∗

1

d2u

π

1
|u|2

+ 2
∫

Σ1

d2u

π

1
|u|2|u− 1|2 +O(ϵ/R) (A.5)

where we have denoted new integration domains as

Σ1 : |u| ≥ 1, |u− 1| ≥ 1; Σ∗
1 : |u| > 1, |u− 1| < 1. (A.6)

Notice that since integrals are IR convergent we have effectively sent R→∞, which resulted
in terms of order O(ϵ/R), which we further disregard. Here we have also used∫

R>|u|,|u−1|>R

d2u

|u|2
= O(1/R). (A.7)

Integral over Σ1 can be computed for instance with the help of the Stokes’s theorem
Similarly we can present∫

Σ1

d2u

π

1
|u|2|u− 1|2 = i

2π

∫
Σ1

du ∧ dū
|u|2|u− 1|2 = i

2π

∫
Σ1

d

(
log u

u− 1
dū

ū(ū− 1)

)
=

i

2π

∫
φ∈[π

3 , 5π
3 ]

[
log u

u− 1
dū

ū(1− ū)

∣∣∣
u=eiφ

+ log u

u− 1
dū

ū(1− ū)

∣∣∣
u=1−eiφ

] (A.8)
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which leads to

∫
|u|>1,|u−1|>1

d2u

π

1
|u|2|u− 1|2 =

5π/3∫
π/3

dφ

π

log(1− e−iφ)
1− e−iφ

=

5π/3∫
π/3

dφ

2πi(cot
φ

2 + i)
(
log

(
2 sin φ2

)
+ i

π − φ
2

)
=

5π/3∫
π/3

dφ

π
log

(
2 sin φ2

)
≈ 0.64

(A.9)

The integral over Σ∗
1 can be computed in a similar manner, or directly in the polar coordinates

∫
Σ∗

1

d2u

|u|2
= 2

π/3∫
0

dθ

2 cos θ∫
1

dr

r
= 2

π/3∫
0

dθ log (2 cos θ) =
π∫

π/3

dθ log
(
2 sin θ2

)
. (A.10)

Using this result and (A.8) we conclude that

2
∫

Σ1

d2u

π

1
|u|2|u− 1|2 − 4

∫
Σ∗

1

d2u

π

1
|u|2

= 0, (A.11)

which is equivalent to

I1(ϵ) = log2 R
2

ϵ2
+ o(ϵ/R). (A.12)

Next we turn into the integral

I2(ϵ) =
∫
Σϵ

d2z1
π

d2z2
π

1
z2

2 z̄1(z̄2 − z̄1)
(A.13)

Computing derivative in the same way as previously we obtain

−ϵ∂I2(ϵ)
∂ϵ

= 2
∫

Σ1

d2u

π

( 2
u2(ū− 1) +

1
ū(1− ū)

)
+O(ϵ/R). (A.14)

Here we have replaced Σ̂1 to Σ1 defined in (A.8) (and correction O(ϵ/R)) because integrals
are now IR convergent. Applying Stokes’s theorem we get∫

Σ1

d2u

π

( 2
u2(ū− 1) +

1
ū(1− ū)

)
=
∫

Σ1

d

[( 2
u(1− ū) +

u

ū(1− ū)

)
dū

2πi

]

=
5π/3∫

π/3

dφ
3i− 5 cot φ

2 + 8 sinφ
4πi = 1.

(A.15)

This gives the following estimate

I2(ϵ) = log R
2

ϵ2
+ o(ϵ/R). (A.16)
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The next integral to compute is

I3(ϵ) =
∫
Σϵ

d2z1
π

d2z2
π

1
z2

1 z̄
2
2
. (A.17)

Computing ϵ derivative we obtain

−ϵ∂I3(ϵ)
∂ϵ

= 2
∫

Σ1

d2u

π

( 2
u2 + 1

(u− 1)2ū2

)
= 2

∫
∂Σ1

dū

2πi

(2
u
+ 1

(u− 1)ū2

)
= 0 (A.18)

Here we have applied Stokes’s theorem and obtained zero after integration over the angle.
Therefore we conclude

I3(ϵ) = o(ϵ/R). (A.19)

Finally, we can compute the following integral

I4(ϵ) =
∫
Σϵ

d2z1
π

d2z2
π

1
z2

1 z̄
2
1
. (A.20)

We compute difference

δI4(ϵ)= I4(ϵ)−
∫

R≥|z1|,|z2|≥ϵ

d2z1
π

∫
d2z2
π

1
z2

1 z̄
2
1
=−

∫
|z1|≥ϵ

d2z1
π

∫
|z2|≥ϵ

d2z2
π

θ(ϵ−|z1−z2|)
z2

1 z̄
2
1

+O(ϵ/R)

(A.21)
The obtained difference is IR convergent so we have dropped the upper limit. Now we can
rescale the whole expression

δI4(ϵ) = −
∫

|z1|≥1

d2z1
π

∫
|z2|≥1

d2z2
π

θ(1− |z1 − z2|)
z2

1 z̄
2
1

+O(ϵ/R) (A.22)

Therefore
I4(ϵ) =

R2

ϵ2
+O(1). (A.23)

B Current-current deformations

In this appendix, we provide a comparison of the general formulas for β2 and β3 (eqs. (3.4),
(3.5)) with the exact all-order answers given in [15, 16], for the group SU(2) on the level k.
More precisely, following [15] the current-current deformation is parametrized as

δS =
∫
g⊥
(
J+J̄− + J−J̄+

)
+ g∥J3J̄3 , (B.1)

with the current normalization as follows

J3(z)J±(0) ∼ ±1
z
J±(0), J+(z)J−(0) ∼ k

2
1
z2 + 1

z
J3(0), J3(z)J3(0) ∼

k

2
1
z2 . (B.2)
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We require first two orders of the claimed exact beta functions there

βg⊥ =
g⊥
(
g∥ − kg2

⊥/4
)

(
1− k2g2

⊥/16
) (

1 + kg∥/4
) ≈ g⊥g∥ − k

4g
2
⊥g∥ −

k

4g⊥g
2
∥ +O(g4),

βg∥ =
g2
⊥

(
1− kg∥/4

)2

(
1− k2g2

⊥/16
)2 ≈ g2

⊥ −
k

2g
2
⊥g∥ +O(g4). (B.3)

In our notations for JA = (J−, J+, J3), we obtain

GAĀ =

 0 g⊥ 0
g⊥ 0 0
0 0 g∥

 , ηAB = k

2

 0 1 0
1 0 0
0 0 1

 (B.4)

f3
AB =

 0 1 0
−1 0 0
0 0 0

 , f+
AB =

 0 0 −1
0 0 0
1 0 0

 , f−AB =

 0 0 0
0 0 1
0 −1 0

 . (B.5)

This gives

β2 = 1
2G

AĀGBB̄fC
ABf

C̄
ĀB̄

= −

 0 g⊥g∥ 0
g⊥g∥ 0 0
0 0 g2

⊥

 (B.6)

β3 = 1
2G

AĀGBB̄GCC̄
(
fD

ACf
E
BDηĀB̄ + c.c.

)
= kg⊥

2


0 g2

⊥ + g2
∥ 0

g2
⊥ + g2

∥ 0 0
0 0 2g⊥g∥

 (B.7)

which coincides with the known answer if the coefficient in front of the action is taken to be
α′ = −1/2.

C Current correlation function

Here we discuss the three-point correlation functions of the currents. For convenience, we
recall two-point correlation functions

⟨JA(z)JB(0)⟩ = −
ηAB

z2 , ⟨JA(z)IB(0)⟩ = δB
A

z2 , ⟨IB(z)IC(0)⟩ = 0. (C.1)

Here, in principle, ηAB can be a function of the target fields. Recall that the dependence of
the target fields dependence is understood as described in (2.9). As for the holomorphic
fields one can integrate only over the half of the fields.

Notice that even though the one-point function of the current vanishes ⟨JA⟩ = 0, the
correlator with the non-constant function F (z) = F (φ(z)) reads as

⟨JA(z)F (w)⟩ =
V k

A∂kF

z − w
. (C.2)
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The three-point functions can be computed by the following trick. First we identically present

⟨IC(x)JA(z)JB(w)⟩ =
∮

Cx

dy

y − x
⟨IC(y)JA(z)JB(w)⟩ (C.3)

where integration is over a small contour around x. Since the correlation function is O(1/y2)
we can deform the contour such that it encircles points z and w, inside the contours we can
use OPE, which gives us the following

⟨IC(x)JA(z)JB(w)⟩=−
∮

Cz∪Cw

dy

y−x
⟨IC(y)JA(z)JB(w)⟩=

fC
AB

(x−z)(x−w)(z−w) (C.4)

The four-point correlation function (3.16) can be obtained in the similar manner.
It is interesting that the correlation function (C.4) is as if currents are primary operators,

even though we have not demanded it. The non-primary effects can be seen on the following
correlation function (which luckily is not required for the beta-function computation)

⟨JA(x)JB(y)JC(z)⟩ =
γABC

(y − z)2(y − x)+
γACB

(y − z)2(z − x)+
γCAB + γCBA

(x− y)2(y − z)+
γBAC + γBCA

(x− z)2(z − y)
(C.5)

Here
γABC = fD

ABηDC + ∂m∂aV
k

A∂kV
a

BV
m

C . (C.6)
The symmetries of the correlation function are respected due to the following identities

γCAB + γCBA = γABC + γBAC = V k
C∂kηAB (C.7)

Notice that contrary to the other current three-point correlation functions (C.4) this one
does not have a form predicted for (1, 0) operators. We see that the form is restores for
constant ηAB. Indeed, in this case γABC is a completely antisymmetric tensor

γABC = 1
3!γ[ABC], (C.8)

and
⟨JA(x)JB(y)JC(z)⟩ =

γABC

(z − y)(x− z)(x− y) . (C.9)

D Second loop in non-supersymmetric CP 1 model is an infrared effect

In this appendix we argue that in perturbation theory the second loop in the β function of
the non-supersymmetric CP 1 model would be absent in the Wilsonean OPE because it is
due to an infrared effect. The argument below is from [53], page 674, Ex. 6.3.2.

Let us start from supersymmetric N = (2, 2) CP 1 model. For our purposes we will
need the following:

L = G
[
∂µϕ

† ∂µϕ+ iψ̄γµ (∂µ + Γ∂µϕ)ψ + . . .
]

= G

[
∂µϕ

† ∂µϕ+ iψ̄γµ∂µψ − i
2

1 + ϕ†ϕ
ϕ†∂µϕ ψ̄γ

µψ + . . .

]
(D.1)

where
G = G11̄ = 2

g2
1

(1 + ϕ†ϕ)2 , (D.2)

the dots stand for a four-fermion term irrelevant for our present purposes, and ψ is a
Dirac spinor.
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∂ϕ† ∂ϕϕ

ψ

ψ

Figure 1. Two-loop contribution in the β function of supersymmetric CP(1) model.

ψ

ψ

^^γμ γν

Figure 2. Fermion loop subdiagram.

The overall structure of the target space is completely fixed by geometry of CP 1.
Therefore, to determine renormalization of 1/g2 in the metric it is sufficient to analyze the
vicinity of origin in the target space, i.e. ϕ ≈ 0 (see [53], section 6.3.3, page 264). In other
words, we can focus on the renormalization of the structure ∂µϕ

† ∂µϕ using the last term
in (D.1) as the interaction vertex, namely,

−iG 2
1 + ϕ†ϕ

ϕ†∂µϕ ψ̄γ
µψ . (D.3)

The only two-loop graph which has exactly the needed structure ∂µϕ
† ∂µϕ is depicted in

figure 1. It has three propagators: two fermion and one boson. The denominator in (D.3)
can be ignored while the ϕ fields without derivatives in the numerator in (D.3) and its
complex conjugated are convoluted into the boson propagator.

Next, we split the calculation in two parts. First we evaluate the fermion loop depicted
in figure 2. In CP 1 this is the same famous loop which appears in two-dimensional Schwinger
model (figure 2).
Using

−i 1
2π

xµγ
µ

x2
Fourier←→ ipµγ

µ

p2 (D.4)

for the fermion propagator we obtain for the graph in figure 2

1
2π2

1
x2

(
gµν − 2xµxν

x2

)
Fourier←→ i

π

(
pµpν

p2 − g
µν
)
. (D.5)

This is the famous Schwinger infrared effect.
Returning to the diagram in figure 1 we convince ourselves that the only actions still

to be performed are to input the boson propagator i/p2 and insert (2/g2)2 for two vertices,
(g2/2)3 for three propagators, −22 reflecting the factor of 2 in (D.3) and −2 in its complex

– 26 –
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conjugated, and the overall factor −i. The final result for the diagram in figure 1 is

(
∂µϕ

† ∂µϕ
) g2

2π2 log M0
µ

(D.6)

Since there is no second loop in N = (2, 2) CP 1 model, this contribution must be canceled
by the sum of all purely bosonic two-loop graphs. Hence, the two-loop renormalization in
non-supersymmetric (purely bosonic) CP 1 model is

δL = . . .−
(
∂µϕ

† ∂µϕ
) g2

2π2 log M0
µ

+ . . . , (D.7)

where the dots stand for irrelevant contributions, M0 is the UV cutoff and µ is the
normalization point. Comparing δL above with G

(
∂µϕ

† ∂µϕ
)

in (D.1) we arrive at the
two-loop renormalization of the coupling constant in CP 1,

δ

( 1
g2

)
non SUSYCP 1

= − g2

4π2 log M0
µ
. (D.8)

This result is certainly well-known in the literature [1]. What was not known is the fact that
only one-loop in the graph is truly UV while the other comes from the IR and, therefore,
this contribution would not be counted in the Wilsonean OPE.

The same conclusion is achieved from the instanton analysis.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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