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It  has  been  demonstrated  theoretically  that  under  certain  loading  conditions  hierarchical  structures  hold
eceived in revised form 14 February 2012
vailable online xxx

a distinct  advantage  in  efficiency  over  more  conventional  designs.  Here  a particular  hierarchical  design
is  studied,  and  we  show  that the  power-law  scaling  relations  between  loading  parameters  and  volume
of material  required  to  make  a stable  structure  can  be  varied  systematically.  Through  computer  simula-
tion,  we  construct  mechanism  diagrams  depicting  likely  failure  modes  for  a given geometry,  which  give
insight  into  the optimisation.  Using  rapid  prototyping  technologies,  the  same  structure  is fabricated  and
mechanical  testing  undertaken;  the  results  are  compared  to theoretical  and  finite  element  models.
. Introduction

Structural hierarchy as a design principle is found through-
ut nature for highly efficient, multipurpose materials (Baer et al.,
987; Gao et al., 2005; Schaedler et al., 2011; Lakes, 1993). The
tructure of compact bone, for example, shows structural hierar-
hy over a range of length scales (Hancox, 1972; Currey, 1984)
ormed through the tissue’s ability to restructure itself in response
o prevailing stresses (Currey, 1984). Through its hierarchical con-
truction, high mechanical efficiency is retained while meeting
equirements of stiffness (Katz, 1971) and toughness (Piekarski,
970). Tendons, wood and bamboo also exhibit highly ordered
tructural hierarchy (Lakes, 1993). Recent theoretical works have
hown that through the use of hierarchical design, high mechanical
fficiency can be obtained for structures under a range of loading
onditions (Rayneau-Kirkhope et al., 2011; Farr and Mao, 2008;
arr, 2007a,b; Murphey and Hinkle, 2003). In the limit of light
oading, the optimal number of hierarchical levels increases with-
ut bound and the structure becomes fractal on all length scales.
xperimental work on hierarchical sandwich panels has confirmed
heoretical predictions that second order panels exhibit strength
en times greater than their first order counterparts of the same

elative density (Kooistra et al., 2007).

Here, through simulation, we follow the fundamental path
f the structure throughout the loading process to analyse the
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failure of the structure, the results of these simulations support
the previously found scaling relationship between compressive
loading and volume of material required to make a stable structure
(Farr and Mao, 2008). The relationship between failure mode and
geometry of a structure is discussed and failure maps are presented
for structures with one and two  levels of structural hierarchy.
Using rapid prototyping technologies an example frame is then
constructed and its failure under compressive loading is compared
to both freely hinged models and full finite element simulations.
The differences between theory and experiment are discussed.

2. Design and basic scaling laws

The structure under investigation is a space frame, constructed
through an iterative procedure where the generation, G, of the
structure is defined as the number of iterations performed (Farr
and Mao, 2008). The generation-1 structure is simply made up of
two tetrahedra with n octahedra between them, see Fig. 1(a). The
generation-1 structure, when compressively loaded (and initially
assuming all beams are pin jointed), has some of its component
beams under compression and some under tension. More specif-
ically, the horizontal beams are under tension while all others
are under compression. The generation-2 structure is then con-
structed by replacing all beams in the generation-1 structure that
are under compression with scaled generation-1 frames. This pro-

cedure is repeated to construct higher order frames, and Fig. 1(b)
and (c) show example generation-2 and 3 structures. The nam-
ing convention for the parameters that are repeated on different
length scales is such that XG,i refers to parameter X in a frame of

dx.doi.org/10.1016/j.mechrescom.2012.06.011
http://www.sciencedirect.com/science/journal/00936413
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Fig. 1. Example frames of (a) generation-1; (b) generation-2 and (c) generation-3.
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Fig. 2. Scaling of non-dimensionalised volume v  versus the maximum non-
dimensionalised loading f for space frames with different generation numbers G.

The previous analyses (Farr and Mao, 2008) assume that all com-
o view the stereograms in 3D hold the page 20 cm away (30 cm for the lower image)
nd look through the page, until the images merge.

eneration-G at the ith level. For example, n2,2 is the number of
ctahedra in a generation-2 frame on the longest length scale
which is in part made up of generation-1 substructures), n2,1 is
he number of octahedra in the substructures of the generation-2
rame (which is constant for all the substructures used at this level).
he parameters denoted in this way are number of octahedra in
ny frame or component structure, nG,i; the length of a component
eam or structure, LG,i; the spring constant of a beam or substruc-
ure, kG,i and the force placed through a beam or substructure,
G,i. In this notation when i = 0 the parameter refers to the simple
eams that make up the smallest components. Making the assump-
ion that all the component beams are freely hinged at their ends,
he failure of each hierarchical level in this structure is decoup-
ed entirely from all others. Thus, under this approximation, the
nly modes of failure that can interact are those within a single
tack of octahedra; in the analytic formulation of this problem, it
s assumed either buckling of a single component beam or buck-
ing of the entire (sub-)frame occurs first (Farr and Mao, 2008).
n this formulation, therefore, the generation-1 frame has 2 fail-
re modes, failure of a component beam or failure of the entire
rame, while a generation-2 frame has 3 failure modes, failure an
ndividual component beam, failure of a subframe of length L2,1
r failure of the entire generation-2 frame. Using this approach,

hrough iterative formulae, optimisation of the whole structure can
e achieved. The assumption that the failure of each hierarchical

evel occurs independently of its own substructure can be referred
The theoretical results assume that the deformation prior to buckling is very small,
while the simulations take this deformations into account, but still yield the same
power-law scaling.

to as a ‘continuum’ model of the structure (Kooistra et al., 2007).
After the optimisation of the structure for the number of octahedra
at each hierarchical level and the radius of the component beams, it
can be shown that the minimum volume of material (scaled against
the length, L, of the structure cubed, v ≡ V/L3) required to create
a space frame stable under compressive loading F (scaled by the
Young’s modulus, Y, times by the length of the structure squared,
so f ≡ F/YL2) scales as (Farr and Mao, 2008)

v = �1(G)f (G+1/G+2), (1)

where �1(G) is a number which depends on how many generations
G are present.

Due to the nature of the �1(G) dependence on G, it is found that
for a given value of loading there is an optimal generation number
for the structure which brings about the design of minimal mass.
With a decrease in the loading parameter f, the optimal generation
number is increased. The optimal generation in realistic situations
does not exceed 4, and this, combined with the simple truss con-
struction, makes the implementation of these designs plausible.

3. Scaling laws

First, a computational model (freely hinged) is created to ana-
lyse the change in geometry of the structure as it is loaded; such
a method predicts the deformation of the structure when loaded
gradually and establishes whether the change in loading on the
constituent beams is enough to invalidate the continuum assump-
tion and therefore change the scaling law. Plotted in Fig. 2 are the
results of these simulations alongside the analytic optimisations
against loading showing the dependence of volume with loading
and generation as described in Eq. 1. The results of a numerical
study in Fig. 2 show that, though the individual beams are found to
fail at a lower loading than that predicted analytically, the scaling
law is still intact. The results shown in Fig. 2 are for spaceframes as
shown in Fig. 1, while the frames fabricated in later sections of this
work have the end tetrahedra removed at the highest hierarchical
level. It is expected that, under the freely hinged approximation, the
geometry changes under loading will not change this scaling rela-
tionship, since the change from pin jointed to essentially clamped
boundary conditions only affects the largest hierarchical level, and
introduces a single pre-factor in the Euler buckling criterion.
ponent beams in the structure fail due to Euler buckling, and that
yield of the material is not important in the optimisation proce-
dure. This assumption is shown to be valid in Fig. 3 where the
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Fig. 3. Slenderness ratio of frames for generation 1–3 against loading parameter
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Fig. 4. Through plotting n1,1 and r/L1,0 we obtain a failure map for the generation-1
structure valid for all values of L1,1. The figure is split into two regions; region 1
shows the geometries which lead to failure of the smallest beams in the structure,
while region 2 shows where the structure is predicted to fail due to global failure
of  the frame. The black curve shows the set of optimal geometries. Also shown are
contours of constant non-dimensional failure loading (F/(YL2

1,0)) separated by values
of  5 × 10−5 indicated with (blue on-line) dashed lines and constant non-dimensional
volume, V/L3

1,1, separated by values of 2 × 10−4 shown in (red on-line) dotted lines.

difference in performance of the structures is analysed in Section
7. The compression tests are undertaken at a constant compres-
sion rate while the reaction forces are measured; the compression

108642
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Fig. 5. Showing the predicted mode of failure for an adapted generation two  struc-
ture with non-dimensional volume of v = 9.3 × 10−3 and an optimal failure loading
parameter of fopt = 3.07 × 10−3. The area of the plot is separated into 3 regions, region
1  shows the values of (n2,1, n2,2) where the smallest solid beams in the structure will
fail  first, region 2 is such that the substructure generation-1 frames will fail first,
and  region 3 shows the parameters which put the generation-2 frame of length
L2,2 fail first. The dotted lines (red on-line) show the contours of constant failure
or which the frame is optimised. As the loading decreases, the slenderness ratio
ncreases showing where the frames are most efficient it is possible to discount
ield  as a source of failure of the component beams.

lenderness ratio of the smallest beams, sG,0, is plotted against the
oading parameter for which the frame is optimised. Also plotted in
ig. 3 is min

i>0
(sG,i), where sG,i is the maximal distance from the neu-

ral axis of a (sub)frame to any component part of that (sub)frame
or the hierarchical level i divided by LG,i; sG,i represents the slender-
ess of the (sub)frames. We  see as the loading parameter becomes
maller, and thus where the frames are most efficient, the slender-
ess ratio increases.

. Failure mode

A  generation-G structure will have G + 1 types of failure mode
rom Euler buckling at each structural level, and it is assumed in
he optimisation that each failure mode is independent of the fea-
ures on different length scales – this is a result of the freely hinged
pproximation which decouples the failure of one hierarchical level
rom all others in this class of structures. Through simulation we
an construct a failure map  of the structures in order to predict
hich failure mode will be active for a given geometry. As dis-

ussed previously, the generation-1 structure has only 2 modes of
ailure (buckling of the whole structure treated as a single column,
nd buckling of the individual component beams). Furthermore for

 given length L1,1 of structure,the geometry is fully defined by r1,1
nd n1,1, so by plotting the amount of material used as a func-
ion of these two parameters we can predict the mode of failure
f any given (non-optimal) design, and so obtain the unique opti-
al  design. Fig. 4 shows the evolution of the optimal design with

arying loading criteria: as the value of loading decreases, the num-
er of octahedra in the optimal design increases and the radii of the
eams decrease.

The generation-2 structure has 3 classes of failure mode. For a
iven volume, V, and length of structure, L2,2, we can plot n2,2 and
2,1 which then fully define the structure; it should be noted in the
esulting plot [Fig. 5] that the parameter r varies in order to keep

 constant. For a given volume the optimal construction is found
hen the structure is on the point of failure on all length scales, and

ontours of constant loading failure are also shown in the figure.

. Fabrication and testing

To test the structure, the largest length scale tetrahedra at

ach end are replaced with planar surfaces, which provides a
ore suitable mechanical coupling; through this adaptation load-

ng eccentricities will be reduced. The structure was fabricated
hrough rapid prototyping on an EnvisionTEC perfactory machine
Though here n1,1 is shown to take a continuous set of values, in reality only integers
values can be realised. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of the article.)

(EnvisionTEC, 45968 Gladbeck, Germany) using EnvisionTEC RC25
(NanoCure) material and a second set manufactured on the same
machine using EnvisionTEC R05 material. Each structure has
dimensions of approximately 40 mm × 11 mm  × 11 mm  includ-
ing the end plates. The dimensions of the smallest struts within
the structure were approximately 1.35 mm long with radius of
0.15 mm,  Fig. 6 shows part of an example structure. The build pro-
cess using the RC25 (NanoCure) material was undertaken using
two different layer thicknesses, 35 �m and 50 �m while the R05
material was manufactured using a layer thickness of 25 �m.  The
at  loading which are separated by 0.1 times the optimal loading value. The black
circle shows the geometry of the structure manufactured here. In the construction
of  space frames, n2,2 and n2,1 are restricted to the integers. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of  the article.)
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Fig. 8. Close-up of the structure of Fig. 6. The layering of the R05 material is clearly
visible in this microscope image. Image taken using a Nikon Optiphot at a magni-
fication of ×10. The image also clearly shows the extra material deposited around
the joints.
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ig. 6. The generation-2 frame. The final frame was  built without the top tetrahe-
ron and with a plate attached to both top and bottom to allow reliable compression
ests to be undertaken.

ate for all compression tests is 1.2 �m s−1 using an Instron 5569
achine, Fig. 7 shows the set up used.

. Results

Due to the manufacturing process, the material has a clearly vis-
ble layered texture [see Figs. 8 and 12].  This leads to anisotropic

aterial performance under stress and different behaviour of
he material to that observed when testing its bulk proper-
ies (EnvisionTEC). In analysing our compression results we  have
ntroduced an ‘Effective Young’s Modulus,’ Yeff of the material to
ompensate for the altered performance of the structure due to the
ayering effect. The Effective Young’s Modulus is taken such that
he deformation of the structure at very small displacements is in
ine with the results of finite element simulations. The normalised
esults are then plotted in Figs. 9 and 10 for frames manufactured
n both the R05 and the RC25 (NanoCure) materials along side the
heoretical result with a linear displacement assumption, the freely

inged model which neglects bending effects of the beam, and a full
nite element simulation of the structure. This analysis is under-
aken using ANSYS 13.0. A linear buckling analysis precedes a full
on-linear analysis using inbuilt routines. The difference between

ig. 7. The setup used for the compression tests and the modified structure with
nd tetrahedra replaced by planar surface. Structures in compression tests shown
re those made out of R05 and images taken at 3 different time intervals: the first is
efore loading. The second at the point of first failure, where the second substructure
rom the top is seen to be deformed (due to failure of a smaller component beam).
n  the third image the deformation is seen throughout the top half of the structure.

0.060.040.020
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0

Fig. 9. The results of the compression tests for two  structures made from the RC25
(NanoCure) material with layer thickness 35 �m against theory and simulations.
The black circle indicates where the freely hinged model would fail due to fracture
of  the tension beams of length L2,1 in accordance with the material properties; the
structure reaches the point of failure due to the breaking of the long tension beams
just  before the smallest beams in the structure buckle.
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Fig. 10. The results of the compression tests for two structures manufactured using
R05 with layer thickness 25 �m against theory and simulations. The failure here is
due  to the smallest beams in the structure failing by buckling.
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R05 material (although R25 is brittle under tension and so gives less
good agreement). However, the analysis of freely hinged structures
predicts that they will fail at higher compression forces and lower
strains than are obtained by finite element analysis (and experi-
D. Rayneau-Kirkhope et al. / Mechanic

he linear analysis and the maximum loading of the path shown in
igs. 9 and 10 is found to be approximately 35%. In both cases appro-
riate boundary conditions are taken into account for the modified
tructure with the largest tetrahedra removed from the frame (as
hown in Fig. 6). The scaling of f and x/L is such that the finite
lement analysis curves plotted in Figs. 9 and 10 do not change
etween the materials with different Y values, the Poisson ratio
f the material is taken to be 0.3. In both cases, the failure point
f the finite element curve indicates a loss of elastic stability. In
echanical testing, it is found that for the frame constructed using

he RC25 (NanoCure) material the failure occurs through break-
ng of the longer tension beams in the structure, these breaks are
epresented by vertical steps in the path of displacement against
oad for the compression tests in Fig. 9. Taking into account the
ailure under tension at 2.5% elongation (bulk material properties)
e show this failure mode is predicted to occur first in the freely
inged model (see Fig. 9) however it is not predicted in the finite
lement simulations (the finite element simulation predicts a max-
mal elongation of the tension beams of 1.8%). It is understood that
he layered nature of the material due to the manufacturing pro-
ess will have a greater effect on failure due to tension, as any lack
f adhesion between the layers will have an amplified effect when
laced under tension. The R05 material can withstand an elonga-
ion great enough to test the failure mode predictions from buckling

ade previously. Fig. 5 shows that failure due to the smallest beams
hould be the active mode. This is indeed found to be the case
n experiment giving qualitative agreement between theory and
xperiment.

The value of Yeff differs depending on the layer thickness. We
ave found that the values of Yeff for the RC25 (NanoCure) material
re:

eff = 2.2 GPa ± 0.1 (2)

eff = 1.5 GPa ± 0.05 (3)

or layer thicknesses of 50 �m and 35 �m respectively. While the
alue of Yeff for the R05 material with layer thickness of 25 �m is
ound to be

eff = 0.5 GPa ± 0.1. (4)

. Discussion

We see from Fig. 10 that the deformation of the R05 structure is
ery close to that predicted by the finite element simulation; in the
ase of the RC25 (NanoCure) material, Fig. 9, both the strain at fail-
re and the deformation at failure is much lower than predicted
y these models. This difference in behaviour can be attributed
o the different nature of the failure in the two materials and the
ayered texture of the material giving inhomogeneous behaviour
nder tension in particular. The loading at failure in both cases
iffers significantly from the freely hinged results. This difference
ust be investigated further to establish if the addition of bending
oments at the beam ends is enough to invalidate the previously

ound scaling laws.
It is noted that the deformation of the structure as predicted by

he simple freely hinged model method agrees with the full finite
lement model very well until the loading reaches a threshold value
nd the effects of bending moments at the end of the beams become
mportant. When the structure is tested physically we  see that this
roportional limit is shifted to a lower value of the loading param-
ter for the RC25 (NanoCure). This can be explained through the

resence of excess material around the joint and the non-uniform
eam thickness. The difference between the freely hinged model
nd the finite element simulation is down to the beams being mod-
lled as free to hinge at the joints in the former and not in the latter.
Fig. 11. The joints of the frame have excess material around them which contributes
the differences between simulation and the test results. This is particularly apparent
in  the R05 material.

The difference between the actual testing can, in part, be attributed
to an amplification in this effect due to the excess material where
beams meet. This excess material is shown clearly in Fig. 11.  We
see good agreement between the finite element simulation and
the physical testing of the structure made using R05 material. It
is also important to note that any imperfections in the material
will be amplified by the structure’s dependence on structural ele-
ments much smaller than its own  length. The nature of the RC25
(NanoCure) material is such that failure is due to the breaking of
the beams loaded under tension rather than any of the compression
beams failing – although this does not invalidate the ‘continuum’
approximation (Fig. 12).

In summary, we have designed optimal hierarchical space
frames based on freely hinged couplings between component
beams, and then performed finite element simulations and physi-
cal measurements on structures to find the failure modes once this
freedom at the joints is removed. Despite potential non-uniformity
of the resins used to make the physical structures, the finite ele-
ment analysis agrees well with the experimental results on the
Fig. 12. The RC25 (NanoCure) material clearly showing the layering effect of the
manufacturing process on the structures surface and a more opaque appearance.
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ent) without freely hinged joints. In future we would therefore
ike to investigate the optimal form of non-freely hinged hierarchi-
al space frames, and determine whether the scaling laws for the
aterial required to support a given compression force that apply

o the freely hinged case still hold true.
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ppendix A. Fabrication

The structures tested here were fabricated using a modified
nvisionTEC Perfactory® type III mini system. This mask-projection
ased photopolymerisation system has a 2800 × 2100 pixel digi-
al light processing projector allowing a resolution of 5 �m.  The
tructure manufactured here was first modelled as an STL file as

 3D structure, before being split into its component 2D layers of
 given thickness and stored as a job file using Perfactory RP pro-
rietary software. Light with wavelength approximately 475 nm is
hen passed through the projector and focused onto the resin sur-
ace for polymerisation of the exposed areas. The sample is then
ashed using ispropanol in an ultrasonic bath and left to dry. For

he structures made from R05 a postcuring procedure is followed
sing an EnvisionTEC Otoflash System to harden the material.
ppendix B. 3D Printing

With the ever increasing capabilities of additive manufactur-
ng and the realistic possibility 3D printing being bought into
arch Communications 46 (2012) 41– 46

a more public domain the authors feel that the STL file for the
frame constructed here should be made freely available. The
STL file therefore is freely available as supplementary material
on-line.

Appendix C. Supplementary data

Supplementary data associated with this article can be
found, in the online version, at doi:http://dx.doi.org/10.1016/j.
mechrescom.2012.06.011.
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