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Boundary topological orders of (4 + 1)d fermionic 75, symmetry protected topological states
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We investigate (3 + 1)d topological orders (TOs) in fermionic systems with anomalous Z%,, symmetry, where
its Z% subgroup is the fermion parity. Such an anomalous symmetry arises as a discrete subgroup of the chiral
U(1) symmetry of v copies of Weyl fermions of the same chirality. Inspired by the crystalline correspondence
principle, we deform the anomalous Z%, symmetry of a (3 + 1)d Weyl fermion to the anomalous Cy x Z§
symmetry. Then we microscopically construct symmetry preserving gapped boundary states of the closely related
4+ 1)d Cy x Z5 symmetry protected topological state (with Cy being the N-fold rotation), whenever it is
possible. For v = N, we show that the (3 + 1)d symmetric gapped state admits a topological Z, gauge theory
description at low energy and propose that a similar theory saturates the corresponding Z%, anomaly. For N { v,
our construction admits no topological quantum field theory (TQFT) symmetric gapped state; while for v = N/2,
we find a non-TQFT symmetric gapped state via stacking lower-dimensional (2 4+ 1)d non-discrete-gauge-theory
TO inhomogeneously. For other values of v, no symmetric gapped state is possible within our construction, which

is consistent with the no-go theorem by Cordova-Ohmori.

DOLI: 10.1103/bjvz-tmj2

I. INTRODUCTION

The ’t Hooft anomaly is a fundamental property of global
symmetry in quantum many-body systems and quantum field
theories. It measures mild violations of gauge invariance in
response to external gauge fields and is an invariant un-
der renormalization group flow (i.e., independent of energy
scales). This property makes it a powerful tool to constrain
the low-energy physics of an interacting system and has found
many applications in both condensed matter and high-energy
theories. Physically, 't Hooft anomalies can be characterized
by an invertible topological field theory (iTFT) in one di-
mension higher, i.e., a symmetry protected topological (SPT)
phase. This bulk-boundary correspondence has proven instru-
mental in our understanding of the classification of SPTs.

In general, an anomalous system does not allow a com-
pletely featureless ground state. In spacetime dimensions
higher than (1+1)d, there are three possible categories of
low-energy dynamics:

(1) A symmetry preserving gapless state, e.g., described
by a massless free theory or an interacting conformal field
theory (CFT),

(2) A spontaneous symmetry breaking state, or

(3) A symmetry preserving gapped topologically ordered
state.

In the last case, the state must exhibit topological order
(TO) and can often be described by a topological quan-
tum field theory (TQFT) at low energy. In each case, the
anomaly still poses nontrivial constraints on the theories.
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Various examples have been found in which no TQFTs can
be compatible with the anomaly, termed as symmetry enforced
gaplessness [1,2].

A well-known example of symmetry enforced gaplessness
is the perturbative local anomaly of continuous symmetry in
(3 + 1)d; often, the continuous symmetry can be chosen to be
chiral symmetry of fermions; hence, such an anomaly is often
called the chiral anomaly [3,4].

More recently, examples for nonperturbative global
anomaly, often of finite group symmetries, have been system-
atically investigated.! Notably, this was shown to be the case
for certain Zy chiral anomalies in (3 + 1)d [5], which can
arise in Weyl fermions with chiral symmetries. In addition
to their fundamental roles in particle physics, Weyl fermions
can also emerge in solid-state systems, i.e., the so-called Weyl
semimetals [6]. Alternatively, they can be viewed as boundary
theories of (4 + 1)d fermionic SPT (FSPT) phases.

In this work, we study (3 + 1)d gapped topological
states with Z%,, chiral anomaly as the boundary theory of
(4 + 1)d Z5,, FSPT. Suppose the anomaly class is indexed
by v; it can be realized by v copies of Weyl fermions v,
where o = 1,2,...,v, and the symmetry is generated by
Yy — exp(im /N)y, [5]. The simplest nontrivial example is

'A perturbative local anomaly is detected by a small (i.e., local)
continuous symmetry transformation connected to the identity trans-
formation; hence, it is sometimes called the continuous anomaly. A
nonperturbative global anomaly is detected by a large (i.e., global)
discrete symmetry transformation disconnected from the identity
transformation; hence, it is sometimes called the discrete anomaly.
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N = 2, where the anomaly is classified by the bordism group

Spinx ,r Z4 . .
[7] 24 2 =746 [8-12], i.e., v is defined mod 16.

Interestingly, such a Z;¢ class shows up as the mixed
gauge-gravity nonperturbative global anomaly [9,11,13-18]
for the standard model (SM) with Z4 x chiral symmetry, where
X is a particular combination of the baryon minus lepton
B — L number and the properly quantized electroweak hy-
percharge Y, ie., X =5(B — L) — %7 proposed by Krauss
and Wilczek [19]. The Z4x symmetry preserving deforma-
tion can still violate baryon B conservation (which triggers
nucleon decays) or lepton L conservation [20,21]. Note that
X2 = (=1 and U(l)x D Zsx D Z%; thus, Zy x = Z%. The
three generations of experimentally confirmed quarks and lep-
tons contribute a total number of Weyl fermions in the SM
as 3 x 15 =45, which gives a Z4 x anomaly index v = 45
mod 16 = —3 mod 16 (more details on this anomaly in the
SM and the phenomenological implications can be found in
Appendix B).

We then address the following question:

What is the minimal TO saturating the 75, anomaly?

Microscopically, we consider whether the 7%, anomaly
can be saturated by a symmetric gapped state as the boundary
theory of (4 4+ 1)d Z%, FSPT, realized via the block state
construction [22]. Assuming that the symmetric gapped state
at low energy is described by a TQFT, the no-go theorem
shown by Cordova and Ohmori in Ref. [5] suggests that, when
N ¢t v, there exists no gapped boundary TQFT description. On
the other hand, when N | v, no such obstructions should exist.
Thus, we would like to understand what TOs are sufficient
to saturate the anomaly. We provide a microscopic construc-
tion of the symmetric gapped boundary state, which can be
unfolded in the following steps:

(1) We start from (3 + 1)d Weyl fermions. They have
anomalous 7%, symmetry and can be viewed as the boundary
states of a (4 + 1)d ZgN FSPT. In Sec. I B, we consider an ul-
traviolet (UV) deformation of the Weyl fermions by a spatially
inhomogeneous mass term. It breaks 74, symmetry while pre-
serving Cy x Z5 symmetry. The resulting Cy x 75 symmetry
is still anomalous, which manifests as chiral fermions appear-
ing on the (1 + 1)d rotational axis (while the fermions are
gapped away from the axis). The number of chiral fermions
signaling anomalous Cy x Z5 symmetry is precisely given by
the anomaly index v of Z5, symmetry of the Weyl fermion.
In fact, these two symmetry groups, Z5, and Cy x Z5, are
known to be related via the crystalline correspondence princi-
ple [23-26]. Namely, the classifications of invertible TQFTs
with these symmetries are isomorphic. For SPT phases, the
classification turns out to be Z ¢ for both cases when N = 2.

(2) To gap out the chiral fermions on the (1 + 1)d rota-
tional axis, in Sec. II, we generalize the approach in Ref. [27]
to provide explicit constructions of gapped boundary states for
v being a multiple of N. Namely, the boundary microscopic
construction inherits from the bulk block state by taking a
spatial slice with additional invertible phases F arranged in
a Cy-symmetric way. To symmetrically gap out the gapless
modes, we tentatively extend Cy to a larger symmetry group
Cy to trivialize the Cy anomaly

1—- G4 — Cy — Cy — 1.

Meanwhile, the invertible phases F are enriched by G4. Then
we gauge G4 to restore the physical symmetry Cy and to con-
vert the enriched /s into invertible defects in the boundary
G4 gauge theory.

Within our construction, we give a slight refinement of the
no-go theorem of Cordova-Ohmori:

(1) For v=N, i.e., FSPTs characterized by Majorana
chain decoration, the minimal TO saturating the Z5, anomaly
is a Z4 gauge theory;

(2) Forv = % i.e., FSPTs characterized by p, + ip, dec-
oration, there exists no gapped boundary TQFT description
but a highly anisotropic symmetric gapped boundary state. We
conjecture that the same is true for boundary states of other
(4 + 1)d FSPTs with p, + ip, decoration;

(3) For other values of N, our construction shows no
symmetric gapped boundary states, consistent with the no-go
theorem, and we conjecture that the boundary state must be
gapless or Cy symmetry breaking.

A. 7%, symmetry and the nonperturbative global anomaly

The anomalous Z5, symmetry can be realized as a dis-
crete chiral symmetry of Weyl fermion. For a left-handed (or
right-handed) Weyl fermion v in (3 + 1)d, the chiral U(1)
symmetry is defined as Y — exp(if)y. It is well-known that
the U(1) symmetry has a ’t Hooft anomaly, which can be
characterized via the anomaly-inflow mechanism by a Chern-
Simons term AdAdA of the background U(1) gauge field A
in the (4 4 1)d bulk. This anomaly is perturbative, and the
low-energy dynamics must be gapless if the symmetry is not
explicitly broken. We are interested in breaking the symmetry
group to Zk,. The generator g of Z%,, symmetry acts on the
Weyl fermion as

v )y
—exp| — |v.
P N
Note that g¥ gives the fermion parity Z4, hence the notation

75, In the relativistic theory, the full spacetime and internal
symmetry of Weyl fermion is

Spin(3, 1) X z¥ Zon.

The Z5, symmetry is still anomalous. Again. by anomaly
inflow, Z4,, anomalies can be classified by Z4,, fermionic SPT
phases in (4 + 1)d. We are mostly interested in N = 27. In
this case, the Freed-Hopkins classification [7] of (4 + 1)d ZgN
SPTs is given by the 5d bordism group 25 of

. . Spin x Zyy
Spin??* = Spin Xz Loy = Z—g
symmetry [10,12] 2
.7,
Qgpm 2pH! — sz” (&) erl ,

which matches our calculation of the Cy x Z§ FSPT clas-
sification using block state construction in Appendix A. For

ZNote that, for a product of Abelian groups, for clarity, we use x for
the symmetry groups but the direct sum @ for the group classification
of SPT states.
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general N, we can always write N = 27¢, where ¢ is a generic
odd integer, anq the symmetry group factorizes as 7%, =
Zg,, 1 X Zg4. In this case, the classification turns out to be

SpinZszrl q Spinzzl”rl Spin

Q3 = Q. ® Q25 (BZy)
oz p+1 ~

= Q" @ G3°BZ,), (1)

where the latter group is Qgpm (BZ,) = Q5°(BZ,) isomorphic
to the bosonic SPT phases protected by Z, symmetry. Here,
QOBG) = Q°BG)/QEO is the reduced bordism group,
modding out the ng = Qg‘o(pt). Moreover, if we write N =
2Pg = 2P3"s, where s is a generic odd integer that contains no
factor of 3, then

Zypt1

® 03°(BZ3,)
= ZZ[J+3 D Zzpfl D Z3r+1 (&) ZBr—l D7, D 2.

.z .
Spin“2P*13"s ~ ~Spin
Qs ~ @

TQFTs on the boundary of bosonic SPT phases, especially
the beyond-group-cohomology ones, have been systemati-
cally studied in Ref. [27]. Hence, in this work, we focus on the
N = 2” case, where the fermionic part (from Zg,,ﬂ symmetry)
plays a role.

However, not all of the (4 + 1)d ZgN SPT phases admit a
gapped boundary TQFT description. To be concrete, denote
the anomaly index by v, which can be realized by v copies of
Weyl fermions. In Ref. [5], Cordova and Ohmori showed that,
when N t v, a unitary spin TQFT cannot exist as the bound-
ary theory to saturate the anomaly discussed above. We now
briefly review their argument. Consider the SPT theory on
M, x Ry, where M, is a 4D spin manifold® with Pontryagin
number 48, and R, is the upper half line R, = {x°|x° > 0}.
Here, the nontrivial SPT phase lives in the space x>0,
while the trivial phase lives in x> < 0. The boundary theory
B lives on x> = 0. Let Zg[M,] be the path integral of B on
the interval 0 < x°> < x, x > 0, which defines a boundary state
|B) on My x {x}. Their analysis shows that, if B is a symmetry
preserving boundary theory, then when N { v, we must have

Zp[M,] = 0.

This condition is satisfied when B is the (3 + 1)d mass-
less Weyl fermion because of fermion zero modes. When B
is a unitary spin TQFT By, consider the theory By, on a
simply connected spin manifold X;. One can then show that
the partition function Zg,, (X4) is always nonzero by relating
1Z5., X4)]? to ZB.p (5*) and ZB.p (52 x §?) and applying the
result from Ref. [2] to show that Zg, (S* x §%) # 0. Taking
X, to have Pontryagin number 48, we find a contradiction. In
conclusion, a gapped boundary TQFT does not exist for (4 +
1)d 75, SPTs when N 1 v.

B. Cy x 7% symmetry

In this section, we discuss the UV deformation from the
anomalous Z5, symmetry to the anomalous Cy x Z5 symme-
try. Starting from the (3 + 1)d Weyl fermion, we turn on an

3We denote nD for space dimension, and (n + 1)d for spacetime
dimension.

s-wave superconducting pairing, which completely gaps out
the Weyl fermion. More explicitly, the superconducting Weyl
fermion is described by the following Hamiltonian:

H = [ X1y 00 D0+ 8o ()i, () + Heel.

The pairing breaks Z%,, to Z% but preserves the full spatial
rotation group SO(3), under which ¢ transforms as spin-1/2
(since it is a Lorentz spinor).

However, instead of the uniform pairing Ay, let us also
introduce a (1 4 1)d vortex line passing through the origin.
More explicitly, in cylindrical coordinates (o = /x2 + y2,
6 =arctan ¥, z), we have A(p,0,z) = |Ao|f(p)exp(ih),
where f(p) is the profile of the order parameter, which ap-
proaches 1 as p — oo and vanishes as p — 0. It is well
known that the vortex line traps a (1 4+ 1)d Majorana-Weyl
fermion with a chiral central charge c_ = 1/2.

With the nonuniform pairing, the internal U(1) symmetry
and Spin(2) rotation symmetry are broken down to their diag-
onal subgroup SO(2). To see this, naively, the presence of the
vortex line breaks the Spin(2) rotation symmetry. However,
the SO(2) subgroup symmetry can be restored if a spatial
rotation R(«) around z by an angle « is combined with a U(1)
transformation

i

Y (x) — exp <2a)R(o¢)1ﬁ(X).

This way, the additional phase of the superconducting order
parameter under rotation is canceled. Because of the o/2
phase, the symmetry group is changed from Spin(2) to SO(2).

More formally, without the pairing, the full spacetime and
internal symmetry of the Weyl fermion is the Lorentz group
with the chiral U(1) symmetry

Spin(3, 1) Xzr U(l),
which becomes
Spin(1, 1) Xzr U(l)

on the gapless vortex line. The rotational symmetry around
the vortex line is

Spin(2) Xzr U(1) D SOQ2).

To summarize, by introducing a (1 4+ 1)d superconducting
vortex line, the (3 + 1)d Weyl fermion is deformed into a
(1 4+ 1)d Majorana-Weyl fermion along the vortex line while
everywhere else is gapped. This deformation preserves a di-
agonal subgroup of Spin(2) and U(1), which is just the SO(2)
rotation. The presence of the chiral modes along the vortex
line indicates that, under the unbroken SO(2) symmetry, the
theory is still anomalous.

We will consider further breaking SO(2) down to Cy (e.g.,
by the lattice), which provides an example of a Cy x Z&
anomaly.

This example can be viewed as a special case of the
fermionic crystalline correspondence principle [24-26]. In
this case, the principle gives an isomorphism between the SPT
phases protected by Z5, symmetry and those protected by
Cy x Z% symmetry. For related discussions of the boundary
TQFT correspondence between SPTs protected by internal
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Edge modes from topological phases
on the (2+1)d rotation center in the bulk

FIG. 1. Block construction for a (3 4+ 1)d symmetric gapped state on the boundary of the (4 + 1)d bulk Cy x Z5 FSPT state. Here, we

demonstrate the N = 4 case.

symmetries and those protected by crystalline symmetries, see
Refs. [28,29].

The example of a Weyl fermion deformed by a super-
conducting vortex can also be viewed as the boundary of a
(4+ 1)d Cy x Z§ FSPT state. To be more explicit, let us
parametrize the four Euclidean coordinates of the (4 4 1)d
FSPT bulk as (x, y, z, w), and the rotational plane along the
x-y plane is parameterized by (x,y). In four spatial dimen-
sions, the rotational center (that is invariant and fixed under
the x-y plane rotation) is also a 2D plane as the z-w plane.
A fixed-point state for (4 + 1)d Cy x Z, FSPT phase is to
simply put a (2 4 1)d py + i p, superconductor on the rotation
center z-w plane. This is an example of the so-called block-
state construction [22]. On the (3 + 1)d boundary, the (1 + 1)d
Majorana-Weyl fermion on the (1 + 1)d rotation axis (i.e.,
the vortex line) is precisely the (1 + 1)d edge mode of the
(2 + 1)d px + ip, superconductor.

More generally, one can start from v copies of Weyl
fermions and follow the same procedure to arrive at v
Majorana-Weyl fermions at the rotation axis. Below, we say
that this system has a Cy x Z% anomaly indexed by v. Al-
ternatively, one may view such a system as the boundary of
a@+ 1)d Cy x Zg SPT state, which takes the form of a
stack of v copies of p, + ip, superconductors at the (2 + 1)d
rotation center. In Appendix A, we derive the full classifi-
cation of Cy x Z5 FSPTs in (4 + 1)d using the block-state
construction.

II. CONSTRUCTION OF SYMMETRIC
GAPPED BOUNDARY

The (3 4+ 1)d deformed theory has v copies of (1 + 1)d
Majorana-Weyl fermions on the rotation axis (i.e., the z axis),
and each of them carries a chiral central charge c_ = 1/2.
To create a fully gapped (3 + 1)d boundary, we follow the
strategy in Ref. [27] and use the construction shown in Fig. 1.
Here, the 3D x-y-z boundary space is parametrized by (x, y, 2),
taken to be the w = 0 slice of the 4D x-y-z-w space of the

(4 + 1)d bulk. Choose N half-planes all terminating at the z
axis, the positions of which are related to each other by Cy
rotation. For example, one of the half-planes could be the
plane y = 0, x > 0; all the others are obtained by Cy rotations.

On each (2 + 1)d plane, we decorate a (2 + 1)d (chiral)
TO B, again all placed in a Cy-symmetric way. At the 1D
rotational center z axis, we have N of the (1 + 1)d edge modes
from the (2 + 1)d topological phases 3 on the half-planes and
the (1 + 1)d edge CFT from the 2D rotation center (namely,
the z-w plane) in the (4 4+ 1)d bulk. We require that these
edge modes together can be gapped out while preserving Cy
symmetry.

We will distinguish two types of gapped boundary states:
TQFT and non-TQFT. A TQFT boundary state is one that
can be described by a TQFT at low energy. In (3 4+ 1)d, a
full classification of TQFTs in bosonic systems (or nonspin)
has been achieved recently [30-32]. Roughly speaking, they
are all finite group gauge theories. In other words, they are
all topologically equivalent to gauged (fermionic or bosonic)
SPT states. We believe the same is true for fermionic theories,
as one can always gauge the fermion parity and apply the
bosonic classification.

The block construction, naively, does not lead to (3 +
1)d TQFT boundary states since the insertion of (2 + 1)d
(chiral) TOs breaks the Lorentz symmetry. However, if B is
a (2 + 1)d topological gauge theory, then one can deform the
block construction to a TQFT by converting 3’s into invertible
topological defects in a (3 + 1)d TQFT. We fill the boundary
with a (3 + 1)d topological gauge theory and then condense
the bound state of 2D and 3D gauge charges such that there
are no deconfined anyons on the (2 + 1)d planes.

For simplicity, it suffices to assume that the gauge group
is an Abelian group G4 for all our examples. Then B has a
set of bosonic or fermionic anyons carrying gauge charges
of G4. They are labeled by characters (i.e., 1D representa-
tions) of Gy, the collection of which forms the group Gy =
Hom[Gx, U(1)], the Pontryagin dual of G,4. Importantly,
these anyons braid trivially with each other, so they form
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a Lagrangian subgroup. Here, being a Lagrangian subgroup
means that every anyon not in G, must braid nontrivially
with at least one anyon in G4. We denote anyons from (2 +
1)d topological gauge theory by b», for b € G4. In addition,
they may transform nontrivially under Cy, e.g., Cy may act
projectively on the anyons.

Then on the (3 + 1)d boundary, we stack a (3 + 1)d
topological gauge theory with the same gauge group G4 and
the same group of anyons G,. Importantly, we require that,
as Abelian anyon theories, the (3 4 1)d theory G4 must be
identical to the (2 + 1)d theory B, meaning that we choose
3D gauge charges bs; that share the same transformation
properties as by, under Cy. On each B plane, we condense the
bound state byy b3, for all b € Gy, which effectively identifies
b,y with bs,. By construction, the condensation preserves Cy
symmetry, and it is expected that there is no spontaneous sym-
metry breaking. After the condensation, all the (2 4 1)d planes
become codimension-1 invertible topological defects in the (3
+ 1)d topological gauge theory, implementing the 0-form Cy
symmetry. Below, we denote the invertible topological defect
by D.

To see why D is invertible, it is useful to consider an alter-
native description of the construction, adopting the symmetry
extension method in Ref. [33]. First, we symmetrically gap
out the gapless modes by introducing invertible phases F in
the block-state construction. To do this, the global symmetry
Cy may need to be extended by the gauge group G4 in non-
trivial ways, and consequently, F is enriched by the extended
symmetry group. Then to restore the physical symmetry Cy,
one gauges the symmetry group G4 in the entire (3 + 1)d
boundary space to produce a G4 gauge theory. The invertible
state F becomes an invertible defect D in the gauged theory.
4 If instead we only gauge the symmetry G, on the (2 + 1)d
states, they turn into topological phases described by B in the
previous construction. As we will see in Sec. II C, the compu-
tations are easier to handle in this ungauged description.

We want to emphasize that the block-state construction is
the UV description of the boundary state. In the infrared (IR)
limit, the Cy symmetry in the block-state construction should
become the product of the continuous rotation symmetry and
the internal emanant symmetry of the IR theory. More con-
cretely, denote by ryy the generator of the Cy rotation group.
Then we have the identification ryy = U x rm(%”), where
U is the internal symmetry. In the TQFT, the IR rotation
symmetry rig does not act, and ryy becomes the internal
Zy symmetry in the TQFT, implemented by the invertible
topological defect D.

In the following gapped boundary constructions, we only
need to focus on that N is a power of 2 (namely, N = 27),
for the reasons discussed in the introduction; other cases are
related to the bosonic cases already explored in Ref. [27].

“Before gauging, F being invertible means that there exists another
state F~!, such that the stacking of F and F~! can be smoothly
deformed to a completely trivial state without breaking the protecting
symmetry. Importantly, this deformation can be generated by a local
symmetry preserving Hamiltonian. This implies that, after gauging,
the defects corresponding to F and F~! are also inverse of each
other.

Without loss of generality, assume that the anomaly index is
v > 0, which means there are v Majorana-Weyl fermions on
the rotation axis [namely, the z axis on the (3 + 1)d boundary].

A. General considerations

The TO B must have c_ = — ﬁ, so it must be non-Abelian
unless v is a multiple of N. Since our goal is to create a fully
gapped state, it must be that N copies of the TO can have
a gapped boundary to an invertible state, even before adding
symmetry considerations. Mathematically, it means that B has
order N in the fermionic Witt group [34,35]. The Witt group
is the equivalence classes of TOs, with the following equiva-
lence relation: 13; and B, are equivalent if and only if B; and
B, can have a gapped interface up to the stacking of invertible
states. The structure of the Witt group of fermionic TOs is
highly constrained. Any non-Abelian class in the fermionic
Witt group has order either 2 or infinity [35]. On the other
hand, from the chiral central charge, one can easily show

that the order of B is a multiple of %, where (N, v) is the

greatest common divisor of N and v. We thus require C NN 5 = 2

orv = %’ If v # 0 or N/2 (mod N), the construction cannot
work. We conjecture that, in these cases, the boundary must
be gapless or Cy symmetry breaking.

B.v= %: non-TQFT gapped state

Let us start from N =2 and v = § = 1. We fix an arbi-
trary plane passing through the rotation axis. The C, rotation
reduces to the reflection on this plane. The same problem
was studied for the surface of the crystalline topological su-
perconductor (TSC) [36,37], and one can construct a (2 +
1)d SO(3)3 X semion-fermion TO preserving all symmetries
[37]. Recall that surface anomalies of (3 + 1)d crystalline
TSCs are classified by a Z;¢ index k. The SO(3); Chern-
Simons theory® fermionic TO carries the anomaly index k =
3 [37-39], and the semion-fermion TO theory carries the
anomaly index —2 (by choosing the appropriate symmetry
fractionalization on the semion) [36]. Thus together they have
anomaly index k = 3 + (—2) = 1. By the dimensional reduc-
tion to the plane, it is clear that k and v are in fact equal.

However, the SO(3)3 fermionic TO is not a topological
discrete gauge theory and cannot be made so by stacking with
TOs. This is because anyons in a topological gauge theory
must have quantum dimensions square to an integer, ® but the
spin-1 anyon in SO(3); TO has quantum dimension 2 + /2.
Our previous construction of turning the non-TQFT state into

>Note that the SO(3); Chern-Simons theory can be constructed
out of the anyon contents of SU(2)¢ Chern-Simons theory but only
keeping its integer-spin representation (j = 0, 1, 2, 3) of SU(2) while
removing the half-integer-spin representation (j = 1/2, 3/2,5/2) of
SU(2). It should not be confused with the Fibonacci anyon theory,
which can be described as the subcategory of integer-spin represen-
tations (j = 0, 1) of SU(2); Chern-Simons theory. In our convention,
Fibonacci anyon theory is roughly the SO(3)% Chern-Simons theory.

®In fact, either Z or Z+/2 where the +/2 is from Majorana zero
modes.
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a TQFT state does not apply. The boundary state we have
constructed is therefore non-TQFT.

For general even integer N € 2Z, one can easily adopt the
N = 2 construction. Namely, one views the system as N/2
identical copies of the N = 2 boundary. That is, the nth copy
is rotated from the Oth copy (namely the Nth copy on the x-z

plane) by a Z”T” angle, spanning the x-y plane.

C. v = N: Z, gauge theory

Recall the block-state construction discussed in Sec. IB,
4 + 1d Cy x Zg SPT state takes the form of v copies of
Dx + 1p, superconductors at the (2 + 1)d rotation center in the
bulk, giving rise to v chiral edge modes on the (1 4+ 1)d axis on
the boundary. To construct a gapped boundary for the v = N
class FSPT, we first need to cancel the chiral central charge.
This can be achieved by using the trivial block state consisting
of N layers of p, — ip, superconductors [22,24], where the
Cy symmetry acts as the Zy cyclic permutation on the layers.
Each (2 + 1)d p, — ip, superconductor contributes a (1 + 1)d
Majorana-Weyl field (often called chiral Majorana fermion
field in condensed-matter literature) yg ;, j =1,...,N. Un-
der the Zy generator, it transforms as

YR.j = VR,j+1-

Let us define
1 ) 2mi
YR = ﬁ ;a}_” YR,j, @ = €Xp <W) 2)

This definition of the basis change converts the Zy symmetry
generator from the shift matrix form to the diagonal clock ma-
trix form. In this new basis, the chiral fermion fields transform
under the Zy symmetry as

I
Yr1 —> @ YRy,

satisfying  Yrn_1 = w;’l. Thus we have Yprq, @ =
1,...,N/2 —1 as independent Weyl fields and ¥z 0, ¥z n/2
as Majorana-Weyl fields. To distinguish them from Weyl
fields, we rename these two as xg o and xg n/2-

As mentioned earlier, the 1D rotation axis hosts N chi-
ral edge modes from N copies of p, + ip,. Similarly, after
Fourier transform, there are N Majorana-Weyl fermions y; ;,
j=1,2,..., N.Living on the rotation axis, these chiral fields
are all invariant under Cy rotation symmetry and thus can be
combined into N/2 Weyl fermion v, ,, « = 1,...,N/2. We
can choose to couple vy /2 with xg o via a mass term, e.g.,

W2 — 1//Z,N/Q)XR,O
leaving a single Majorana-Weyl fermion yx; o defined as
X0 = VLnp + Vi nn 3)

To simplify notations, from now on we rename x o as xz and
XR.N/2 AS XR-

Denote the generator of the Cy symmetry by r. The field
content of the (1 + 1)d theory is listed in the following table:

Field Index r action
Vi I=1,....5 -1 I
Ve I=1,....5 -1 exp (5L1)
XL 1

XR —1

Note that the left-moving edge modes from the p, + ip,’s
are at the rotation center and thus do not transform under
the » symmetry; while the right-moving edge modes from the
px — ip,’s are placed around the rotation center and thus do
transform under the » symmetry.

To gap out these modes, we generalize the symmetry ex-
tension method [33,40] to our case. The idea is to enlarge the
symmetry group so that the SPT order becomes trivialized,
but then gauge the extra symmetries to recover the physical
symmetry group. In this way, one obtains a topological gauge
theory as the boundary state. To determine the candidate
gauge group, we give the following intuition: The smallest
gauge group is Z,. Suppose we extend Cy by Z, (i.e., un-
gauging the Z, symmetry), and the (2 + 1)d planes carry
Z, x 75 SPTs. Knowing that (2 + 1)d Z, x Z% SPTs are
Qgpm (BZ,) = Zj classified and any of the so-called Majorana
SPTs here is of order 8, the Z, gauge group cannot work
unless N is a multiple of 8. Thus, for general N = 27, the next
candidate gauge group is Z4 (while Z3 is ruled out for obvious
reasons). In the following calculations, we first check if a Z4
gauge theory is enough to saturate the anomaly for N = 27;
then for 8 | N, we check whether a Z, gauge theory could be
the minimal TQFT to saturate the anomaly (minimal in the
sense of being the smallest gauge group).

1. N=2

In the first case, we extend Cy symmetry by Z4, and we
find that the following group extension:

1> 74— Ciyy > Cy — 1.

Namely, the gauge group is Z4, and the symmetry group Cy
is extended to Cyy. Denote the generator of Z4 by g. More
explicitly, the group extension means " = g.

As illustrated in Fig. 2, upon ungauging the Z4 symmetry,
the (2 + 1)d planes are further dressed with (2 + 1)d Majorana
FSPTs protected by Z4 x Z% . Recall that the classification of
Z4 x 7% FSPT phases in (2 + 1)d is Q?pm(BZ4) =757,
[12,41,42].

The Majorana FSPT is the generator of the Z, classification
subgroup. This phase has the (1 4+ 1)d edge theory consisting
of four Majorana-Weyl fermions x; ;, j =1,...,4, and two
Weyl fermions g ;, j = 1, 2. Under the Z4 symmetry action
g, they transform as

YR, — 1Yr,;.

Other fields (xz,;, j = 2, 3, 4) are invariant under the g sym-
metry transformation. Most notably, in the Majorana FSPT
phase a g symmetry twist defect carries a Majorana zero mode
(MZM), which is evident from the action on xy ;.

8 XL1 —> —XL,1»
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Now, we create N copies of the Majorana FSPTs placed
around the rotation axis in a Cy-symmetric way. Their edge
modes are denoted by x; ;. and ¥ ;.. Here, we use a triplet
to label the indices: L or R indicates the chirality of the edge
mode, j specifies different edge modes in a given layer o and

a =1,...,N is the layer index. We postulate the following r
symmetry:

XLile = XLie+l, 1< SN-—1

XLIN = —XL1,1,

XLjo = XLjat+l, o«=1,2,...,N, j=234,

2mi
1/fR,j,at — €Xp 4N ijoH»lv
a=1,2,....,N, j=1,23,4.

Note that the phase factors are chosen so that rV
satisfied.
As before, we Fourier transform the chiral fermion modes

YL~ Zexp (——ZOZ)XL,La, [=1,3,...,N—1,
2mi
Vi, jn ~ ZGXP (——noz) XL, jos

=g is

n=0,1,....N—1, j>1,
N 27
WR,j,n ~ (;exp (—Tna>w&j,a, n:O, 1,...,N— 1.

Again, notice that, for j > 1, ¥ ;o and v jy o are
Majorana Weyl fermions, while wL i = VL jN-n, giving us

7 — 1 independent Weyl fermions. For j = 1, all ¥ ;;’s are
Weyl fermions. Rename v ; o, ‘/fL,j,% as 1z jo and N,y to
emphasize that they are Majorana-Weyl fermions; we summa-

rize the field content in the following table:

Field r action Index range

Y exp (Z11) I=1,3,....,N—1

YL exp (&) I=12.... Y tlandj=234
NL.j.0 1 j=2,3,4

My —1 j=234

YR jin exp(Zyexp(Zn) n=0,1,...,N—1landj=12

We want to check whether all of the (1 + 1)d edge modes
together can be gapped out without breaking Csy symmetry
[which becomes Z4y symmetry on the (1 4+ 1)d modes]. This
is equivalent to asking whether the symmetry has no ’t Hooft
anomaly. To this end, we consider the topological spin %, of
the r twist field, which corresponds to a 27 self-rotation of the
r twist defect in the (2 + 1)d bulk SPT state, or equivalently, it
is the phase factor from the modular 7 transformation on the
two-torus partition function with the r twist field background

0, = exp(2mih,). )

This phase factor determines whether the corresponding SPT
phase is trivial. If it cannot be trivialized to 1 by attaching local
excitations, such as symmetry charges or a physical fermions,
to the twist defect, then the SPT phase is nontrivial. In other
words, ©®, = 9;”\' is in fact a topological invariant for the Zy
SPT phase. If ®, # 1, the (1 + 1)d edge modes cannot be
gapped out without breaking the protecting symmetry. When
®, =1, as reviewed in Appendix A, there is one more in-
variant to check, namely, whether the twist defect carries a
MZM. If both invariants vanish, it should be possible to gap
them out with appropriate local interactions while preserving
the symmetries, although we will not attempt to determine
the gapping terms explicitly. Notice that the (1 + 1)d fermion
modes come in two groups. Those on the rotation center are
from N of the p, — ip, layers and N of the p, + ip, layers;

p=ip p—ip Gauged Gauged
FSPT ! FSPT FSPT FSPT

XLj TR TR AL.j

Vi Vi Gauge Z,
Ya _—

XLj| | 7w TR ALj
p—ip Vri 1 YR p—ip Gﬁ‘s‘%‘}d Gl?slrngd
FSPT : FSPT

Edge modes from p + ip® on the
(2+1)d rotation center in the bulk

FIG. 2. The left figure demonstrates the ungauged description of (3 + 1)d N = 4 symmetric gapped boundary construction: p, — ip,
superconductors are added to cancel the chiral central charge, then we further decorate the (2 + 1)d planes with Z, x Z5 SPTs to gap out
everything. The right figure shows the actual TQFT with a static network of gauged FSPT defects after we gauge the Z4 symmetry.
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their contribution to A, is given by
N

71
=ty Ly L 0

The rest of the contribution comes from the Majorana FSPT
layers and is given by

N-1 2 5-1 2
1 l 3 l
@ = . > Z
T2 ; w) T2 Z\N
lodd -
1 En 1)\?

Together we have
—13N? + 12N +4
; (N
48N

thus, the invariant for the Z4y anomaly in this (1 4 1)d theory
is given by

he =h" +h? =

O, = exp[2wi(4Nh,)]

i )
= exp g(—13N + 12N + 4)

— exp [—%’(N2 — 4)]. 8)
The N = 2 case gives ®, = 1. Then for N = 27 with p >
2, we have
N?—4 27 —4 20277 —1)
6 6 3 '
Since 2p — 2 is even, one can show that 22r=2 _ 1 is a multi-
ple of 3, using

= e DFT — 2

C))

— 1.

Therefore, ®, = 1 as well.

Next, we check the second invariant which determines if
the r-twist defect carries a MZM. We count the number of
Majorana fields transforming nontrivially under r, and there
are four such Majorana fields: g o and IR for j = 2,3, 4.
Thus, the r twist does not have any MZMs.

Therefore, Z4y symmetry is nonanomalous, and all the
edge modes can be fully gapped out without breaking Z4y
symmetry. After this we gauge Z4 symmetry to obtain a (3
+ 1)d TQFT. Note that, if we only gauge the symmetry in
the (2 + 1)d Majorana FSPT state, the unit Z, gauge flux
becomes a non-Abelian anyon with quantum dimension +/2.
In conclusion, we have constructed a (3 + 1)d Z4 gauge theory
that saturates the v = N anomaly.

We can examine how the Cy rotation symmetry acts on
various objects in the (3 + 1)d Z4 gauge theory. The low-
energy excitations include Z4 gauge charges and Z4 fluxes.
The rotation symmetry acts projectively on gauge charges,

7In fact, the TO of the gauged Majorana FSPT can be identified as
T-Pfaffian X semion-fermion.

meaning that a unit charge picks up a projective phase exp(;lN
under an r action. Physically, this can be viewed as the frac-
tionalized angular momentum. The rotational action on Z4
fluxes is facilitated by the codimension-1 gauged Z4 x 7%
FSPT defects. In the presence of a unit disinclination line,
which can be viewed as a flux of Cy symmetry, a Z4 flux loop
linked to it carries a MZM as it intersects with the gauged
FSPT defect.

2. N=0mod 8

For N # 0 (mod 8), we argued that Z, gauge theory is
the minimal TQFT. However, when 8 | N, a more careful
analysis is needed to determine the minimal TQFT. Below,
we carry out the computations to check if a Z, gauge theory
is enough to saturate the anomaly when N is a multiple of 8.
The analysis is completely parallel with that of the Z, gauge
group considered above, so we will keep it brief.

As before, we introduce the trivial configuration of N
layers of p, — ip, superconductors, and the topological spin
of the r twist field is again given in Eq. (5). Ungauging the
Z, symmetry, we then extend the symmetry to Cy via the
following short exact sequence:

1—>Zz—>C2N—>CN—)1.

Denote the generator of Z, symmetry as g; the group ex-
tension suggests ¥ = g. As before, Z, would eventually
become the gauge symmetry. The (2 + 1)d planes around
the rotational axis are further decorated by the Z, x Z5 Ma-
jorana FSPT. The generating phase has the edge modes of
one left-moving Majorana-Weyl fermion x; and one right-
moving Majorana-Weyl fermion xg. Under g symmetry, the
edge modes transform as
81 XL —> —XL»  XR = XR-

For N copies of the Majorana FSPTs, we denote the edge
modes by X4., Xo.r, and they transform under r symmetry as

Xa,L = Xat+1,L, @=1,...,N—1,

XN.L = —XN.L»

Xa,R = Xoa+1,R-

We perform the Fourier transform

N .
i
YL~ Zexp (—Nla)xa,b I=1,3,...,N—1,

a=1

N
2
Ynr ™~ Zexp <—%na)xa,1, n=0,1,...,N—1.

a=1

(10)
The topological spin of the r twisted fields is
N—1 2 5-l 2
1 l 1 / 1
h? = - — ) —= —) -—=. a1
P=32(w) () e
l'odd B
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Suppose we have n copies of the fundamental Z, x 7%
Majorana FSPTs; the invariant for the Z,y anomaly is

©, = exp 272N [V + nh®])}
— exp [—%(N2+3n+2)]. (12)

Since N? +3n + 2 is odd for even N and odd n, we see
that ®, # 1. From there, we conclude that a Z4 gauge theory
is the minimal TQFT to saturate the v = N anomaly.

III. CONCLUSIONS AND DISCUSSION

In this work, we systematically studied (3 + 1)d gapped
phases with anomalous 7%, symmetry. The anomaly is
classified by an index v and can be realized in v left-
handed Weyl fermions as the Z,y subgroup of the global
U(1) symmetry. The Cordova-Ohmori constraint forbids any
symmetry-preserving TQFTs with such an anomaly when
N t v but leaves the N | v case open. To explicitly construct a
symmetry preserving fully gapped state for v = N, we utilize
the crystalline correspondence principle to relate 7%, and
Cy x Z%. We first deform the Weyl fermions by a supercon-
ducting mass term containing a vortex line, which changes
the symmetry group to Cy x Z5. Then we combine the con-
struction in Ref. [27] with the symmetry extension method
[33], arriving at a Z4 gauge theory as the gapped boundary
state. We show that the Cy symmetry in the Z4 gauge theory
is implemented by a static network of invertible topological
defects. Interestingly, when v = N/2, we also construct a fully
gapped but highly anisotropic state which cannot be described
as a TQFT with topological defects.

Let us now discuss some future directions.

First, it will be insightful to understand our results in
the context of the decorated domain wall construction. For
fermionic SPT phases, the construction produces several lay-
ers of decorations [43]. In (4 + 1)d, for a symmetry group G,
the decorations are p, + ip, superconductors on 2D defects
[classified by H?(G, 2)], Majorana chains on 1D defects [clas-
sified by H*(G, Z,)], and complex fermions on 0D defects
[classified by H*(G, Z,)]. One can show that the v = N state
is characterized by the Majorana chain decoration, while those
with py + ip, decorations do not admit a gapped boundary
TQFT description. A natural conjecture is that the same is true
for the boundary TOs of (4 4+ 1)d fermionic SPT phase with
other symmetry groups. Proving or disproving this conjecture
is an interesting question for future work.

We now give an algebraic argument that the p + ip layer
cannot be trivialized by symmetry extension, i.e., the 5D term

AU p; = pi[PDA)],

where A € H'[G, U(1)] paired with the Pontryagin class p;
cannot be trivialized by symmetry extension for G being a
finite group. Given that all (3 + 1)d TQFTs are gauged finite
group SPTs, this argument strongly suggests that no symmet-
ric boundary TQFT exists for (4 + 1)d fermionic SPTs with
nontrivial p + ip decoration.

The p + ip decoration is classified by H*(G, Z). Since G is
finite, H*(G, Z) is isomorphic to H'[G, U(1)], i.e., the group
of 1D representations of G. Given a nontrivial @ € HZ(G, 7),

we have a nontrivial 1D representation A € H'[G, U(1)] =
Hom|[G, U(1)] (w is related to A via the Bockstein homomor-
phism). Consider a group extension of G by a finite group K

l1-K—>G 5>G—1,

where the surjective map from G’ to G is denoted by a re-
duction r. Suppose A is lifted to A" € H'[G’, U(1)]; then the
pullback requires A'(g) = (r*A)(¢) := Alr(¢)] for ¢ € G'.
As r* is injective on H'[—, U(1)], a nontrivial X lifts to a
nontrivial A, giving a nontrivial class in H*(G’, Z). Therefore,
o € H*(G, Z) cannot be trivialized by symmetry extension.

In general, topologically ordered boundary states for FSPT
phases with Majorana chain decorations are not well under-
stood. In (2 + 1)d, the only known case is the semion-fermion
theory, which carries a v = 2 anomaly (Majorana chain dec-
oration) of the (3 4+ 1)d TSC with time-reversal symmetry.
However, for Majorana FSPTs in (3 4+ 1)d protected by
unitary finite-group symmetry, no explicit examples of topo-
logical boundary states are known. These questions are special
cases of a broader problem of characterizing 't Hooft anoma-
lies of TOs enriched by global symmetries. Namely, given
a TQFT and how symmetry acts in the theory, how can we
compute the 't Hooft anomaly associated with the symmetry
using the given data? While this problem has been extensively
studied in (2 4 1)d (see, e.g., Refs. [44—46]), the (3 + 1)d case
has been much less explored, which may be a fruitful avenue
for future research.

It will also be interesting to explore the connections be-
tween the TQFT gappability and the realizability of the
symmetry action by a locality-preserving unitary in lattice
models. In Ref. [47] if v is not a multiple of 2N, then
the symmetry action cannot be implemented by a shallow-
depth circuit. For v = 2N, the corresponding FSPT state
has complex fermion decorations and can be described by
group supercohomology models. Explicit finite-depth sym-
metric disentanglers have been constructed in Ref. [48].

Note added. After the completion of this work, Refs. [49]
and [50] appeared, reproducing the result of this work using
the symmetry extension approach.
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APPENDIX A: (4 + 1)d SPT WITH Cy x Zf SYMMETRY

Here, we use the block-state construction to derive the
fermionic Cy X Zg SPT classification in (4 + 1)d. We first
consider (3 + 1)d blocks without any internal symmetry ex-
cept Z5. Since (3+ 1)d fermionic short-range entangled
(SRE) phases are all topologically trivial without any symme-
tries, this layer of decoration is trivial. Then we consider the
(2 + 1)d rotation plane, on which Cy symmetry becomes an
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internal Zy symmetry. Here, (2 + 1)d Zy x Z% SRE phases
can be divided into two classes:

(1) Chiral TSCs with c_ = v/2 (i.e., v copies of the p, +
ip, superconductor);

(2) Fermionic SPT states with no chiral central charge.

Recall that fermionic SPT phases (with ¢ = 0) in (2 +
1)d with Zy x Z5 symmetry have the following classification
[42]:

Zy N =1(mod?2)
Iay = 73 ® ZN/2 N =2 (mod 4)
Zoy ® 7, N =0(mod4).
This classification can be seen from the domain wall decora-

tion. We list the relevant decorations below:
(1) H3[Zy, U(1)] is the pure bosonic layer;

(2) H%(Zy,Z,) corresponds to complex fermion
decoration;
(3) H'(Zy,Z,) corresponds to Majorana  chain
decoration.

When N is odd, the classification is Zy, consisting of
essentially bosonic SPT states. When % is odd, the symmetry
group factorizes as Zy = Z ® Zn». Thus, for N = 2 mod
4, the fermionic part comes entirely from the Z, subgroup,
giving rise to the Zg factor. The N = 0 mod 4 case is more
interesting, and we shall return to explicit constructions later.

To physically interpret the (2 + 1)d fermionic SPT clas-
sification, we notice that SPT phases can be physically
characterized by the universal properties of the symmetry
fluxes. A unit Zy flux can be associated with two pieces of
universal data. First, one can ask whether the flux carries
a MZM. We define an invariant A = 0, 1 as the number of
MZMs mod 2. Second, the flux has exchange statistics 6,
whose Nth power ® = 6" is well defined. We note that 0
can be related to the spin & of the Zy defect operator in the
(1 + 1)d edge CFT of the SPT state via 6 = exp(2wih). We
can then use these two invariants to characterize the (2 + 1)d
Zy x 7% fermionic SPT phases:

(1) For N = 2 (mod 4), ® satisfies ©*¥ = 1 and defines
the topological invariant for the phases. The generating phase
has ® = exp(5y), A = 1. Four copies of the generator has

0= e)<p(21’v’1 ), A 0, which is in fact a bosonic state.

(2) For N =0 (mod 4), there are two invariants ® and
A. The generator of Zy has ® = exp(”ﬁi), A =0, and the
generator of 75 has ® = 1, A = 1. Notice that two copies of
the Z,y generator state have ® = exp(%), A = 0, which is in
fact a bosonic Zy SPT state.

When N = 0 (mod 4), to further determine the classifica-
tion of the (4 4+ 1)d Cy x Zf fermionic SPT, we need to study
the equivalence relations among the block states, labeled by
the triplet

(w,m,A), velZ, mely, ey,

where the index v labels the Z classification of p +ip, m
labels the order of the topological spin of the Zy flux, and X
indicates the existence of MZM. We start with a topologically
trivial block state, consisting of N layers of p + ip supercon-
ductors, on which Cy acts as the Zy cyclic permutation of the
layers.

To determine the value of my for this trivial configuration,
we study the edge modes of the state. Each p + ip supercon-
ductor contributes a Majorana-Weyl field y; j, j=1,..., N.
Under the Zy cyclic layer permutation, they transform as

YL,j = VL,j+1-

After Fourier transform, we define the new chiral fields

1 . 2mi
Vil =—= Zw”n,/‘, @ = €xp <—> (A1)

VN 7 N
transforming under Zy as v, ; — o't ,. Since 1/ny[ =

Y nj2—1, we identify ¥y o, @ =1,..., N/2 as independent
Weyl fields and Y0, ¥ n/2 Majorana-Weyl fields. Under
Zy symmetry, Y o Temains invariant, while Y y/, obtains a
minus sign. Therefore, the topological spin of a unit Zy defect
consists of those from % — 1 Weyl fields and one Majorana-
Weyl field WL’N/Z

h—lel ! 2+ I N>+2
2= \N 16 48N °

(A2)

ie,Nh= (N*+ 2)/48. In addition, the unit Zy defect carries
a MZM from yy,5.

In the following, we assume N = 27. Here, my can be
determined by

iTm 17
— )=0= —(N*+2
exp( N ) exp |:24( + )] — my
CNWP+2) 2 4 A3
- 24 - 3

The trivial block state corresponds to (N, my, 1); thus,

we find that (=N, 0, 0) ~ (0, my, 1).® Denote ry = 2+L,
which is easily seen to be an odd integer. This indicates that
(0, my, 0) has order 8 in Z,y = Z,p+1. Therefore, the element
(1,0,0) has order 8N = 2713,

On the other hand, (—2N,0,0)~ (0,2my,2 =0),
and we have (=27t 0,0) ~ (0,27 'ry, 0); thus, 277! x
(4, ry, 0) ~ 2P+ 2P=1py 0) ~ (0, 0, 0). Since ry is odd,
we conclude that (1,0,0) and (4, ry, 0) generate all the phases.
The group structure is thus Z,p+s @ Zpp-1.

When N =2, the decoration is represented by (v, m)
where veZ me Z/SZ The topological invariant satis-
fies exp(‘” m) = O = exp(‘}); thus, m=1. We have an
equlvalence relatlon (2,0, 0) (0, 1). In this case, (1,0,0)
generates the whole group Z .

We conclude that the Cy x Z4 SPT classification in (4 +
1)d is given as follows:

(1) For N =1 (mod 2), the classification is the same as the
classification of (4 + 1)d bosonic Cy SPT, which is derived
using the block construction in Ref. [27],

Zn®Zy 3IN
I3y ® Znyz 3| N,

(2) For N even, write N = ¢q27, where g is odd. Then the
symmetry group 7%, is isomorphic to Z£,,, x Z,. Since N/2

20t

8~ means phase equivalence.
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TN

B-1L B -1, gravity gravity

FIG. 3. The SM has the U(1)’ anomaly and U(l)-gravity’
anomaly with U(1) = U(l)g_. or more precisely as U(l) =
U(1)q-n,L, captured by two kinds of one-loop triangle Feynman dia-
grams shown here. The anomaly coefficient is given by (—Ny + n,,),
the integer-value difference between the family number Ny = 3, and
the total number n,, of types of right-handed neutrinos.

is odd, the classification is the direct sum of Zyps @ Z5p-1
(from Z;,H) and the one for Z, in the previous case.

APPENDIX B: 7,5 CLASS ANOMALY OF 7§ SYMMETRY
IN THE SM

The conventional SM has the following features:

(1) 15 x 3 Weyl fermions and an anomaly index —3 +
n,,. The SM has 15 Weyl fermions per family (or per gen-
eration), and with Ny = 3 families, thus a total 15 x 3 =45
Weyl fermions of quarks and leptons. We do not yet know
how many types of right-handed neutrinos there are beyond
the SM: The total number of types of right-handed neutrinos,
say n,,, can be n,, =0,1,2,3,..., and so on. The poten-
tially nonzero number —Ny + n,, = —3 + n,,, is an important
anomaly index for the SM.

(2) U(1)p-L symmetry and anomaly. A continuous baryon
B minus lepton L number symmetry U(1)p_g, is preserved
within the SM. More precisely, to have a properly quantized
charge, it is better to normalize U(1)g_r, by a factor of N, as
the quark Q number minus N, lepton L number symmetry
U(1)g-n,1, where the color number is N, = 3 in the SM.?
However, the U(1)qg—_n,1. symmetry has a ’t Hooft anomaly
in 4d spacetime captured by a 5d iTFT in one extra dimension
with the following invertible U(1) functional:

1
exp(iSs) = exp |:1f (_Nf+nuR)AA<N36dAAdA
M35

1 1

where A is the U(1) gauge field connection (locally a one-
form), and R is the spacetime curvature locally a two-form.
In terms of the relation between Eq. (B1) and the perturbative
Feynman diagram as triangle cubic term diagrams in Fig. 3,
A A dA A dA matches with the U(1)3 anomaly, and A A
Tr[R A R] matches with the U(1)-gravity> anomaly, or more
precisely, Eq. (B1) can be written in terms of Chern and

°Namely, when we mention U(1)g_r, symmetry and anomaly, we
really mean U(1)qg_y,1. symmetry and anomaly.

Pontryagin characteristic classes:

exp(iSs) = exp (i / S (= Ny +ny,)Ag-n.L
M.

5 {NCSCI[UU)Q_NCL]2 W })
6 24

(B2)

Here, the nth Chern class is denoted as c,, locally ¢ :=
sz %dA; the first Pontrygain class is pj, locally p; :=
f e glzTr[R A R]. To obtain a nontrivial characteristic class,
it requires taking care of the transition functions between local
patches glued together to do a global integral on the whole
manifold.

3) 72§ = 24 x=sp-1)-2¢y and U(l)x symmetry and
anomaly. A discrete baryon B minus lepton L symmetry linear
combined with a properly quantized electroweak hypercharge
Y, known as X =5(B —L) — 37 = %(Q —N.L)— 37, is
identified by Wilczek and Zee [21], which can be U(l)x
preserved in the SM. However, U(1)y symmetry has the same
’t Hooft anomaly captured by Eq. (B2).

This specific combination as an order four finite cyclic
group Z, x_sg_y,-2y is also pointed out by Krauss and
Wilczek [19]. The Z4,X symmetry in the SM is exactly the
7t symmetry discussed in our main text. Recently, in Refs.
[9,11,13-18], it was pointed out that the (3 4+ 1)d SM suffers
from a mod 16 class of this mixed Z4 x-gauge-gravity non-
perturbative global anomaly captured by a (4 + 1)d fermionic
iTFT [namely, the low-energy field theory of the (4 + 1)d
FSPT that we studied]

J

(B3)

The background gauge field Az,, € H' (M, Z,) is obtained
by the quotient map 7, x = Z4 x/Z5 from the Spin xzr Zax

2
exp(iSs) = exp {1( — Ny + nV[{)l_j-6[n4d [PD(Az,,)]

structure on the 5d spacetime manifold M>. The 4d Atiyah-
Patodi-Singer eta invariant n4q is the Zj¢ class of the
topological invariant of the time-reversal symmetric TSC
[with a time-reversal generator T whose T? = (—1)F]. The
Naq 1s evaluated at the 4d submanifold Poincaré dual (PD) to
the Az, , in the 5d bulk.

For the quarks and leptons in the SM and the right-
handed neutrinos, we can write them all as a multiplet of
the left-handed Weyl fermions (as two-component Lorentz
spinors) under the Lie algebra representation of SU(3) x
SUR)U(Dy x U(1)x,

(YL =(dr ® I, & qr, &® iig D Er)1 B Ny . V1R
~ (G130 (1,2)3 30 (3,21,
®G3 D1 ®, D 1 i ®ny,(1,1)05. (B4

The family index is I =1, 2, 3 with ¢, for u, d, e type,
Y1, for ¢, s, p type, and Y5 for ¢, b, T type of quarks and
leptons. We use I =1, 2, 3 for n,,,, My, s Mg € {0, 1} to la-
bel either the absence or presence of electron e, muon u, or
tauon t types of sterile neutrinos [i.e., right-handed neutri-
nos sterile to Ggv = SU(3) x SU(2) x U(1)y gauge forces].
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Here, the total number of types of right-handed neutrinos is
Ny = Ny + n‘)u‘R + My k-

The SM multiplet has () ~5_3 @10, @ 15 under
SU(S) x U(l)x for SU(S5) grand unification, while (yp); ~
16, under SO(10) x Z4 x for Spin(10) grand unification.

All quarks and leptons in the SM have a charge 1
under Z4x. Furthermore, the beyond-the-SM (BSM) right-
handed neutrino (here written as the left-handed Weyl fermion
particle) vg also has Z4x charge 1. Thus, the scaling
dimension-6 (in energy) four-fermion deformation operator
has a charge 4 =0 mod 4 under Z4x. The Z4x symme-
try is still preserved in the modified SM with these BSM
deformations:

Wq wq wq 1//1 s 1//57 I/fq 1pil/fl s I/Icilpq Wﬁq, 1//[1,01 wzlﬂz .

The ¥, and v, are the quark and lepton fermion field
operators from the SM multiplet in Eq. (B4). Some of
these four-fermion BSM deformations violate the baryon
B conservation (which triggers nucleon decays), lepton L
conservation or B — L. conservation [20,21]. Some of these
four-fermion BSM deformations can preserve the full U(1)yx,
but some of these BSM deformations can break U(1)y down
to Z4’ X-

As mentioned in the introduction, the Z¢ class of the
7% chiral anomaly shows up as the mixed gauge-gravity
nonperturbative global anomaly for Z4x in the SM. Three
generations of experimentally confirmed quarks and leptons
contribute a total number of Weyl fermions in the SM 3 x
15 = 45, which gives an anomaly index 45 mod 16 = —3
mod 16. The —3 mod 16 is the anomaly index of the SM,
for the Z ¢ class of the Z4 x-gauge-gravitational nonperturba-
tive global anomaly. As a speculation, the (3 + 1)d boundary
TO that we construct together with the (4 4+ 1)d bulk FSPT
provides an alternative way to cancel the —3 mod 16 class
of anomaly in the SM, without necessarily including three
generations of right-handed neutrinos. The experimental ab-
sence of any right-handed neutrinos in the SM provides us
the theoretical opportunity to include the exotic topological
BSM sector via appending the (3 + 1)d noninvertible TO or
(4 + 1)d invertible topological phase to the SM. For example,
anomaly cancellation can be achieved by having one right-
handed neutrino, together with the (3 + 1)d Z4 gauge theory
TQFT discussed here. Thus, these topological states (and the
fractionalized/anyonic energetic excitations above the TO en-
ergy gap) become a candidate for the BSM cold dark matter
[13-15].
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