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Abstract

The use of the von Neumann entropy in formulating the laws of thermodynamics has recently been
challenged. It is associated with the average work whereas the work guaranteed to be extracted in any
single run of an experiment is the more interesting quantity in general. We show that an expression
that quantifies majorization determines the optimal guaranteed work. We argue it should therefore be
the central quantity of statistical mechanics, rather than the von Neumann entropy. In the limit of
many identical and independent subsystems (asymptotic i.i.d) the von Neumann entropy expressions
are recovered but in the non-equilbrium regime the optimal guaranteed work can be radically
different to the optimal average. Moreover our measure of majorization governs which evolutions can
be realized via thermal interactions, whereas the non-decrease of the von Neumann entropy is not
sufficiently restrictive. Our results are inspired by single-shot information theory.

Statistical mechanics is a corner-stone of modern physics. Many of its basic paradigms and mathematical
methods were set in an era where the experimental abilities were much more limited and modern information
theory not developed. Accordingly there is currently significant momentum in investigating the theory’s
foundations in the quantum and nano regimes, see e.g. Jarzynski (1997), Lloyd (1997), Gemmer and Mahler
(2004), Allahverdyan et al (2004), Linden et al (2010), Toyabe et al (2010), Brandao et al (2011), Jevtic et al
(2012) to mention but a few recent contributions. We here derive an alternative type of statistical mechanics
from scratch. Our approach is inspired by recent results in information theory (Renner and Wolf 2004,

Renner 2005) and builds on (Dahlsten et al 2011, Rio et al 2011, Aberg 2012, Horodecki and Oppenheim 2013).
We argue this approach is both significantly more general than the standard theory and addresses questions
more relevant to modern experiments.

Itis more general in that we will not assume that the states of systems of interest are thermal, but rather just
that there is a heat bath which when interacting with a system gradually takes that system towards a thermal state.
Thus the system of interest is not necessarily in equilibrium. In fact we will allow for any probability distribution
over energy levels. We do in particular not assume that the system under consideration is large or that internal
correlations are negligible. This makes the approach significantly more relevant to modern experiments where
small subsystems can be addressed individually and in time-scales faster than the thermalization time.

Akey difference regarding which questions are addressed is that we focus not on averages of distributions as
in standard statistical mechanics. Instead we ask, for any given single run of an experiment, which threshold
values are guaranteed to be exceeded, or more generally guaranteed to be exceeded up to some probability ¢, not
necessarily small. This is referred to as the single-shot paradigm, as opposed to the average paradigm. This
distinction is important when distributions of quantities have a significant spread around the average, as is often
the case for small systems.
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To see why we choose the single-shot paradigm, consider work extraction from a system. Work is a
particularly important quantity, appearing in the first and second laws of thermodynamics and of crucial
importance in the context of engines. As usually this is the case, let there be more than one way to extract work,
e.g. different ways of changing the Hamiltonian of the system from which work is to be extracted. Say for
concreteness that there are two different strategies: strategy 1 (S1) and strategy 2 (S2). Let S1 (S2) be associated
with probability distributions over extracted work w denoted by p, (W) (p, (W)). Suppose that the averages are
equal,ie. (W)s; = (W)s,, but p (W) hasno spread around the average, whereas p, (W) has a significant
spread. Are these protocols now equally ‘good’, as one might think by looking at the averages? This is certainly
not the case in general. Suppose that there is a threshold for W, W* that needs to be exceeded. Such thresholds
often exist as e.g. an activation energy for some process, or aband-gap to jump. Suppose moreover, to make this
example interesting, that (W)g = (W), > W*. Now with S1 we will indeed achieve the threshold with
probability 1, but with S2 the probability of exceeding the threshold can be arbitrarily small, as there maybe a
small probability of significantly exceeding the threshold but a large probability of just about failing to achieve it.

If we instead of the average considered the work guaranteed up to probability &, writing this as W¢, where Sis
the strategy, we see that Wg; = (W)s; > W* Ve € [0, 1] whereas Wg, < W* for all ¢ smaller than whatever
the probability of being below the threshold is. This example demonstrates that the single-shot quantity W
does, in contrast to the average (W), make it clear that the two protocols perform very differently. We find this
example most interesting if one considers different e and not only £ = 0.

In this article we derive an expression concerning the optimal work W for various initial and final
conditions. More specifically we consider a system with an initial Hamiltonian H; and density matrix p, and a
given final Hamiltonian Hrand density matrix 6. We only consider states p and ¢ diagonal in the energy basis.
The experimenter may choose from a set of possible strategies S, which are arbitrary combinations of
infinitessimal changes in the Hamiltonian, and interactions with a thermalizing heat bath associated with
temperature T. The work guaranteed to be exceeded with a failure probability up to ¢ is then written as
Ws (p, H; = o, Hy). As the main technical result of this paper we derive an expression for the optimal
guaranteed work: W* (p, H; — o, Hy) = maxsWs (p, H; — o, Hy). We show it is given—if we suppress
certain details to be specified later—by

We(p, Hi > o, Hy) = kT InM(G(p, H)11G(o, Hr)),

where M(G(p, H) || G(o, Hf)) isa measure of how much p majorizes 0. This measure of majorization emerges
from our considerations. A way of calculating the deterministic work for the zero-risk case in terms of diagrams
has been given in Horodecki and Oppenheim (2013). In this case the results coincide. In Aberg (2012)
deterministic work is defined as work that will be extracted, no more no less, with probability 1. (e, &)
-deterministic work W means the work will be in the interval [W — §, W + 8] up to an error probability of .
Here in contrast we have considered guaranteed work. The difference between guaranteed and deterministic
work can be most easily seen for € and § both being 0. Then having non-zero deterministic work necessitates no
spread in the distribution whereas guaranteed work means that the spread lies above the wanted threshold. One
can get an upper bound for the deterministic work by the guaranteed work, but in general they are different
objects.

In standard thermodynamics it is the free energy difference AF = A (U — TS,y ) which determines the
optimally extractable work, and moreover gives a criterion for which state transformations are realizable by
interactions with a heat bath, via AF < 0, as can be shown to be true for many reasonable models of
thermalization. We argue however that M should be the central quantity of statistical mechanics, by virtue of: (i)
characterizing optimal guaranteed work and (ii) providing a tight condition for which evolutions are consistent
with our thermalization model, as opposed to AF < 0 which we show is necessary but not sufficient. These
statements will be made precise later in this Letter. We call M the relative mixedness. In certain limits M reduces to
differences in entropy of so-called single-shot entropies, which in turn in the asymptotic i.i.d. limit
(p®", n — o0) reduce to the von Neumann entropy S,y. But in general the relative mixedness of two states can
be very different to the standard free energy difference AF.

We go on to make use of the results relating to the relative mixedness to formulate the laws of
thermodynamics in the single-shot paradigm. The first law is modified to be about guaranteed work rather than
average work. Several versions of the second law are all modified in important ways. Apart from the already
mentioned replacement of free energy decrease, the optimal extractable work turns out not to be a function of
state but a relative notion between two states. The relative mixedness acts as a unifying feature which means that
the new laws nevertheless have a simple structure.

As there are strong connections between the structure of entanglement theory and that of thermodynamics,
we moreover consider the impact on entanglement theory, showing how to quantify entanglement as a relative
notion between two states using relative mixedness rather than as a state function given by the von Neumann
entropy.
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Results

Existing results
We begin with briefly reviewing key results that we shall later recover as special cases of our expression. (This is
thus not an exhaustive list of all previous results). The results concern extracting work in the presence of a heat
bath at temperature T'. The details of the models of work extraction in the different papers are not a priori
identical, but we shall recover the same expressions within the model here.

In Dahlsten et al (2011) an n-cylinder Szilard engine was considered and the following expression derived:

W= (1= Hiy )kT In2. (1)

Here W€ is the work that can be extracted in a process with maximum probability of failure e. Hy,,, is the
smooth max entropy of the density matrix representing awork-extracting agent’s initial knowledge about the
state of the working medium. This is defined as H;_, (p) = log (rank®(p)), with rank®(p) the number of non-
zero eigenvalues minimized over all states within e trace distance of p. (Actually there is an alternative definition
as well but they are both known to coincide up to an additive log — term, so for simplicity we focus on one
deﬁmtlon here.) T'is as mentioned above the temperature of the heat bath, and k Boltzmann’s constant.

H;,.. (p) reduces to the von Neumann entropy in the in the i.i.d. limit, i.e., when p = z®",n — c0and & — 0.
Physically this corresponds to systems composed of very large numbers of identical and uncorrelated
subsystems.

AKkeyresult obtained independently in the more recent papers (Aberg 2012, Horodecki and
Oppenheim 2013) is that given an initial state p and a final thermal state p over the same energy levels, the work
that can be extracted given access to a heat bath of temperature T, and with up to ¢ failure probability is:

We = kT In(2)D§ (p Il pr ), )

where Dy (p || pr) is the e-smooth relative entropy of order 0 (see Datta 2009). In Aberg (2012) p is taken to be
diagonal in the energy eigenbasis and in the a priori distinct set-up in Horodecki and Oppenheim (2013 ) the
state if not already diagonal in the energy eigenbasis may be replaced by the corresponding diagonal (decohered)
state without changing the expression for the extractable work (in Horodecki and Oppenheim 2013 also the
probabilistic work for the opposite process was given and the deterministic work for arbitrary (initially energy-
diagonal) state conversion). The RHS of equation (2) reducesto W = kT In(2) D (p||p;) for the standard
relative entropy in the asymptotici.i.d.(von Neumann entropy) regime. That latter expression is well-
established, see e.g. Donald (1987). Equation (2) reduces to equation (1) in the case of degenerate energy levels,
asshown in Aberg (2012). In this present article we impose no restrictions on the energy spectra or occupation
probabilities, they may take arbitrary form independently of one another.

The model for work extraction

Our work extraction model can be thought of as a game with simple but minimal rules. (It will nevertheless not
be trivial to analyse as there is a multitude of different strategies one may choose for the task of work extraction
given the initial and final conditions.) The model is inspired by Alicki et al (2004) and very similar to that used in
Aberg (2012). There are three systems and an implicit work-extraction agent representing the external
experimenter who can control certain parameters. As depicted in figure 1(b) one system is the working medium,
another is a heat bath of temperature T, and the last is the work reservoir.

The initial and final energy spectra {E} and {F} of the working medium are arbitrary. The initial and final
density matrices of the working medium, p and o, are not assumed to be thermal, they can take any form aslong
as they are diagonal in the energy basis. This is because we assume, as is non-trivial but standard, that the
decoherence time is much faster than the thermalization time (Alicki et al 2004). These initial and final
conditions are depicted in figure 1(a).

One of the two elementary processes the agent can compose to build the full strategy is thermalization of the
working medium. With thermalization we mean gradual thermalization, i.e. we do not mean that the state after
the thermalization process is thermal, but merely that it is nearer to the thermal state than before the process.
This is modelled by the probabilities of the energy-levels being transformed by a matrix from the set of stochastic
matrices which have the thermal state corresponding to temperature T as the fixed state. This process does not
change the Hamiltonian of the working medium. There is by definition no work gain or cost from this process.

The second elementary process is changing the Hamiltonian of the system through shifting an energy level by
some chosen amount 6E. One may for example think of moving a magnet or a charge closer to the system as a way
of shifting the levels. This may involve a work gain/cost, because if the system occupies the particular energy
eigenstate(s) that gets shifted by SE this counts as work done on the system. If the system does not occupy the
eigenstate that gets shifted there is no work cost. Importantly, we enforce energy conservation by changing the
energy of the work reservoir by the same amount (SE if the shifted level is occupied, 0 otherwise). As the system’s

3
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Figure 1. (a) Abstract depiction of the set of states, including the initial state p and final state o. Each state is associated with a set of
energy levels and occupation probabilities. We derive an expression for how much work one can optimally extract with a maximum
probability of failure of & for any such p and o. This quantity is called W* (p, H; = ¢Hj ). Only in certain limits does it reduce to the
standard free energy difference. (b) The generic setup we are considering involves three systems: a heat bath at temperature T, a
working medium system associated with some initial state p, and a work reservoir system. One may for instance couple the system to
the heat bath and the work reservoir alternately and thereby transfer energy from the heat bath to the work reservoir, at the cost of
randomizing the working medium system.

state is in general not fully known, each Hamiltonian-changing step induces a probability distribution over energy
transferred to the work reservoir. For example, iflevel i only is raised by 6E; and the others are stationary the
probability of the work reservoir losing §E; of energy is p;, the probability of occupation of level 7, and the probability
of the work reservoir not changing its energyis 1 — p;. Finally, itis assumed that the experimenter implements
Hamiltonian changes without affecting which energy level is occupied. This is justified by the adiabatic theorem
which says that it is possible to avoid hopping between levels by shifting them sufficiently slowly. In general this will
not be the case but we are interested in fundamental limits and allow the experimenter this level of control.

The agent’s choice of how to combine the elementary processes is called its strategy S. Any given strategy will
in general generate an associated probability distribution over work costs/gains, i.e. of total energy transfers
from/to the work reservoir. When strategy S is guaranteed to transfer a certain amount of energy up to
probability e we call this the (e-) guaranteed work and denote it by W¢. In a given realization the strategy S may
then (with a probability bounded by ¢) fail to achieve W§, otherwise we say the work extraction was successful
(in achieving W¢).

Relative mixedness gives the optimal guaranteed work

In this section we focus on deriving the optimal amount of work that can be guaranteed to be extracted (up to
failure probability ¢), writing thisas W (p — o) := maxsW¢(p — o). The bound we get from these
considerations is one of the main results of this paper.

We will show that this is determined by a measure of how much more mixed one state p is than another, o.
We call this the relative mixedness and write it as M (p|| o). As we consider states diagonal in the energy basis, the
only relevant information about a state will be its spectrum. For our purposes it will therefore be enough to
define the relative mixedness for probability distributions.

4
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Definition 1. Consider two probability distributions 4 (x) and u (x) defined over x € RZ9. Let A (x)} and
1 (x) | denote these distributions after a (measure-preserving) rearrangement so that they are in descending
order. Let the cumulative distribution function associated with a function y be denoted as

X
R [y,
Then the relative mixedness of A (x) and yu (x) is defined as

M(A || ¢) = max m s.t. Fu(i) 2 Fu(x) Vx,
m

where m € R.Inwords: the relative mixedness of A and y is the maximal amount by which one can stretch 4]
under the condition that its integral upper bounds the integral of | atall points.

By the definition of majorization, ifand only if M > 1 does (the spectrum of) p majorize o, p > ¢. The actual
number M can thus be viewed as putting a number to how much p majorizes o.

We shall make use of a powerful insight from Ruch (1975), Ruch and Mead (1976), Mead (1977), who were
—to our knowledge—the first to note that the decreasing of the von Neumann entropy might not be a sufficient
criterion for characterizing thermodynamical processes and they proposed a criterion based on majorization;
this insight is also used in Horodecki and Oppenheim (2013) where they showed this criterion to be necessary
and sufficient for a class of quantum operations introduced in Janzing et al (2000). A relation between
majorization and thermodynamics has also been noted in Janzing et al (2000), Horodecki et al (2003),
Allahverdyan et al (2004), Janzing (2006). The insight bridges a particular gap between information theory and
statistical mechanics: the fact that the former does not care about energy. In information theory, the Shannon/
von Neumann entropy of a state, — Zi A; log 4;is independent of the energies of the states involved. As the
extractable work should depend on the energy levels involved it follows that it is not expected to be uniquely
determined by an entropy.

A key way in which energy enters into statistical mechanics is that in a Gibbs state the probability of any given
energy eigenstate with energy Eis given by p,. (E) = exp (—%)/ Z,where Zis the partition function. The insight
we adapt from Ruch (1975), Ruch and Mead (1976), Mead (1977) is that we can take this bias into account by
what essentially amounts to rescaling the density matrix’s eigenvalue distribution by p1(E). After the rescaling
the occupation probabilities will turn out to uniquely determine our expression for the extractable work. More
specifically, we shall be employing an operation we term Gibbs-rescaling to the eigenvalue spectrum. Consider
states with discrete spectra {;}. We firstly transform the spectrum into the associated step-function. Then we

take each block, rescale its heightas 4, — 4; / exp ( _%)’ anditswidthl =1 — exp ( _1%) such that the area of

the new block is /; as before. We write this operation applied to a density matrix p as G (p), or G"H) (p) to
make the dependence on the Hamiltonian H explicit.

A way of understanding the Gibbs-rescaling is to think of it as splitting events into finer events in such a way
that a Gibbs state becomes a uniform distribution, i.e. higher probability events get split into more fine events
than those with lower probability. This fine-graining may even be thought of as physically associated with the
number of joint states on the system and the heat-bath, with high probability states associated with more joint
states on the system plus environment than low probability states.

Having defined the relative mixedness M(. ||. ) and Gibbs-rescaling G (.) we can now give the main result.
This result states that given that the chosen strategy must take an initial state p to a final state o and the initial
Hamiltonian H; to Hp; the optimal work that can be guaranteed up to probability & to be extracted,

W¢(p, H; — o, Hy),is given by the relative mixedness of the Gibbs-rescaled states.

Theorem 1. In the work extraction game defined above, consider an initial density matrix p = Zi Ai lei){ei|and
final density matrix 6 = Zj vilf;)f;lwith {le;) }, {If; )} the respective energy eigenstates of H; and Hy. Then for
any strategy S, Ws (p, Hi— o, Hf) < W¢(p, H;— o, Hy), where

et

W (p, Hi > 0, Hy) = kT In | M | G(THr) (6)

Furthermore an explicit strategy we propose always saturates this bound, provided that the agent can access a single
extra two-level system (the catalyst system) which is fixed to be in one of its energy eigenstates with |£) (€ | both initially
and finally,i.e. p = ... @ |€)(E|and 6 = ... @ |&) (& | with the same initial and final Hamiltonian on the catalyst.

Here we give the main arguments for the theorem, a full proofis given in the appendix.

5
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The first claim concerning the relative mixedness expression on the RHS being an upper bound is arrived at
from the following line of reasoning. There are two elementary processes and each have the effect of making the
state more (or at least not less) mixed according to the relative mixedness measure. Work extraction, by
definition, only occurs during a change of the Hamiltonian. In this case the optimal is to only move occupied
levels, for which the energy gain is given precisely by kT In ( M ( GTH) (p) || GTHD (6) ) ) (see the appendix).

The second claim concerns a universal strategy that we formulate. To illustrate it we now describe a very
simple instance: the case of Landauer’s bit reset with certainty (¢ = 0). Here there is a qubit associated with two
energylevels E; and E, with H = E; [1){1| + E; |2)(2]. Wedemand E, = E, = 0 atthe beginning and at the
end, p; = 1/2 [1)(1| + 1/2 2)(2], pr=1 1) (1. The change in the state is why this is called ‘bit reset’ (it is often
called, ambiguously, bit erasure). Our universal strategy reduces in this simple case to the following: (i) lift both
energylevelsupby AE = kT In 2. This costs kT In 2 of work with probability 1, (ii) split the levels
quasistatically and isothermally such that E; — 0and E; — oo. In this step the Gibbs rescaled distributions are
not changed, they are all ‘Gibbs-equivalent’. This level splitting actually costs 0 work with probability 1. This can
be seen by making use of the powerful Mc Diarmid’s inequality (McDiarmid 1989). The key step is to argue that
lifting an individual level quasistatically and isothermally gives a probability distribution over work that has
arbitrarily small spread around the average. This can be shown by considering a series of discrete lifts of the same
size AE with the work cost a random variable for each one. The work cost of one step is independent of that of
any other step, because the state is by assumption thermal before each lift (as follows from the process being
isothermal and quasistatic). Mc Diarmid’s inequality states: Let X;,X...X,, be independent random variables all
taking values in the same set. Call the realized value of X; x;. Further, let f (x), X, ...) be a real-valued function with
the property that changing one of the x; only can at most change fby c;. Then forall € > 0,

n
2
o
21:1 B

Letting the random variables be the energy transferred to the work reservoir in each step, and f be the total
energy transferred, one can with a little effort show that there is indeed no deviation from the mean. We note that
Aberg (2012) contains alternative techniques for showing concentration around the mean and that, moreover,
in the a priori different setting used in Horodecki and Oppenheim (2013) what amounts to Gibbs-equivalent
transforms at zero work cost are also possible. (iii) Finally the system is decoupled from the heat bath and the
empty level 2 is moved down to E; = 0 (without any work cost/gain), completing the process.

Itis an interesting question how one could generalize our theorem. In the more general case of off-diagonal
terms in the energy eigenbasis, one expects entanglement to arise between the work reservoir and the working
medium system during the work extraction steps and it is subtle how to define work as the energy of the work-
reservoir is not well-defined. One analytically clean approach is to allow decoherence in the systems energy basis
afree operation for the experimenter, as in Horodecki and Oppenheim (2013). Then the corresponding
decohered state can be inserted into the above expression, implying that the relative mixedness of the decohered
state relative to the final state gives a lower bound on the extractable work in the case of off-diagonal terms.

Several existing results are recovered as special cases of theorem 1. Equation (2) above (from Aberg 2012,
Horodecki and Oppenheim 2013) and accordingly equation (1) (from Dahlsten et al 2011) are special cases of
our main result—see the supplementary information (we reiterate that Horodecki and Oppenheim 2013 uses an
a priori distinct set-up and note that the work referred to there is ‘deterministic’ work associated with
deterministic energy transfers to a constantly pure work reservoir and is a priori distinct from the ‘guaranteed’
work considered here). Equation (2) corresponds to the case where the final state p is demanded to have the
same eigenspectrum and be a Gibbs state (p; = Y.p, (E;)|e;)(e;|)). If the initial and final states are both thermal

Pr(f—E(f) > e < exp(z—sz).

with associated partition functions Z;and Zsthe expression reduces to kT In % (as is consistent with

Aberg 2012, Horodecki and Oppenheim 2013). To our knowledge our paper is the first to give an expression for
the optimal work (guaranteed) to be extractable from a general energy-diagonal state to another, with changing
Hamiltonians and possibly non-zero risk. In Horodecki and Oppenheim (2013) they also consider how one can
calculate the work that can be extracted with arbitrary initial and final Hamiltonian, with either the initial or the
final state being thermal and showing how the thermo-majorization condition describes the zero-risk,
deterministic work for arbitrary energy-diagonal initial and final states.

Generalized laws of thermodynamics in terms of relative mixedness
As the laws of thermodynamics are centered around the notions of energy, work and entropy, these laws should
according to our argument also be formulated in terms of relative mixedness for them to be more suitable
beyond the asymptotici.i.d.regime.

Oth law: the Oth law can be stated as: there exists for every thermodynamic system in equilibrium a property
called temperature. Equality of temperature is a necessary and sufficient condition for thermal equilibrium. This also

6
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holds after our generalization. In particular we are still assuming heat baths that take the working medium closer
to a Gibbs thermal state upon interaction.

First law: the first law can be viewed as both asserting the conservation of energy as well as stating that it can
be divided into two parts, work and heat, which are normally defined in the description accompanying the first
law equation: dU = dQ — dW. U = tr(pH) is the expected internal energy of the working medium with
Hamiltonian H, Q1is ‘heat’ and W ‘work’. The associated physical setting is that there is a working medium
system which can either exchange energy with another system in a thermal state dubbed a heat bath, or with a
work reservoir system normally implicitly assumed to be in some energy eigenstate of its own Hamiltonian.
Exchanges of energy with the heat bath are dubbed heat and those with the work reservoir work. This essentially
carries over into our approach but with some important subtleties. We assume energy conservation (in every
single extraction), as well as allowing for interactions with a heat bath and a work reservoir. Thus the following is
respected when the actual energy of the system Ey, changes: dEyys = —dEpah — dEreservoir- We, more subtly,
break dE,eservoir int0 two parts: dE eservoir = AW$ + dEey,. There is the energy transfer which is predictable (up
to & probability of failure) in that it corresponds to dW¢ (p — o) for the infinitessimal state change p — o using
strategy S. We view anything beyond that, given by dE .y, as heat (even though this energy flows into the work
reservoir at first). The idea behind this is that only predicted energy transfer should count as work. One may for
example imagine buckets lifting water out of a mine up to a certain height (or as a quantum example an electron
excited into the conduction band). The height at which the buckets are tipped into a reservoir is specified in
advance. If they go higher than this, the extra potential energy will be transferred to other degrees of freedom
associated with the reservoir system, e.g.into movement of the water (or heating of the semi-conductor). We
may express the following first law for this approach:

In any given extraction, with probabilityp > 1 — ¢

dEsys = _dEbath - de‘ - dEextra = dQ - dwsg‘ (3)

Second law: consider next the so-called Kelvin statement of the second law: no process is possible in which the
sole result is the absorption of heat from a reservoir and its complete conversion into work. This does not say anything
about processes with a non-zero probability of failure. We show in the appendix that for given states of the
working medium A and B respectively, W¢(A — B) + W¢(B - A) < W* (A — A).We call this the triangle
inequality. It implies together with the main theorem that all strategies in our game respect the following
generalization of Kelvin’s second law:

m—1
YW (Ai > Air) S WA > A) if Ay = Ay, (4)
i=0

where S;is the choice of strategy in theith step of the cycle. Note that W’ (A — A) = 0 (see main theorem),
implying that deterministically no work can be extracted in such a cycle. One may still gain work in a single cycle
at the cost of having € > 0 for one or more of the steps.

The second law is also closely related to entropy increasing with time and one may wonder what the
corresponding generalization of the statement is. A particular standard expression is that

A(S - p(E)) 2 0, (5)

where Sand (E) are the von Neumann entropy and expected energy of a system interacting with a heat-bath with
inverse temperature f. (A indicates the change in these values during the interaction.) This actually still holds in
our more general model; we show this in the supplementary information. However, crucially, equation (5) is not
sufficient to guarantee that an evolution p — p’isrealizable through an interaction with a heat bath. Instead it
should be replaced by the statement that a state change p — p’ due to a thermalization with a heat-bath at
temperature T'is possible if and only if

WCp, H— p', Hy > 0. (6)

This is significant as there are processes that respect equation (5) but violate equation (6). A simple example is to
consider degenerate energy levels, so that A (E) = 0, and three levels with probabilities
(1/2 1/2 0)" = (2/3 1/6 1/6)".Then AS ~ 0.25 but W’ is negative. Strikingly, such evolutions enable the
deterministic violation of Kelvin’s second law (if the evolution is stochastic—see supplementary information).
The inequivalence of entropy and majorization has been noted previously in the context of the second law
(Ruch 1975, Ruch and Mead 1976). Presumably this has not received more attention to date because in the von
Neumann regime this inequivalence disappears. More precisely, if we consider a tensor product of n identical
states each with von Neumann entropy Sand let # — oo, then with asymptotically small error we may
approximate the spectrum as a uniform probability distribution on the set [0,27"5]. For such distributions the
partial orders induced by S and majorization respectively coincide.

7
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We finally make a remark on the mathematical structure that emerges here. We note that the extractable
work is no longer a function of state, whereas in standard statistical mechanics the optimal extractable work
between two states is given by 6F, = B — F with F = U — TS. Here one must consider the extractable work
between two states, assigning a free energy as a state function is not possible. It is not even optimal to go via
thermal states in general, i.e., there exist cases where W¢ (p — or) + W¢(or — o) < W (p — o).

Very recently it has been argued that our generalized formulation of the second law should be replaced with a
slightly weaker condition (Brando etal 2015). As this appeared after our paper on the arXiv we defer discussion
of the relation between these papers to later work. In between this paper appearing on the arXiv and being
published several other related, interesting and relevant contributions have appeared, including Faist et al
(2012), Gour etal (2015), Lostaglio eral (2015).

Relative mixedness as entanglement measure
The structures of entanglement theory and thermodynamics are closely linked and often considered in
connection with one another, see e.g. Plenio and Vedral (1998). We now consider the implications of our results
for entanglement theory. This section demonstrates that relative mixedness is natural to use in quantum
information theory also outside of thermodynamical contexts. It is customary to quantify entanglement via
entropy, in particular the standard measure of entanglement of a bipartite pure state p , is the von Neumann
entropy of the reduced state, S(p,) = S (pg). This s called the entanglement entropy. However there is good
reason to think that, as we have argued in the case of statistical mechanics, entropy should be replaced with
relative mixedness also in the context of entanglement theory. We propose a notion of relative entanglement
between two states p 5 and 045 which is quantified as the (logarithmic) relative mixedness of the reduced states:
log, M(c4 llp,)-

This has the following appealing operational meaning. Consider the Bell state
| Yap = % (10)410)g + |1)4|1)p). Consider two arbitrary finite-dimensional bipartite pure states p,5 and
6 45- How many such Bell pairs are needed to transform p 5 to 0,452 More specifically, for what condition on #;
and nis the LOCC (local operations and classical communication) conversion
Pap @ (19T (DT 14p)®" — 64 ® (|¢T)(PT|ap)®"™ possible? The answer is that this is possible if

ny —n; < log, M(o-A ||pA).

(We prove this in the appendix, making heavy use of the results of Nielsen 1999 and the setting of Buscemi and
Datta2011).
Asavery simple example, for [y) = @ |00) + f |11) (and a > B) and |¢p) = |¢™) 45 one finds

log,M (T [w)<w || Trs ) {($|) = log, (2 [l e|]? ).Thistakesvaluesbetweenl (o =1)and 0 (a = %).
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Appendix
The appendix is structured in the following manner. A: the work extraction game, B: upper bounding the

extractable work, C: the universal strategy that achieves the bound, D: implications for the second law, and E-G:
properties of the relative mixedness.

Appendix A. The work extraction game

In this section we define the setting more carefully, and derive certain lemmas which shall be needed for the later
sections.
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Gibbs rescaled
1 A P=G"(\)
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i
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1T,

Figure A1. Gibbs rescaling: the width of each block k corresponding to the level k after rescaling is given by A (k) = exp(—E (k)/kT),
while its heightis A (k)/A (k) so thatits areais A (k), where 4 (k) is the occupation probability of thelevel and E (k) its energy
eigenvalue.

A.1. Combining energy and occupation probabilities into one distribution: Gibbs rescaling
There are two central pieces of information about the system, the energy eigenvalues, and their occupation
probabilities. We shall find it very powerful to follow Ruch (1975), Ruch and Mead (1976), Mead (1977) and
combine them into one object, the Gibbs-rescaled distribution.

Consider states with discrete spectra {4;}. We firstly transform the spectrum into the associated step-

i

function. Then we take each block, rescale its heightas 4; — 4;/exp ( —E—T), anditswidth = 1 — exp ( —%)

such that the area of the new block is 4; as before. We write this operation applied to a density matrix p as GT (p).
Itis depicted in figure A1 . Gibbs rescaling can, as will prove useful in later proofs, be written out in the language
of continuous functions in the following manner:

Definition 2 (Gibbs rescaling). Consider a density matrix p = 2;1 Ai |ei){e;| with eigenvalues {4;}/_, and take
the energy eigenstates of the system to be {|e;) } ', with energies {E; }'_, respectively. There is an associated step

function for the spectrum, A (x#) = A[,,; where x € (0, 1]. Similarly there is an energy step function
E (xn) = Ejx,where x € (0, 1]. The Gibbs rescaling associated with temperature T combines A (xn) and E (xn)

to anew function G” (y) implicitly defined by

x Ejzm A
GT(/ e kT dz] = b .
0 _ Epan

€ kT

n E;
It follows that GT (y) is defined on (0, Z], with Z = 2j=1 exp( —ﬁ) the partition function. Moreover G (y) is

z
a probability distribution satisfying / G (y)dy = 1.
0
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A.2. Thermalizations

We now turn to how interactions with the heat bath, thermalizations, act on the state of the system. Roughly
speaking these take the density matrix closer to the associated Gibbs state, similar statements can be found in
Ruch (1975), Ruch and Mead (1976), Mead (1977) (especially see section 4 of Ruch and Mead 1976, where also a
different argument is given for the result below concerning thermalizations). As already mentioned the
thermalization is taken to only change occupation probabilities and not energy eigenvalues. We take the
thermalization to act as a stochastic process on the energy eigenstates, in that the probability of occupying a given
energy state, P (i), becomes P’ (i) = Z P (j — i) P (j) where the summation is over all eigenstates, P (j — i)is
a transition probability, and P(j)an occupatlon probability (before the interaction with the heat bath). This can
equivalently be written as P’ = BP where Bisa stochastic matrix (entries are probabilities and columns sum
to1).

Not every stochastic matrix B is allowed however. The Gibbs state (associated with temperature T) is taken to
be invariant under a thermalization. Consider the implications firstly for the fully degenerate case of all energies
being the same. In this case the Gibbs state is the uniform distribution. The only stochastic matrices that leave the
uniform distribution invariant are bistochastic ones (rows also sum to 1). Thus in the fully degenerate case B
must be bistochastic. We see no reason to impose further restrictions, so any such Bis allowed.

Consider secondly the non-degenerate case. Here it is again convenient to use the Gibbs rescaled
distribution. Note that the Gibbs state becomes uniform after the Gibbs rescaling. Thus one may hope thata
thermalization, i.e.a Gibbs state preserving stochastic matrix on the occupation probabilities, acts as a bi-
stochastic matrix on the Gibbs-rescaled distribution, and we now show that is indeed the case.

Before considering the general case, we look at a simple example of a two-level system.

Let B be the stochastic matrix” defined by the transition-probabilities, i.e:

P(1) . P'(1)) Pa1 Posp)( P(1) _ 3 P(1)
P(2) P'2) | Pusy Poeny |\ P~ "\ P)

The stochastic matrix should leave the thermal state invariant:

e(1)/Z e'(1)/Z _ B e()/Z) (e(1)/Z

e2/z) “\e@iz) ™ \e@iz) T \eyiz)
where e (7) / Z = exp(—E") (i) / (kT)) / Z is the Gibbs state (which should be invariant as the energy does not
change)and Z = e(1) + e(2).

Look at what happens with e (1) = 2 and e (2) = 1. For the Gibbs rescaling this means that P (1) — P (1)/2
onthelength2and P (2) — P (2)onthelength 1. We can split the first level into two parts (in our mind) and
consider newlevels (P (1;), P(1,), P(21)) = P(1)/2, P(1)/2, P(2)/1) all having the same length after Gibbs
rescaling. For the thermal state this means:

1/3
(fjg) —|1/3].
1/3

The transition matrix becomes:

Pa-n/2 Pu-1/? Po-n/?

p(l—)l) p(2_>1)
> | Puan/2 Paon/2 Poon/2
(P(l-»z) Paoo) a 1)/ ¢! 1)/ 2 1)/

Pasay  Pasy  Posy

which is still stochastic, because the initial matrix was. Since the thermal state has to be invariant under the
action of this matrix and the thermal state in this case is proportional to the identity, it is straightforward to check
that the matrix has to be bistochastic (rows and columns sum to 1).

For the general case consider dividing the Gibbs-rescaled distribution into fine blocks such that all fine
blocks have the same width w. Let N be the number of fine blocks. (As the maximum support is given by the
partition function Zwe have w = Z/N). Let N be the number of fine grained blocks associated with level k,
such that 2:=1 Ny = N.Each energy level is associated with one block only labelled by k. Each Ith fine block is

associated with alevel k;.
Fine blocks associated with the same energy level k must all have the same height, given by P (k;)/e (k;)
(where e (k;) = exp(—E (k; )/kT = wNy, = ZNkI/N is the total width of the level k; after Gibbs rescaling. See

the comment after the definition of Gibbs rescaling 2). Let f contain the N heights of the fine blocks, with _
P (k;)/e(k;) = P(k;)N/(ZNy,) asits lth entry. Now when the occupation probabilities transform under B, f

Stochastic matrices have entries in [0, 1]with columns summing to 1, therefore they map probability vectors to probability vectors.

10
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undergoes an associated transform. We will argue it is given by a matrix F whose entry in the l-th row and m-th
column is given by

Bk,
= ——". (A1)
Ny,
. , N;
To see this note firstly that P/ = Zj B P = Z;‘ NBU P, andrecall that f = P N /(ZNy,). Thus
R N
=N .p A2
fl EN] kij JZNkI ( )
=z": N;By; BN (A.3)
s Ny, ZN;
_Z P Bk” (A4)
j=1mlky,=j l
Bkk
_Z i (A.5)

As Bjjand N are non-negative real numbers F has non-negative real entries only. To see that the columns sum to
1so that Fis a stochastic matrix, note that the column sums are the same as for Bwhich is stochastic. Moreover as
Bmust leave the Gibbs state invariant, and this is a uniform distribution after the Gibbs rescaling, F must leave
the uniform distribution (or anything proportional to it) invariant. Then for any row : Zj F;(1/N) = 1/N so

each row of Fmust sum to 1. Therefore F is a bistochastic matrix. Note that Fis additionally restricted, through
being defined via B, to keep the heights of fine blocks the same whenever these are associated with the same level.

Accordingly we define interactions with the heat-baths, thermalizations, to act in the following way on the
system.

Definition 3 (Thermalization). A thermalization leaves the energy eigenvalues invariant. It acts on the

occupation probabilities, i.e. the eigenvalues of the density matrix, as a stochastic matrix. This stochastic matrix
leaves the Gibbs state exp (fH)/Z invariant. It follows from this definition and the definition of the Gibbs-
rescaled distribution that a thermalization acts on the Gibbs-rescaled distribution as a bistochastic matrix.

A.3. Work extractions

The second elementary process is changing the Hamiltonian of the system through shifting a set of energy levels
by some predetermined amount AE (j), where jlabels the jth work extraction. This may involve a work gain/
cost, because if the system occupies one of the energy eigenstates that get shifted by AE (j) this counts as work
done on the system and we write W; = AE (j). It is assumed that this entails an energy transfer of AE (j) to the
work reservoir system, so that energy is conserved. If the system does not occupy the eigenstate that gets shifted

there is no work cost, W; = 0. To reduce the notation later on we will also find it convenient to define the
‘Jogarithmic’ work w”s. t W; := kT In w/ (or equivalently w/ := exp (W/KT)).

There is thus for each elementary work extraction a probability distribution over work transfer, with two
elements, [ p(W; = 0), p(W; = AE(j) )]. A sequence of work extractions generates a randomly picked sequence
of energy transfers to the work reservoir by, e.g. {0, 0, AE(3), 0, AE (5)...}. There is an associated vector of 0’s
and 1’swhere a 1 as the j-th entry indicates that there was indeed a work transfer of AE (j) in the j-th step. We call
this latter vector 5, and the jth entry thereof's;. s; = 0 means that the levels shifted in work extraction step j were
not occupied, and s ;= lmeans that they were.

From the perspective of someone who learns sj, the occupation probabilities {4;} change. If s; = 1one
projects the state p with projector I1y,;q.q onto the set of levels shifted so that the new state is

Msinea . Ai 1) (i] Mapifea
tr( plspifred) .

Ifinstead s; = 0 one replaces the projector with one onto the levels that were not shifted.
We accordingly represent a work extraction in the following manner:

Definition 4 (Work extraction) . We define a work extraction on the first /levels, which are all to get shifted in
energyby AE (j) = — kT In (w/ | 1), while the remaining levels are untouched as follows. Letting &, (y) denote
S Sj:

the function thatis 1 if y € U and else 0, the new occupation probabilities and energies are given by:

11
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Figure A2. Work extraction: the action of the work extraction on the Gibbs rescaled probability distribution can be seen as a stretching
by w of the part from which one tries to extract the work kT In(w), followed by a projection onto either the levels from which one tried
to extract work (case s; = 1) or the rest (case s; = 0) followed by a renormalization.

o Inthecase when s; = 1 (state of the system is found to be in the levels (1, ..., )):

l;j‘s‘zl(k) = Op,.. (k) —
J
n?‘sj':l

L)

; ! i1, . . .. .
where 7/ = A471(1).In this case there is an energy transfer to the reservoir given, in terms of the
s | si=1 i=1"°

logarithmic work, by w;‘ = exp(AE (G)/kT).

Si=

o Inthecase when s; = 0 (state of the system is not found to be in thelevels (1, ..., I)):

; VER(S)
A (k) = Oy, oy (k) ———,
s|s] 0 ’7]‘

57=0

n

where 5 ]| 0= Z o 247" (i). In this case there is no energy transfer to the work reservoir, i.e. w
S Sj: 1=

=1L

s |s]=0

This next lemma considers how the work extraction in the preceding definition acts on the Gibbs rescaled

distribution. This is also depicted in figure A2.

Lemma 2. Let the levels {1, ..., I} be used for work extraction as in the above definition. Let a € R be the combined

width of the blocks of the Gibbs-rescaled distribution corresponding to the levels {1, ..., I}, i.e.a = 22:1 e kT . Let

x € (0, Z;] (with Z; the partition function after step j).

_EXJ_l

Then following a work extraction in step j, the resulting Gibbs rescaled probability distribution, conditioned on the

previous steps on path s, is given by the following. In the case where s; = 1:

12
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X
. W;|Sj=1
p§]|5j=1 (x) = @(O,awj . .=1] (x) R E—

S‘) W§:’5'=1’1?j
[s=175]

si=1

In the case where s;=0:

Yy — j
p: (x aw§|sj:1+a)

5 |s=0

’IJ|

Proof. Case s; = 1:

Let the logarithmical work in step jbe denoted by w = wJ

N

let the Gibbs rescaled probability distribution after step jbe p/ = pgj and the one before the step ji:
pt=plh

let the occupation probabilities be A/ = A;j and the sum of the relevant occupation probabilities (as in
definition4): n/ = n/

El
b %]
Let x € (0, aw](1(0, Z;land b € (0, oo)suchthat/ exp| — T dy = x.
0
El,)
j j ’ PW] d
pl(x)=p fo eXp| —— |V
Ef iy — KT In(w)
= p/ fbeXP— ki Lay
0 kT w
1 o E-Y — kT In(w)
[zn]
= ] _ - @@ dZ
p / exp kT
gL, /D)
J'jbn A];nl
(S [W] _ [W]
i—1 i—1
E[]L] — kT In(w) E[]L]
exp| — i exp| — i wry’
kT kT
. b/w E';;l
= L'p]_l f exp — L dZ
wn’ 0 kT
Elm
x| - ki
kT
= Lpl—l /b dy = 1 ]_l(x)
wn! 0 w wn/ w

where the equation (*) follows by definition 4 and the equation (**) follows by definition 2.
One easily sees that p/ (x) = 0 for x > aw, since then @y, ;(x) = 0in definition 4.
The proof for the case s; = 0 isanalogous. 0
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This next lemma shows how the partition function changes during a work extraction, as a function of how
much the chosen levels are stretched (encoded in w) and how many levels are shifted (encoded in a as described
above).

Lemma 3. The partition function Z; immediately after step j is given by:
Zj = Zj_l + a(w1 - 1),

where (0, a]is the interval on which the Gibbs-rescaled distribution is associated with the stretched levels, and w is
the logarithmic work extracted if the extraction is successful.

Proof. Let the (0, a] interval be associated with blocks corresponding to the levels {1, ..., I} and split the interval
(a, Z;]into n — I blocks for some 7.

Zi= Zekr Zekr+ Ze

k=I+1
E[ kT ln(wl) n _EJ -E] -1 n _Ek_

_Ze +ZekT—leekT + D e

k=l+1 k=l+1

W
a
—Ej™! —Ej™!
—wla—a+2ekT +ZekT =Zj +aw—a
k=1 k=l+1
out of which the lemma follows. O

A.4. The work extraction game

We consider scenarios where there is an external agent who wants to use thermalizations and work extractions to
transform a system with an initial Hamiltonian H; and density matrix p, to a given final Hamiltonian H; and
density matrix o. In the process the agent will want to keep the energy of the work reservoir as high as possible, in
away that will be made more precise below.

Definition 5 (The work extraction game). There are three systems and a work-extraction agent. One system is
the working medium, another is a heat bath of temperature T, and the last is the work reservoir.

The initial energy spectrum {E} of the working medium is arbitrary but given. The initial density matrix p of
the same is diagonal in the energy basis. The final energy spectrum {F} and diagonal density matrix o are also
arbitrary but given.

The agent can combine thermalization (defined above) and work extraction (also defined above) in any
sequence. This sequence, together with the specifications for each step is called the agent’s strategy.

In a single-shot implementation of the strategy there will be a transfer of some energy v to the work
extraction reservoir. Before the extraction the agent must specify W.If v > W and the final state conditioned on

> W is o, the work extraction is termed successful (or else a failure). The probability of successis called 1 — e.

A crucial quantity we will be interested in calculating is the optimal work that the agent can be guaranteed to
extract or need to insert. Before defining this quantity mathematically we recall a motivation for being interested
in it: consider a scenario where some process is activated only if the the work reservoir energy goes above a
certain threshold. One is then interested in whether this threshold is guaranteed to be exceeded. This is as
opposed to the standard paradigm of focussing on the average energy increase in the reservoir. This is a key
difference between the single-shot paradigm and average paradigm.

Definition 6 (Guaranteed work). For a given strategy S, and a given initial state there is a probability distribution
of work transferred to the reservoir, p, (V). We denote the work guaranteed up to a probability of failure &
associated with that strategy as W, and define it through the equation

y
Ws = max y : f psMAW L €
0

For an initial Hamiltonian H;, density matrix p and tolerated probability of failure ¢, there isa set $ of
allowed strategies which succeed with probability greater than or equalto 1 — &. We denote the optimal work
guaranteed (up to failure probability €) for the given initial and final conditions by W¢ (p, H; = o, Hy) and

14
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define it as the optimal work over all the allowed strategies in the set:

W"“(p, H; - o, Hf) = supWSE(p, H; - o, Hf>.
ses

(Note that this quantity may be negative in the case where work is required to effect the given change in state and
Hamiltonian).

A.5.Notation reminder
To assist the reading of the proofs below we collect key notation in the following:

Definition 7 (Notation). We shall use the following notation:
§€{0,1}": avector with one entry for each of m work extractions (subsequently called ‘steps’):
s; = l:systemisin one of the energy levels chosen for work extraction.
s5;=0: system is not in one of the states chosen for work extraction 5 is called a path. $; is the complement of s;:
szl < §j=0andsj=0 < §j= 1.
wh logarithmical work (kT In (w;j ) = ng ) extracted in stepjon path 5.
w’: The logarithmical work one extracts in step j if the specified level is occupied.
W: work demanded in order to call the total extraction successful (see definition 5).

w=exp(W/(KT)): totallogarithmical work demanded in order to call the total extraction successful.

Gis the set of successful paths, i.e. those yielding as much work as demanded:

G=15% wi>we.

1

m
]':

ik probability of picking step j on the path 5. Le. as in definition 4: 5 gf‘ g Zi’=1 247! (i), if the chosen energy
levels for work-extractionin stepjare {1, ..., I} and A;j ~!as defined below.

Pg: total probability of success: &5 = Z§E G 11 i ngj .

A occupation probabilities after step j if the previous evolution of the system is given by the path 5.

ph=G(): Gibbs rescaled probability distribution after step j (before thermalizing) conditioned on the previous
stepsonpath s.

pL: Gibbsrescaled probability distribution after step j (after thermalizing) conditioned on the previous steps
onpaths.

Ablock: fora < btheinterval (a, b]is said to be ablock corresponding to alevel k, if pg is constant on this
interval Vs'.

q: final Gibbs rescaled probability distribution, conditioned on successful work extraction:

[T

_ m _J
q= ZP;,, R

SeG

Bj: Bistochastic matrix one chooses after step j by thermalizing the system (this has to be the same for all paths).
E’(x): Energy of the level labelled by x after step j.

Oy(x): Step function associated with an interval U:

out = {1 forxel.
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Appendix B. Upper bounding W¢

We shall be interested in bounding W¢ given ¢ and the initial and final conditions. We break the calculation into
several lemmas which will later be combined to prove the main theorem. But firstly we give the argument for a
special case of a more restricted set of strategies, in order to give the reader a sense of why relative mixedness
enters as the bounding quantity.

B.1. Instructive special case
Consider zero-risk work extraction such that all levels with non-zero occupation probability are shifted. Note

firstly that after a work extraction by W = kT In(w) the height of the Gibbs-rescaled probability distribution is

given by A,/exp ( —( (E"k_TW) ) ) =i / ( exp ( —kE—T) w), while the width gets stretched by a factor w. So the new

Gibbs-rescaled probability distribution is given in terms of the old one as follows: p . (x) = W (

lemma 2 for more details).
Thermalization acts as a bistochastic matrix on the Gibbs-rescaled probability distribution and therefore

see

1 !
(see Hardyetal 1952) / px)dx > / Pihermalized () A%, if both distributions are monotonically falling, which
0 0

we will now assume w.l.0.g. Thus after a thermalization and a work extraction the following holds:
! !
A pnew,thermalized (x) dx < /;) pnew (X) dx

I Py (x/w) wl
=[0 U —de= [T pyy ().

w

Inductively, after any number of work extractions and thermalizations and total work kT In(w):

" (x)dx l (x)dx
- > .
0 p initial \X /(; p final (X

It follows that the maximal logarithmical work given the initial and final Gibbs-rescaled distributions is given by
wil 1
maxw st [ pga dx> [ ppy (dx
or equivalently in terms of the cumulative distribution functions F,
X
max w s.t. Fp(initial) —\1 = Fp(ﬁna])(x) Vx.
w

This is precisely the relative mixedness defined in the main section. In Horodecki and Oppenheim (2011/2013)
they also arrive at the same result for the zero-risk case (starting from an a priori different model and using
different arguments).

B.2. General case

We now turn to the general case. We combine the two previous lemmas to gain another relation between the
Gibbs rescaled distribution at steps jand j — 1. We shall use this later in an iterative manner to relate the very
first and final Gibbs rescaled distributions.

Lemma 4. The Gibbs rescaled probability distributions at stepsj and j — 1 respectively satisfy the relation
(x) = i j j j j
p?at (x) - Z WE'5j=k’7?|5j=kp§'Sj=k(xw§|5j=k + C§|5j=k)
k=0,1

with constants ¢’ = 0andc’/ =awl — a.
s |3j=1 s |5j=0

Proof. Let wy, = w;j‘sj:k, ij = p;‘s]:k’ pitl = P;{;l, = ”;j’sj:k'Let co = awy; — aand ¢; = 0. Then:
nowopy (xwo + co) + mwip/ (xwy + ¢1)
= nopoj(x +aw; —a) + nlwlplj(xwl)
= O(aw.z](x + awy = a)p/~1 (x) + O(0,am) (xw1) p/~ (x)
= O(a.z-am+a] ()P (%) + Oo.a) (x)p'~ ()

= 9(0,21,1](X)Pj_1(x)-
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We now use the above to make a statement about the relation between the integrals of the Gibbs rescaled
distribution at stepsjand j — 1. We show that the distribution before step j majorizes the distribution after the
step, even after the latter has been stretched by the logarithmical work done (w in the case s =11 else). This can

Poia x/w

!
be seen as a generalization of the inequality: / dx > / Prew thermalized (2¢) dx from the above special
0 8

instructive case to the case where s; = 0 is also’ p0551ble

Lemma5.Let j € {1, ..., m}. Let] € (0, Z;]. Lets" € {0, 1}"=i=1, Define s, = (s, ..., Siy 1, 815 ooes s,;_j_l)
andsy = (si, ..., $j» 0, 55 ...s 5,1’1_]-_1). Then:

¥ /Oz ) opl, (x)dx

Ee{o,l}f
> 2,
EE{O,I}J

+ ’73{)+1,[[]+1 Ong(;l (x))dx

1
i+1, j+1, j+1 j+1 i+1
(wihnd* 57 o pJ! ot dx

where 7/ is the permutation of any blocks, which maximizes the left hand side, while /" is the one which maximizes
the right hand side.

Proof. Let p, = pﬁ M Lo = pSOt = ;1;{“

[ .
T [ erd
J 0 >
Ee{o,l}f

j+1

ny=ndthw=wth

e 01}1'

{
I+a—1
mwt o p (xw) + Z f M7 o py(x + aw — a)dx,
{ a

sefoli ?e{o,l}l

h

2 /01 (’71Wth o p (xw) + ﬂortj o py(x + aw — a))dx
Z

where the first equality is exactly lemma 4. In the second equality /; € (0, min(a, [)]is a value which maximizes

the right hand side of the last line and # reorders 2
5€{0,1}

(aw, Z;]. This is possible since p; and py have disjoint support, also for different ', since a in definition 4 has to

be chosen independently of the path. (See lemma 2). This reordering maximizes the last line, thus it is equal to
the line above.

; pindescending order in (0, aw]and 2?5{0,1}1 pyin

After changing variables in the second integral we can translate its bounds by —aw + I, if we translate the
integrand in the opposite direction applying a second permutation. Thus:

2 ./(-)l 7/ °p§{1,t (x)dx = Z /(;ll mwt o p, (xw)
36{0,1}f §e{0,1 f

I+aw—1,
+ z} / 1yt o py(x)dx
selol

se

- z ./0 (’71W7j+1 o p(xw) + 7o/t °po(x))dx
?e{o,l}f

Applying any bistochastic matrix B on the probabilities p, and p; and reordering in descending order with z,/*!
afterwards, we get (we write B = B o (z/*!)~! for convenience, then B is again bistochastic):

17
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! . i
> [ denl, (x)dx>ff”1°3°(ff“)1°
Jo
sefo}s
X Z ('7 wtlth o py (xw) + 1yt o p (x))dx
reforps

Z / wnlr“ o B o p (xw) + 1,7 J“oBopO(x))dx
sefor]

= X f (" o p ! Gow) + my/*! 0 pJ2 () ) de
fo1}

se

where the inequality follows out of the inequality Bp > p for any bistochastic matrix B and vector p, which is
proved in Hardy et al (1952). O

The above lemma is the main ingredient for the first part of the main theorem and the rest of the proofis
straightforward.

Theorem (First part of theorem 1 in main body, giving the bound). In the work extraction game defined above, if one
is given an initial density matrix p = Zi Ai |ei){e;i| and final density matrix ¢ = Zj vj |j3 ) (fj | with {|e;)}, {|fj) }

the respective energy eigenstates and both p and o having finite rank, then the work W¢ one can extract with certainty

except with € probability respects
(T.Hj)
WE K KT In [M(l—(m | G(THr) (6 )))

Proof. Define p;), = p.W.Lo.g.5" = {0, ..., 0} (the first probability distribution is independent of the path
afterwards). Inductively using lemma 5 one gets:

/Olp(x)dxzfolp;o,(x)dx
) f[ﬁ ]][f[ w;f]r:"op;[xi[l Wg]dx

-2/, 18- [ﬁ g ] o ps () d

sefo,1}™

> [Ol[g ][H 77~]rt o p: (x)dx

m

> fOZW[H ng’]r;" Op;(x)dX=Psfolw g(x)dx,

€G =1

b

where 7, is the permutation which maximizes the expression of the right hand side of the first inequality
(tstands for ‘after thermalizing’, while m stands for the mth time one applies lemma 5). Therefore (with

R=1-c¢):
Weé =kT In(w)
1 Im
ngln[max{m ‘fo p(xl)dxlzfo (1 - £)q(x:)dx, vz}]
(T.Hj)
=T In [M[u I G(T’Hf)(a)]].
1—-¢
This proves the first part of the main theorem. O
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Appendix C. Upper bound W* given by relative mixedness is achievable

This section concerns the second statement of the main theorem (theorem 1). We specify a protocol that
achieves the bound given in theorem 1, i.e. it extracts W* of work with a failure probability no greater than e. The
protocol is within the rules of the game (defined in section A). The protocol works for the initial (p) and final (o)
states taking the form p = ... @ [£)(£|and 0 = ... @ |E)(£|, where |€) is one of the energy eigenstates of a
system with two energy eigenstates in total. This is a small restriction. It amounts to allowing the agent an extra
two-level system in a known state, working as a catalyst in the sense that it aids the process but is ultimately
unchanged by t.

C.1. Guiding example

Before giving the general protocol it is instructive to consider an example. We begin with a density matrix ¢ with
energy eigenvalues E; (j), occupation probabilities 4; (j) and A; defined by A; (j) = exp %T(]) . These are given

by:
j'i = (E) l) O)Az = (l) l) l)
3 3 3 3 3

and therefore:

P =11, xe (l, 3]. (C.1)

The final state we want to reach is defined through:

11 11
A = _)_)OA = _)_)0)
! (2 2 ) / (6 3 )

and therefore:

Pf (x) = (C2)

Witharisk e = % the work for this game is limited by W = kT In (M ( - Ifs | |pf> ) =kT In (g) In this
example we show how this amount of work can be extracted.

We first want to raise as many energy levels as we can to infinite energy, such that if we succeed (i.e. if these
levels are empty and the action therefore costs 0 work) we start with a more known state. Unfortunately the sum
of the occupation probabilities of the lowest levels will never yield exactly €, so we need to change this first.

We start by raising the empty energy level to infinite energy, such that even if one mixes it completely with
any other energy level it will stay empty. Then we lower the energy of the empty level, while constantly mixing
this level with the first one. At the same time we enhance the energy of the first level, such that in total the energy
of the work reservoir is unchanged with probability 1 (the details of this action can be found below in definition 9

and the following lemma). We then have:

(53]
1, xe|—,—|
3°3

The lowest two occupation probabilities now sum up to . We enhance the energy of these two levels by doing a
work extraction changing the energy of their states by co. With probability 1 — & = % we get the work 0 and the
state:

Jy=(1,0,0)A, = (i 0, 0)
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1
p,(x) =4, x€ (0, Z]

which in this case is a pure state (the state would not have been pure if we had chosen ¢ to be smaller than %).
With probability % we get the work —o0, in which case the work extraction cannot be successful in total. So in the
case where the work extraction is successful the above state is the only one we need to consider.

Now we extract the work W = kT In ( %) on all the levels. This succeeds with probability 1. The state
afterwards is given by:

13 = (1> 0’ O)

1
A3 = (g, 0, 0)
1
p;(x) =3, x€ (0, 5]

Again we need two levels where we only have one. Acting again as defined in definition 9 on the first two levels we
can get:

p,(x) =3, x€ (0, l]
3
The energy of the second level is now too high and we need to lower itby kT In(2):

(1, 0, 0), with probability 1
/15 = if
(0, 1, 0), with probability 5

11
as= (3 5.9}
6 3

The work extracted in this step is in both cases at least 0. So by measuring whether the energy in the work-

reservoir has been enhanced by atleast W = kT In ( %), we geta ‘yes’ and the wanted final state with probability
1

>
C.2. General case

To make the idea clearer we start giving the general algorithm and will then give the proof of the second part of
the main theorem, which builds on lemmas proved later on. We assume here that we have at least #/2 energy
levels with 0 occupation probability, but make sure that in the end these levels have again 0 occupation
probability (note, that this does not change the upper bound for the work). We assume that the levels are ordered
in descending order of their Gibbs rescaled probability.

Definition 8 (Work extraction algorithm (see figure C1)). Let p and p; be Gibbs rescaled probability
distributions of two states p and o, with the same number of levels 7.

Let p, o have atleast n/2 levels with occupation probabilities 1, = 0.
Define W = kT In(M*(p, q)).

(i) Doawork extraction on thelevels k + 1, ..., n by —oo (such that their width becomes 0).
Ifthereisno kforwhich1 — ¢ = z:;l A(D):
Split the level k for which Zi:ll A <1 —e< Z; A (i) (see the corollary to lemma 7, below).

(ii) Make a work extraction on all levels by W (i.e. stretch their Gibbs rescaled probability distributions such
that it just majorizes the final one).

(iii) Thermalize the obtained state to get the final state (up to permutation).

(iv) Permute the levels of the obtained state such, that one gets the final state.
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4 p=6"(p) AP
152,73
—_— €
A1) M2) € A1) M2)
iy == () 70
= Z(p) Z(p)
AP APy
;’
A1) A(2) A(1) | Ma(2)
Ind ]
| : .......... I ......... _>
A(1)  Z(p) 4,(1) Z,(p)
Figure C1. Work extraction algorithm: we choose the last levels such that the sum of their occupation probabilities equals £, then we
lift them to infinity, which succeeds with probability 1 — & (step 1). Afterwards we extract the work W and get a state which still
majorizes the wanted final one (step 2). Thus we can get to the wanted state by doing a thermalization (step 3, see lemma 8).

Theorem 6 (Bound can be achieved (second part of main theorem)). Let p and p¢ be Gibbs rescaled probability
distributions of two states p and 6, with the same number of levels n.

Let p, 6 have at least n/2 levels with occupation probabilities A, = 0.

Define W = kT In(M* (p, q)).

The work extraction algorithm on p yields the work Wwith probability 1 — ¢.If the work extraction is
successful, the final state is given by o with probability 1.

Proof. The work extraction in step 1. succeeds with probability € and if it does not succeed it yields 0 work (else
—00).

After step 1. The occupation probabilities are given by 4, (i) = 1'1% fori =1, ..., k (post-selecting on the
case, in which the state was not one of the less likelier) and A; (i) = 0 else (if the work extraction ‘succeeds’
and our algorithm fails). See the corollary to lemma 7, below.

After step 2. By the definition of Wwe have that p, (i) > p f (i), the extracted work is W. Therefore one can

thermalize the obtained state to get the final state p (up to permutation) with probability 1 (see lemma 8,
below). After the permutation (if the levels have some special physical meaning) we get the final state p with
probability 1.

In total we get the final state p with probability 1, if the work extraction succeeds and the extracted work is W
with probability 1 — e.

To start, we need some algorithm which allows us to shift some probability from one level to the other, if they

are in thermal equilibrium. We only want to change these two levels (say j, k), so the sum of their occupation
probabilities remains constant (4; + A; = const). Also we hope to be able to do this without needing to do any
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A p pf
(3 M (3)
1 A (2
A(2)
A(2) Z(p) A/;(z)z(p/‘)zz(p)
Figure C2. Isothermal shift: the isothermal shift of the boundary between the levels 2 and 3 in direction 3 leaves p, A, + A3 and
A, + Ajinvariant, while itincreases A, and A,. The work cost is 0.

work, so we keep our total knowledge of these levels constant. To achieve this it seems a good idea to have

p; + p = const and constantly thermal equilibrium. This is the guiding idea for the following algorithm.
Instead of doing this (rather complicated) proof one also could have assumed that one can splitlevelsin a
physical fashion (see the corollary to the next lemma for details). Then one would have got the ‘isothermal shift’
for free, by simply splitting the level k in two parts and afterwards removing the level j. But this would have been a
further assumption. So the following definition and subsequent lemma can also be seen to show it possible (in
principle) to achieve a splitting of a level by just having one further empty level a heat bath and a work reservoir
(which remains untouched with probability 1).

Definition 9 (Isothermal shift of boundary (see figure C2)). Let A(j) = exp < ;—?), where Ejis the energy

eigenvalue of the jth level.
Let thelevelsj, k = j + 1have the same Gibbs rescaled probability. We call the limit # — oo of the
A A(k) ) in
AG) +AK) AG +Ak)

following process an isothermal shift of the boundary between jand kby w € (

direction k:

(i) Do apermutation, which brings the level jin front and level k as second.
(ii) Do awork extraction on level j by:

wAG) +AK)

W1:1+ N
n AQ)

(iii) Do apermutation, which brings the level k in front and level j second.
(iv) Do awork extraction on level k by:

wAG) +AK)
n Ak

W2=1—

(v) Do a thermalization totally mixing the two levels j and k and letting all others untouched (i.e. the matrix
with entries 1/2in (1, 1), (1, 2), (2, 1) and (2, 2) and §,,; everywhere else, such that the first entry of the
vector it is applied on, is the probability of the level j after work extraction and the second is the probability
of thelevel k).

(vi) Restartwith 1. n times in total, redefining A (j) and A (k) as above for the probabilities after this process.

(viii) Do a permutation, which brings back the levels jand k = j + 1 at their position at the beginning (we show
below, that this is possible).
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Instead of the first four actions, we could have simply said we do extract the work w; on thelevel jand the
work w, on the level k. Then we would have had to continue with doing the total mixing also between these levels
(instead of at the first and second position of the matrix) and so on. What we mean here with doing a work
extraction on thelevel jis the action: do a permutation bringing the level j in front, extract work, permute the
level back.

In later definitions we will make use of this. Here we do not, since the algebra would get slightly more
complicated.

The following lemma shows that the above process costs no work with probability 1 and that it can indeed be
seen as a shift of the separation between the levels.

Lemma 7 (Action of the isothermal shift of boundary). Let A (j) = exp ( %T(J)), where E (j) is the energy eigenvalue

of thejth level.
Letthelevelsj, k = j + 1 have the same Gibbs rescaled probability.
A Ak)
AG) +AK) AG)+A k)

After an isothermal shift of the boundary between jandk by w € ( ) in direction k:

(i)
(a) The energy eigenvalues of all levels but j and k remain constant.

(b)At the end Ag(j) = exp( ka(j)) is given by Ag(j) = A(j) + w(A(j) + A(k)) and for the level k:

Ag(k) = A(k) — w(A(j) + A(k)) (Ef(j) is the energy of the eigenvaluej after the shift).

(ii) With probability 1 — (1(j) + A(k)), the occupation probabilities of the final state are given by %
forl # j, kandOforl = j, k.

(iii) With probability A (j) + A(k), the occupation probabilities of the final state are given by

A(D) .
AGramlori=1ik

and 0 else.

(iv) With probability 1 the energy in the work reservoir is changed by W = 0.

Proof. 1(a) Just follows out of the algorithm, since we did not do any work extraction on any levels and this is the
only way we can change energies in our game. For 1.(b) we need to look at how the energy eigenvalues of the jth
and kth level change each of the n times one goes through the algorithm in definition 9. directly from the

algorithm we get, that in the first time one goes through it A (j) changesto A, (j) = exp W

get A|(j) = mA() = A() + “(A(j) + A(k))and by the same argument A, (k) = w,A (k) = A (k) —

%(A () + A(k)). Since A, (j) +nA1 (k) = A(j) + A (k) we see, that after ] times one goes through the algorithm,
oneendsupwith: A;(j) = A () + (I = D2(AG) + A(K) + “(A() + A(K) = AG) + 2 (AG) + A(K)
and A;(k) = A(k) — l% (A(G) + A(k)). With=nwe get whatisstatedin 1 (b).

In order to derive 2 and 3 we need to have a closer look at how the occupation probabilities change each of
the n times we go through the algorithm. The occupation probabilities are given by the Gibbs rescaled
probabilities multiplied with the corresponding A (I).

Let g be the Gibbs rescaled probability distribution after step 1. of the ith time one goes through the algorithm
in definition 9. After step 2 we have:

and we

q(i]@(o,/ajyx)

g =>q vy
q(x — A]W1 + Aj)Q(Aj,Z(q)](x)

with prob. 5 (qj)

, with prob.1 — n(qj),

1 - 77(‘1]')

g

AJ
where 7 (g j) = / q (x)dx and Z (q) is the partition function of .
0
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After step 4 we thus have:

q(i)@wmm
%)
B . /A w. prob. 77(q;)
wan (qy)

X — Aj
< q W + A] - AkW2 + Ak @(Ak,Ak+Aj](x)
1

, w.prob.7n(q.)
Wlﬂ(q]') !

q(x —Ajw — Agwy + Ap + Aj>@(Aj+Ak,Z](x)

» 1=n(g;) =n(q).

1—=n(q;) = n(qy)

L

Noting that g (x) = q(x/w,) for x € (0, Ax]and similarlyfor x € (A;, Ay + Aj]and
x — Ajw; — Agw, + Ag + Aj = x, we can rewrite this as:

[(9(x) 00,4, (%)

%, w. prob. 7 (q,)

k
4 (%) O Apwoar+4,](X)
(@) , W. prob. n(q].)
j

q(x)O(a;44,2](x)

) G T Tt
L j

Which means that after step 5 we get:

( (%) O(0,4+4;](x) wan (qy)

TP EFTPR FTPR MY

q(x)O(0,a+4,](x)  win(q;)

@) n@) taay Y

4(x) O (a;44,,2] (%)
|1 -n(g) —n(a)’

1—n(q;) —n(qy).

For 2 note that with probability 1 — (1 (j) + 4 (k) ) we get after the first time one goes through the algorithm:
q; = q; = 0 (which just means, that the state is measured to be orthogonal to jand k). And therefore in the

subsequent steps we have 7 (q j) = 1(q,) = 0.So we get with probability 1 — (4 (j) + 4(k)), the final probability

distribution:
P(X)O(a;+4,,2](%)
1= (AG) +4(k)
Since the energy eigenvalues of these levels are unchanged, we get L)) forl # j, kandOfor ! = j, k for

1—(A() + Ak
the occupation probabilities, which proves 2.

The final Gibbs rescaled probabilities of the levels jand k have the same value (since we completely mix them
Aj+A
instep 5). Their integral ( / o q (x)dx), after the first time one goes through the algorithm keeps 1 (with
0

probability 4 (j) + 4 (k)). Asnoticed before, A (j) + A (k) = A(j) + A (k). Thus we get that with probability
Ar(D)
AG) +A k)

A(j) + A(k) the occupation probabilities of the levels are given by: for I = j, k and 0 else. Which proves

3.

Suppose in the first time one goes through the algorithm the state is orthogonal to the levels j, k: then the
energy in the work reservoir is unchanged throughout the whole # times one goes through the algorithm and for
this case, 4 follows trivially.

We now look at the other case (the case where the state is projected onto the levels j, k the first time one goes
through the algorithm).

AG)

Lets € {1, 2}". Defines (2) = land 6 (1) = —1.Defineq = ————
A(j) + A(k)

time one goes through the algorithm one either gets the logarithmical work

and a, = 1 — ;. Inthelth

24



IOP Publishing NewJ. Phys. 17 (2015) 073001 D Egloffetal

wi(1)=1+ KM
no A)
j 011+lK
—1+ Y A(j) + A(k) _ .

"AG) + (U= DZAG) +AK) S+ (- e

or the similarly derivable value for w; (2) (A,is defined in the proof of 1(b)). Thus we can write:

w
as + o(s)l—
n

(s1) = .
B ag +o(s)(l- 12
n

In total we get the logarithmical work:

w
n as +o(s)l—

n

Wiot =

w
=1 a5+ o(s)(l— 1);

with probability (given, that we have the case where the state is projected onto the levels j, k the first time one
goes through the algorithm):

n

. _ _ K
P(sljvk)—H(a51+cr(sl)(l 1)n).

I=1

The expectation value of w,, can be computed as follows (for n < 0):

o o w
E(wtot)=;P(5|]Vk)wtot(s) —ZH (a5,+0(51)ln)

5 I=1
=ﬁ [Za5,+6(sl)lﬁJ
=1 \'5 n

n

=TI |a+ta+ @d+o@)~|=1.
———— 7

I=1
=1 =0

We now look at how much the work W = In (w,, ) changes, if in step / one replaces s; by $; (remember that
s;j=0 & §; = landviceversa):

W (s, coos Su) = WSt ooty S5 vy Sn)

w AW
as + o (s1)l— ag + o (5)l—
=In n —1In n
ag+o(s)(l- 12 a, +o(si-1=
n n
with ¢ = wo (s;) (and therefore wo (5;) = —c),a=a,(anda; =1 —a),x =a + c% andy=1-a— cﬁwe
get:
c
Ar+4)
W (st ooy Sn) = WSt ooy Sy o0y 5p)| =1 In —cn
(=-3)
n
=|In 1+l& <l|z|=:ql_
n c n
xy(l ——)
xn

Using the McDiarmid inequality (McDiarmid 1989) we get that the probability that W differs from its
expectation value is bounded by:
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—252 —26?

_52 < 2exp 1 0
Zqz — |z
I n

P(IW(5) = E(W)| > 6) < 2exp

which tends to 0 for any 6 > 0. Therefore we get that the work in this process is given by 0 with probability 1,
which proves 4. O

Corollary. Using the above lemma one can split up any level k into two parts by using an empty level e:

(i) Permuting the levels such, that the empty level e comes before the level k.

(ii) Doing a work extraction by oo on the level e (such that its energy is 0o, while its width is 0, this costs no work,
since the level is empty).

(i1i) Do anisothermal shift of the level e in directionk by w € (0, 1).

Then by the previous lemma the final overall distribution is the same as the initial, apart from the two levels e and
k, which have now occupation probabilities:

Ar(e) = wi(k),

Ap(k) = (1 = w)A(k)

and have energies E with exp (—Ex/kT) = A:
Ag(e) = wA(k),
Ap(k) = (1 = w)A(k).

The corollary directly follows from the lemma. Next we need an algorithm which makes it possible to get the end
state o out of the initial state p, if p > p I (the generalization of the step 4 — 5 in the example).

The idea for the algorithm is that we first take the biggest eigenvalues of p, such that their area (i.e. the sum of
their occupation probabilities) is equal to the biggest occupation probability (4 (1) of &). Then we mix them
and make a work extraction, such that their total width (i.e. the sum of exp (—E (j)/kT)) is the same as that of the
final energy level 1. then we continue with the second and so forth.

To write down the algorithm, we first need two definitions simplifying the notation:

< L]
Definition 10 (Generalized sum). If c € R, ¢ > 1, we define Zd,— = Zd,— + (c = lc])diq. Ifc €R,

i=1 i=1

c
0 € ¢ < 1,wedefine Zd,- i=c-d.

i=1
(Note that the above definition reduces to the usual sum if ¢ € N).
Definition 11 (Gibbs-equivalent and Gibbs-expanding (see figure C3)). We say two tuples of (p, H;), (6, Hy)
are Gibbs-equivalent (for a given temperature) if they give rise to the same Gibbs-rescaled distribution (where
both are defined, 0 else). A transform is similarly said to be Gibbs-equivalent if it changes a tuple to a Gibbs-

equivalent one. Finally a transform is said to be Gibbs-expanding if it changes a tuple (p, H;) to another one
(o, Hy ) with G"(p) > GT (o).

Lemma 8 (Optimal Gibbs-expanding transforms). Let p, ¢ be two states, diagonal in their energy-basis of dimension
n.Let p and 6 have at least n/2 empty levels. Let GT (p) > G* (o).

Then one can transform p into 6 with 0 work with probability 1.

In other words: optimal Gibbs-expanding transforms exist and yield at least 0 work.

Proof. W.l.o.g. let the levels of p and o be ordered in descending order.
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AD

\J

AP

A0 A,(1) "

4,(1)+4,(2)

Figure C3. Gibbs-expanding transforms: one can get a state g out of astate p if p; > p (with p; the Gibbs rescaled probability
distribution of p and py that of 5), by doing the following steps for each final energy level (j): take as many levels (or part of levels) as
needed, such that the sum of their occupation probabilities equals the occupation probability of the level j (first and second pictures).
Then thermalize and do a work extraction to stretch the distribution to the wanted size (third—to—fourth picture). The final

A7 (j) = exp(—E (j)/kT) is bigger than the initial sum, because of p; > p —therefore it is really a stretching and not a squeezing: the

extracted work is at least 0.

Let ;) (j) denote the jth level of the initial (final) state.

Define a; € R as the number of needed levels of p s.t. the total area is equal to the area at the end:
ay .
2L A0 =2,

(if a; & None needs to split the level [a; | as in the above corollary).

Define cas the width of the final first level:
2 A =Ap (D),

where Ai(f) (]) = exp (—Ei(f) (])/kT)
Now we get because of GT (p) > GT (0):

Ar(1) Ay (1)
/ " GT (p)dx > / " GT () dx
0 0

whichby A¢ (1) = Zj_ A, (j) can be stated as:

2:(j) Af (1) <, .
i Af(l) - =Ar(1) = ) A
Z () - (A(])) 7 (1) [Af(l)) (D) ]Z ()

j=1
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therefore: ¢ > a; and finally:
2 4iG) § 24 (1)
Y0 Y a0 (1)

which means that one can change the energy of the first a; such that it is equal to the energy of the level 1 at the
end, with 0 risk at no cost, since either successful or not, the energy gained will be at least 0. The occupation
probabilities A will obviously not be changed by this (apart the total mixing of the first a; levels). Now we could
go on and prove the same for the second level and so forth, but there is an easier way:

The only ingredient we needed for the above reasoning to work was G (p) > G (). But this is equivalent
to G (p) — K > G” (6) — K forany constant K, especially for K = A (1). Explicitly:

1 1
/0 GT(p)dx—/lf(l)sz G (o)dx — 2;(1) VL.

o . o ) ;G
Remembering /?vf(l) = 2]‘:1 /11- (]) = Zj=1 A’(]) . [A((]]))

1
T T
/Zjﬂmw GT (p)dx > fAf(l) G (0)dx VI

i.e. we get the same requirement for the remaining levels. Which means, that we can inductively apply our
argument. Since the number of non-empty levels of ¢ is at most #/2 it follows that we need at most #/2 empty
levels to be able to split all the levels at the right place. O

the above can be rewritten as:

With this lemma we can now classify the operations which cost 0 work (with risk 0) and their reverse also
costs 0 work: these are exactly those which do not change the Gibbs-rescaled probability distribution and are
optimal:

From the above lemma it follows that any optimal Gibbs-equivalent transform costs no work. Secondly, if
the initial and the final state are Gibbs-equivalent such a transform exists (again by the above lemma), so it is
reversible. On the other hand if a transform is not Gibbs-equivalent either it or its reverse cost more than 0 work
(by the first part of theorem 1).

As an aside: this, together with the triangle inequality, proves that the symmetrized version of the mixing
distance D (a, b) = M(a ||b) + M(b|| a) > 0isametric on the set of probability distributions on the positive
reals ordered in descending order.

Appendix D. Entropy increase law

Consider the interaction of the working medium system with the heat bath. Let S be the Von Neumann entropy
of the system, f3 the inverse temperature associated with the bath, and (E) = Zi A;E; the expected internal
energy of the system. This section compares the standard law for entropy increase:

AS > BA(E), (D.1)

with the one we propose should replace it:

Wop = py=o0. (D.2)

D.1. Our model respects standard expression

Lemma 9. In the model for thermalization used here equation D.1 is always respected.

Proof. We firstly recall the model and define certain notation.

Recall that the thermalization model states that when two levels, 1 and 2, are coupled to the heat bath, their
ratio 1,/4, gets closer to exp (—f (E; — E,) ), and the other A’s are untouched. In our model one may concatenate
several such interactions to implement any allowed multi-level interaction with the bath. It will therefore suffice
to show that equation (D.1) holds for a single two-level interaction with the heat bath.

For notational convenience let the probability of being in level 1 or 2 be called 4, := A; + A,. Thisis then
constant for the given two-level interaction with the bath. In the extreme case of the two levels interacting with
the bath for an arbitrary amount of time we have A, := 4," and A, := A,/ (Treminds us of the temperature
dependence). These values must then obey the relation
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M /af = exp(—p(E — Ey)). (D.3)

We also assume without loss of generality that E, < E;. This implies that /llT < 0.54),.
Now we begin to prove the statement. Firstly we simplify AS by noting that only two levels change their
probabilities. We write

S=—YJilog;

Imax

=l log i — (A2 = A)log( Ay — 1) — Y. 4 log A;
i=3
imax

= 812 - ZL IOg /1,‘.

i=3
We see that in any two-level interaction
AS = AS),. (D.4)
Itis helpful to re-express Sy, in terms of an actual entropy S;; , so that we can use known properties of
entropies to make statements about S;;. Welet 4, := 1;/4;;and 1, := A,/A;; suchthat 4y + 4, = 1. Wedefine
Si2 == Jilog 4 — 2, log 2,.
One can then see in a few lines of algebra that
Si2 = A12812 — iz log Apa.
It follows that
AS), = AAS),. (D.5)

We accordingly now want to show that 1,,AS;, > BA(E).

We can now use a well known property of the Shannon/von Neumann entropy: S;, is concave in
21 = Ai/A1>. The function is accordingly upper bounded by any tangential line, as in figure D1 . Consider the
tangential lineat A, = A,". At that point it follows from a few lines that

d d —
—S T =—5 = E,— E»). D.6
e [2=4, e P (E — Ej) (D.6)

Note now that (E) may similarly to the entropy be written as

<m=—2&aswm+wmm

suchthat A(E) = A(E);; = (A1) (E; — E;),with A} = 4] — A, thechangein 4;.So (E) (4;) isaline with
gradient given by
A(E)
Al

= E1 - Ez.

Similarly

A(E 1
<_> =—(E1—E2)
Ak A

Comparing this with the gradient of the tangential line to S, in equation (D.6), we see that %ﬂ (E); has
12
the same gradient as the tangential line. We therefore only need to show that the change in the tangential line is

upper bounded by the change in the entropy curve, as it is equivalent to showing that AS;, > %ﬁ (E),- This

must hold for all possible initial and final values of Z; and all possible values of 7, * (recall that we assumed

without loss of generality that 7; 7 3 0.5). These can be grouped into three cases.
(i) 2; < 7;". Here the tangential bound above implies that AS;, > %(E)lz > 0.
12
(ii)) 2,7 € 2; < 0.5. Here the tangential bound implies that 0 > AS;; > %(E)lz.
12

(iii) 4; > 0.5,also after the interaction. Here the tangential bound implies that AS;;, > 0 > %(E)lz.
12

This implies the lemma. O
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| [ A\
0.2 04 0.6 0.8 1.0

Figure D1. The entropy Sy is a function of 7; . The red dot corresponds to the thermal state in question, i.e. 2, = 4; ' . The tangential
upper bound has gradient f (E, — E).

D.2. Evolutions respecting standard expression may violate Kelvin’s second law

Recall that our condition on thermalizing evolutions was stronger than equation (D.1). There are, as mentioned
in the main body, examples of evolutions that respect equation (D.1) but violate our condition: equation (D.2).
In this section we consider whether these evolutions may violate Kelvin’s second law: no process is possible in
which the sole result is the absorption of heat from a reservoir and its complete conversion into work.

We use standard results concerning majorization, as well as our main theorem. We will consider degenerate
energy levels for simplicity so that equation (D.1) reduces to AS > 0. We now only assume that the evolution is
represented by a stochastic matrix (which it is if the map is Markovian). We do not assume it is the type of
thermalization used hitherto as that would automatically respect equation (D.2).

Lemma 10. Any stochastic matrix A which for some state violates equation (D.2) but respects the entropy condition
AS > 0 will for some input state, namely the uniform distribution, violate AS > 0.

Proof.

(i) Equation (D.2) is respected iff the matrix is bistochastic. Thus A is NOT bistochastic.

(ii) The uniform distribution is invariant under a stochastic matrix iff it is bistochastic.Thus A does NOT
preserve the uniform distribution. Now the uniform distribution is unique in having maximal von
Neumann entropy. Thus AS > 0 is violated if the input state is the uniform distribution.

Lemma 11. Consider a state changing to another one. Suppose: (i) the von Neumann entropy is increased, (ii)
equation (D.2) is violated , and (iii) the evolution is a stochastic matrix. Then this evolution—applied to the thermal
state—would allow for the violation of Kelvin’s second law within our game: deterministic work extraction would be
possible from a cycle where the system is in the thermal state both initially and finally.

Proof. Recall that we are for simplicity considering degenerate energy levels in this section. The thermal state
is then the uniform distribution. Apply A to this (at no work cost as it represents an interaction with the

heat bath). Now we have a state o other than the uniform distribution, so it must majorize the uniform
distribution.

To see that this implies deterministic work extraction we firstly show that W° > 0 for some process using A
and allowed operations within the game. Consider taking # copies of 6 and going to the von Neumann limit by
taking » to infinity as well as taking the risk of failure € to 0. To evaluate W¢ in this limit it is convenient to use
theorem 12 which re-expresses W¢. Recall that in the von Neumann limit the smooth max entropy reduces to
the von Neumann entropy S. We therefore have, for the case of degenerate levels:
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. We(c® — 81
lim — =

n—00,e—0 n

= (Hmax (T) - S(U))kT In 2,

where we have also used the well-known additivity of both entropies: Hyax (p®") = #nHpmay (p) and

S(p®") = nS(p) Inthis case = 1/d, i.e. the maximally mixed state associated with a d-dimensional Hilbert
space. Moreover Hy,, (1/d) — S(o) > 0 since the uniform distribution is unique in having maximal von
Neumann entropy and Hp,y = S. Thus WO > 0 for that process.

Recall secondly the subtlety that we proved that W* (¢ — ¢”) is achievable within the game when there is
access to a catalyst system. Consider extracting work from 7 copies of 6 @ |£)(&|which will be set to n copies of
1/d ® |£)(&|attheend. Now Hyax (1/d & [E)(E]) — S(6 ® [€)(£]) > 0 asneither entropy of a state is
changed by adding a pure system in this way. Thus including the catalyst system does not change the statement
that W > 0 for the above procedure in the von Neumann limit. Accordingly this process violates Kelvin’s

law. O

Appendix E. Recovering the relative min-entropy

We now show that when restricting our main theorem to the appropriate limit we recover the result of
equation (2) which, as discussed in the main body, was given in Aberg (2012), Horodecki and Oppenheim
(2013). Recall that this statement was

Weé = kT ln(Z)DOS(O' ||PT)’

which should hold for the case where the final state p; is a thermal state on the same energy levels as the initial
state o.

The definition of Dy (. ||. )is as given in Datta (2009) (where itis called Dyyin): Dy (p || o) := —log Tr (I1,06),
where 1, is the projector onto the support of p. The smooth version is defined as
D§(p o) = SUP ;e () Do (p || o), where B? (p) is the set of states within ¢ trace distance of p.

One may first consider the special case of degenerate energy levels, as in Dahlsten et al (2011) (recall that it
was shown in Aberg (2012) that this is a special case of (2). In this case the final state (even without the Gibbs
rescaling) is a uniform distribution with support d at least as large as that of the initial state and taken to
physically correspond to the system dimension (for n qubits or bits d = 2"). The relative entropy expression
becomes in this case

D§(p 1d™1) = log d — Hi, (p).

To check that this agrees with the relative mixedness expression note that the *stretching factor’ m where

”SL(?””. It follows that the two expressions do indeed agree in this case.

| supp (p°)
We now consider the case of non-degenerate levels. We begin with deriving the relative mixedness

expression for a more general case, where the final state is some thermal state but not necessarily of the same
Hamiltonian. Then we specialize to the case where it is of the same Hamiltonian, and show that the relative
entropy expression is recovered.

M (p ||o) = log misgivenby m =

Theorem 12.
W* = KT 1n(2) (Haax (4) = Hix (1)),

where p = GT (p) is the Gibbs rescaled probability distribution corresponding to the initial state p and 9 = G” (o) is
the one corresponding to the final thermal state c.

For the proof of this theorem a technical lemma on the smooth max-entropy is needed.

Lemma 13. Let p be a monotonously falling probability function on [0, o) and d, be defined through
d.
[ s - eydx=1
0

Then:

d, = 2Hm (P)-

Proof. Let d, be defined as above. We need to show two things:
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(i) Jp® probability function on [0, oo) with || supp (p®)|| = d. and trace-distance 6 (p, p°) < e.

(if) |[supp (p®)l = d. Yp* monotonously decreasing probability functions on [0, oo) with 6 (p, p®) < €.

Then we getthat Hy,, (p) = log, ( ming p, ey <¢ (|| supp (Pl ) = log,(d, ), as said in the lemma. The proof
1

d. -
of (i) goes as follows: define p® (x) = p(x)(/ p (x)) for x < d.and p®(x) = 0for x > d,. This p*is
0

therefore normalized to one, has support [0, d,]and the following equation shows that it is also £-near to p:

5(1@7,1)5):%(/0oo
Y
2\Jo
=% /Oda (ps(x)—p(x))dx+/:p(x)dx)
1

2

1—/()dep(x)®+LTp(x)M)

=/:p(x)dx<s

P @) - po)|dx)

@ - pe]der [T p(x)dx]

which concludes the proof of (i). (ii) Is proven on the next page (for typographical reasons).
For the proof of (ii) assume, that: Ip¢ like above, s.t. || supp (p*)]| < d,, then:

=0: x>d,

o |~
pg(x)—p(x)|dx+ /d pe(x) —p(x)| dx

.
0

£ (x) — _1
P = po)] dv) =3

aiA

. S/

_e+f0d€ (pé‘(@—p(x))dx]

WV
N | =

=€

WV
N | =

which isa contradiction to & (p, p®) = %( /
0

e+ (1=-1)+ f:’ () = p () ) dx

J/

p* (%) —p(x)‘) <e

i
€

Now we have all we need to prove the theorem above:

Proof. let p* be a probability function with the smallest possible support such that § (p, p®) < € and define d, as
inlemma 13. For | < d, the requirement for maximal work extraction reads (using the lemma)

1 de
PO g5 L p) 4o Il supp (9)l
0 1-e d.Jo 1-¢ Il supp (@Il || supp (p)I
llsupp (9)ll

=/0I|supp(1f)ll q(x)dx.

O
The above is an equation in the case I = d,.. Which shows that the maximal w as defined in theorem 1 is given
by
= WSupP @@L _ o (bt () -1 ().
Il supp ()
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Equation (2) is a special case of the above theorem, recovered when the final state is a Gibbs state and has also the
same energy eigenvalues as the initial.

Corollary. Let p be a diagonal state with energy eigenvalues E;and 6 be the Gibbs state with the same energy
eigenvalues E; at the bath temperature T. Then the maximal extractable work at risk € is given by:

W¢ = kT In(2) D¢ (p, aT).
Proof. Let p be the Gibbs-rescaled probability function corresponding to p and P (j) the eigenvalues of p. Let abe

v (22)
VA

eigenvalues of p and o7 and Zis the corresponding partition function. This means by definition, that

p(zf;‘A(M)dyF:(([[:—Z:]]))z

the flat energy probability function corresponding to 6. Let A (j) = ,where E (j) are the energy-

and likewise a (x) = 1/Z (both defined for x € [0, Z]).
From the above theorem we get:

We = kT In(2) (Hiax (0) = Hirx ()

=kT ln(z)(logz(Z) - 1082(5(;Pl,f)< supp (p))]

= kT ln(2)log2(%

i (L)

fox P([yn])dy>1—¢
= kT In(2) D¢ (P, A).

Appendix F. Triangle inequality
The logarithmic relative mixedness respects a triangle inequality:

Lemma 14 (Triangle inequality). Let p, 6 be statesand ¢, , € [0, 1)
G () ) andm, = M ( cal gr (a)).

S'lo)

&+ &

T
Let my = M(GS—(’))
1

M GT (0) | = mim,

for all states .

T
proof. Let p,7and obe statesand €1, € [0, 1). Let m; = M( Gb—@
1

GT(T))andm2 = M(&
)

GT (6)). Let
p=GY(p),q=G"(6)and s = G (1).

[ s [

1—82

! p(x)
</, (=)™

P pl
< —dx.
»/(; 1-— E) — &

33



10P Publishing

NewJ. Phys. 17 (2015) 073001 D Egloffetal

Therefore thereisa m > m;m, such that
1 Im
/ _ PO s / g (x)dx.
0 1—g—¢g 0
It follows:

&+ &

M Gl (o)| = m = mm,.

Appendix G. Relative mixedness as entanglement measure

We want to start with any finite dimensional bipartite pure state p ,; tensor a pure entangled state of dimension
M'and end up in any finite dimensional bipartite pure state o tensor a pure entangled state of dimension M’
under LOCC. For M’ = 2™ and M/ = 2"/, these additional states can be thought of consisting of 1; (my) Bell
states. The question is now, how many initial and final Bell states one needs to do such an operation.

Since the states are finite dimensional we can write them in the Schmidt decomposition (see e.g. Nielsen and
Chuang 2000):

S Gl
Pap = E\/ﬁf ‘lj>A‘lj>B ® EW 1042410105

of M/ 1
= 2 ), 1), @ T 1waleon

By Nielsen (1999) the sufficient and necessary condition for this action being possible is:

|l @ Qo
Q= W,..., W,...,Mf,...,Mf
——
Mm/f
1 1 ri ri
N J S S A | (G.1)
M’ M! M! M!
—_—
Mi

Defining:

pix) = 0; x¢ [0,

1 <
such that f p(x)dx = le=1 P; (and defining g alike), we get that Q > P exactlyif
0
1/mf /M

fq(x)dx> /p(x)dx Vien
0 0

i.e. the operation is possible iff % < M (qllp)-

L M/
Thus the number of Bell states needed to do such an operation is given by log, (ﬁ) < log, (M (ql1p))-
Itis not hard to show that the relative mixedness of entanglement is an entanglement monotone. This
entanglement measure will be investigated in more detail elsewhere.
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