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a b s t r a c t
An equilibrated polycrystalline material is considered, containing a small fraction of void space (melt
or vapor), for which the crystals are above their roughening transition against this medium. The grain
boundaries are approximated to have equal free energy per unit area, so that they assume the geometry of
lamellae in a dry foam. It is argued that the void space of the polycrystal consists of sharp-edged cavities
of tetrahedral symmetry at the grain vertices, and universal shapes for these voids are calculated. Treating
these voids as incipient fractures, a general analytic expression for the failure stress (by fracture) of the
polycrystal is derived, in terms of void fraction, grain size and polydispersity, fracture toughness and
surface and grain boundary free energies. This expression is expected to apply when grains are large
enough for fracture to be brittle, and the relation of this mechanism to other modes of material failure,
such as plastic yield (as described by the Hall–Petch relation) or breakage under stresses from elastic
anisotropy is discussed.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
Polycrystalline materials are abundant in nature: examples
include igneous rocks [1], glacial ice [2] and beeswax [3]. They also
occur frequently as artiﬁcial materials, such as metals, ceramics [4],
chocolate [5] and sorbets [6].
Under a sufﬁciently strong applied stress, a void-free polycrystal may eventually yield plastically, as dislocations are nucleated,
move through the crystal structure, and encounter grain boundaries. The yield√stress  Y often obeys the Hall–Petch [7] relation,
Y = 0 + Khp / d, where Khp and  0 are constants for the particular
material and d is the grain diameter. This arises from the movement
of dislocations being blocked by grain boundaries, and then accumulating until their mutual repulsions allow them to overcome this
energy barrier [7–9].
In addition, material failure can occur via the nucleation and
propagation of microcracks, which can lead to brittle behaviour.
Such cracks might form by a dislocation pileup mechanism [10] or,
if there are microcrack precursors already present (again perhaps

∗ Corresponding author at: Unilever R&D, Olivier van Noortlaan 120, AT3133
Vlaardingen, The Netherlands.
E-mail address: robert.farr@unilever.com (R.S. Farr).
0921-5093/$ – see front matter © 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.msea.2010.10.094

from dislocation pileup), they might be made to propagate under
the applied stress, or stress concentrations produced by elastic
anisotropy [11]. Indeed, for a material such as ice, Gold [12] found
two families of cracks: a strain dependent set attributed to dislocation pileup, and a second set associated with brittle behaviour.
The elastic anisotropy mechanism bears further consideration
for its contrast to the theory we develop below. If the randomly oriented grains of a polycrystal are elastically anisotropic, then when
the material is put under load, the local differences between crystal
compliances will lead to inhomogeneities in the stress ﬁeld. These
inhomogeneities will be on a length scale set by the crystal size,
and will be present even if the deformation on long length scales is
afﬁne [11]. The resulting stresses behave as ﬁnite shear forces at the
grain boundaries, but also generate stress singularities at jogs on
these boundaries, at lines where three grain boundaries meet, and
at the points where such grain triple junctions intersect a free surface such as a void [13]. Nevertheless, the singularities encountered
are rather weak: a logarithmic divergence (with respect to distance
from the singularity) has been found in the case of loading induced
by thermal expansion [14], and singularities substantially weaker
than the minus one half power (associated with cracks) have been
found for mechanical loading [15,13]. This elastic anisotropy mechanism was analysed by Shyam Sunder and Wu [16], who assumed
that there are microcrack precursors present (for example from
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result to hold down to a void volume fraction at which it exceeds
(and is thus cut off by) the Hall–Petch value for a void-free polycrystal, or failure arising from elastic anisotropy or other mechanisms
(see for example Ref. [23]).
2. Grain statistics

Lamella

Plateau border

Grain boundary

Fig. 1. (a) Schematic of a section through a dry foam, showing gas cells, foam lamellae and Plateau borders. (b) Schematic of a section through a polycrystal with a small
void fraction, illustrating its similarity in geometry to an ‘inverse’ foam.

previous dislocation pileup), and that these precursors have a size
which is a ﬁxed fraction of the grain size. These authors then derived
a brittle failure criterion, which has an approximate inverse square
root grain size dependence, deriving ultimately from the assumption on microcrack precursor length and the Grifﬁth criterion for
crack growth [17].
The discussion so far concerns void-free polycrystals, but often
during processing, or as a ﬁnal material, a polycrystal will contain a signiﬁcant fraction of void space. This is true of sea ice [18],
where the incorporated electrolytes prevent complete freezing, and
is also the case for magma [19] and many ceramics at elevated
temperatures when the material is partially molten. Materials manufactured by high temperature powder sintering [4] usually contain
voids ﬁlled with air even after cooling, and a similar material structure is encountered under natural conditions in the form of snow
[20]. The elastic anisotropy mechanism has been adapted to the
case where rounded voids (such as air bubbles) are present [21],
and the ﬁnite stress concentrations so induced (e.g. a factor of two
at the surface of a spherical void) enhance this mechanism and lead
to a prediction for how much weaker a porous polycrystal is than
its massive counterpart.
In this paper, we take a different approach: we treat the case
where voids between the grains have evolved towards a local
(quasi-)equilibrium, under the inﬂuence of thermodynamic forces.
Under the assumption of roughened crystals [22] and equal grain
boundary energies per unit area (discussed below), the undeformed
structure of a well-equilibrated polycrystal with little void space
will be governed by similar structural rules to a dry foam – but
with gas cells in the foam having the same shape as the grains of
the polycrystal; grain boundaries taking the place of foam lamellae, and the voids in the polycrystal taking the place of the vertices
(and potentially the Plateau borders) in the foam. In that sense, we
may think of the undeformed polycrystal as analogous to an inverse
foam, as shown schematically in Fig. 1. This analogy was ﬁrst made
by Smith [27].
If we consider the sharp-edged voids (Fig. 1) as a collection
of incipient fractures, then it is clear that another mechanism for
material failure can operate in addition to those discussed so far:
under suitable loading conditions a fracture (represented initially
by a void) will grow, and since the critical stress for this to happen
falls with increasing crack size [17], this can lead to a positive feedback and macroscopic failure of the entire sample. This can happen
even in the absence of elastic anisotropy, but may be enhanced by
stress ﬁelds from it.
Under the assumption of roughened crystals and equal grain
boundary energies, the voids are of tetrahedral symmetry and have
universal shapes which we calculate numerically in Section 3. Using
fracture mechanics (Section 4) and recent results on the statistics
of random foams (Section 2), we then construct a general theory for
the strength of polycrystals with voids. We expect this approximate

To begin the analysis, we note that the void geometry is determined by the physics of the crystal interfaces: We assume that all
the crystallographic orientations are above the roughening transition [22] against the vapor or melt in the cavities, and that the
free energy per unit area of these interfaces is approximately independent of orientation (see for example Ref. [24]) and given by
. Under these circumstances, the equilibrium shape [25] of an
isolated crystal will be a sphere.
In a polycrystal there will be grain boundaries, and where a grain
boundary with energy  gb per unit area meets the surface of a void,
local, microscopic equilibrium will rapidly be established, and there
will be a notch [26] with dihedral angle  0 given, from simple force
balance, by


2 cos

0
2


= gb .

(1)

For the purposes of this paper, we make the simplifying assumption
that the grain boundary energy per unit area between any two adjacent grains in the polycrystalline material has the constant value
 gb . Clearly this cannot be true in reality, where there is a range
of values corresponding to different degrees of orientational mismatch between the lattices. However, the true population of grain
boundary energies (per unit area) will have an average value, and
some scatter around this average. Our approximation corresponds
to ignoring this scatter.
Under this assumption of equal grain boundary energies per unit
area, the structure of an undeformed and well-equilibrated polycrystal with little void space will be governed by the same structural
rules as is a dry foam, as illustrated in Fig. 1 and described in Section
1.
The rules governing the structure of a foam were formulated
by Plateau [28], and are that in stable systems, the ﬁlms between
gas cells are surfaces of constant mean curvature, which meet in
threes with angles of 2/3 radians between the surfaces at the lines
of contact, while these lines of contact meet in fours in a regular tetrahedral arrangement, with angles of arccos (− 1/3) ≈ 1.911
radians between any two meeting lines.
For a re-crystallizing polycrystal evolving subject to these rules,
we expect that there will be at late times an asymptotic structure
which becomes coarser over time but for which the statistics of the
geometry and topology do not otherwise change. The geometry
of such a foam or polycrystal will be speciﬁed completely by the
number average volume V of the cells.
A real polycrystal will not necessarily be in this scaling regime,
and therefore more parameters are needed in order to identify the
statistical properties of its geometry. In the work of Kraynik et al.
[29] (who analysed the analogous case of a foam, and whom we
follow here) this was done through a polydispersity parameter p,
deﬁned by
2/3

p=

R3 
R2 

− 1.

(2)

In Eq. (2),  ·  denotes number average, and for a cell with volume
V, an effective radius R can be deﬁned through V = (4/3)R3 . The
parameter p ≥ 0 vanishes for a monodisperse foam, and for the most
polydisperse foams generated in Ref. [29], which have cell volumes
ranging over 3 orders of magnitude, p = 0.47.
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Fig. 2. (a) Shows schematically an open cavity, with ‘legs’ of length L. This case holds
for  0 < /3. (b) Shows schematically a closed cavity, which holds for  0 ≥ /3. In both
cases, the symmetry group of the shape is that of a regular tetrahedron.

θ0
For the purposes of this paper, we need expressions for the number of vertices NV per unit volume in the structure, and also the
total length of edges LE per unit volume of the structure. Edges are
termed Plateau borders in a foam, but in our case they are the lines
where three grain boundaries meet.
We deﬁne non-dimensional numbers nV and lE to capture this
structural information:
nV ≡ V NV ,
lE ≡ V 

2/3

LE .

(3)
(4)

From Ref. [29],
lE ≈

5.32
+ 0.063,
(1 + p)

(5)

while the average number of faces per cell is given, from the same
source, by
F ≈ 13.8 − 9.9p + 10.0p2 ,

(6)

for p ∈ (0, 0.47).
Using Eq. (6), together with the fact [28] that foam polyhedra are
trivalent (so that for each cell, the number of edges is 3/2 times the
number of vertices), and Euler’s characteristic for polyhedra [30],
we ﬁnd that the number of vertices per cell is twice the number of
faces, less 4. Again because of Plateau’s rules, each vertex is shared
by 4 cells, and so we obtain the estimate [valid for p ∈ (0, 0.47)] of
nV ≈ 5.88 − 4.97p + 5.02p2 .

(7)

Eqs. (5) and (7) are the results we need to proceed.

Crystal
Fig. 3. Section through one of the ‘legs’ in Fig. 2(a). The curved lines are crystal–void
interfaces, which have an energy per unit length of leg given by the length of these
curved lines multiplied by . The dashed lines are three meeting grain boundaries,
which the leg has replaced. These grain boundaries have an energy per unit area of
 gb .

grain boundaries (shown as dashed lines in the same ﬁgure), then a
short calculation shows that closed, ﬁnite cavities will be preferred,
provided  0 > /3 and open cavities with indeﬁnitely extended legs,
provided  0 < /3.
In Fig. 2, as well as the length L of the legs, we have deﬁned an
effective crack length Lcr diagonally across the cavity. Eventually,
we will relate these geometrical properties to those of the polycrystal. To do this, we note that, provided the length L of a leg is
sufﬁciently long, the volume vc of the cavity will be given by
3
2
vc = A(0 )Lcr
+ B(0 )Lcr
L

(8)

with B( 0 ) = 0 for  0 > /3.
In order to obtain our ﬁnal estimate for the failure stress of a
polycrystal, we require expressions for A( 0 ) and B( 0 ). These can
be obtained by a simple numerical scheme:
The surfaces of the cavities are discretized into triangles, as
described in Appendix A. The interfacial energy Uint is calculated,
relative to the case of a cavity of zero volume, and also the actual
volume v̂ enclosed by the cavity is calculated. An energy functional
2 −4/3

3. Geometry of the voids

U ≡ Uint + (v̂ − v̂0 ) v̂0

If we now consider a polycrystal with void space, then these
voids will have a complex geometry, consisting of curved surfaces
where the crystals meet the melt or vapor, and also edges, with a
well deﬁned dihedral angle  0 , occurring where the grain boundaries end at the melt or vapor. We now proceed to analyse the
details of this geometry, which for low void fractions depends only
on  0 :
Consider a void in the neighbourhood of a vertex where four
crystals meet. From Plateau’s rules, the local symmetry around the
vertex is that of a regular tetrahedron. The void may have ‘legs’ as
shown in Fig. 2(a), which extend in the four tetrahedral directions.
In practice they will extend only as far as the next cavity. However,
for the purposes of calculation, it is useful to consider them having
some deﬁnite length L as in Fig. 2(a). Alternatively, the cavity may
be localized around the vertex, as shown in Fig. 2(b).
Which of these two cases obtains, is determined by the dihedral
angle. A ‘leg’, if it exists, must replace three meeting grain boundaries, and be energetically favourable over this conﬁguration. If we
assume that the cross section of the leg consists of three circular
arcs (shown as solid curves in Fig. 3) and these replace the three

is then constructed and minimized, where v̂0 is a target volume, and
 a Lagrange multiplier which penalizes deviations from the target
volume and ensures the shape converges to a non-trivial solution.
For the case of an enclosed cavity, a single optimization is
required. However, for an open cavity, several calculations, with
different values of the leg length L are needed, in order to extract
both A( 0 ) and B( 0 ).
Examples of initial and ﬁnal (optimized) cavity shapes for the
case of  0 = 0.6 are shown in Fig. 4(a) and (b), and for the case of
 0 = 2 are shown in Fig. 4(c) and (d).
The numerical results for A( 0 ) and B( 0 ) are shown in Fig. 5 as
open and closed symbols (respectively), for discretization parameters M = 12 and N = 24 (see Appendix A).
For ease of use, the data can be ﬁtted to the following simple
forms ( 0 being measured in radians): For  0 < /3

(9)

A(0 ) ≈ 0.07 + 0.0160 + 0.2602 ,

(10)

− 03.3 ,

(11)

B(0 ) ≈ 0.174

 3.3

3
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is subject to a stress ﬁeld with at least one tensional component
 ∞ , then some of these voids will be oriented so that they have
a tendency to grow by opening (‘mode I’ loading). We will assume
(due to the weaker exponents of the stress divergences for the other
modes near a V-notch [31]) that failure under mode I loading represents the greatest vulnerability to crack growth and sets the failure
stress  F of the polycrystal under tension. We are therefore interested in the conditions under which a crack at the notch tip will
propagate.
As analysed by Grifﬁth [17], the presence of a true crack (as
opposed to a cavity or V-notch) relieves the elastic strain in its
neighbourhood, and this neighbourhood extends roughly a distance of the crack size in all directions where material is present.
When such a crack grows, the liberated elastic energy is focused
down to the crack tip. A simple argument then shows that the crack
will grow if
∞ 

Fig. 4. (a) Initial conﬁguration and (b) ﬁnal, optimized conﬁguration for the numerical solution to an open cavity shape with  0 = 0.6. The surface discretization is as
described in Appendix with M = 5 and N = 10.(c) Initial conﬁguration and (d) ﬁnal,
optimized conﬁguration for a closed cavity with  0 = 2 and N = 12.

and for  0 > /3
A(0 ) ≈ 0.26 + 0.04640 + 0.003703 + 150 exp(−80 ),

(12)

B(0 ) = 0.

(13)

Note that in Eqs. (10)–(13), the functional forms are chosen arbitrarily, and do not reﬂect an anticipated mathematical structure of
the exact solution.
We also note that if the cavities are allowed to come into
equilibrium with each other, through the connecting ‘legs’ (or via
pre-melting [4] at the meeting grain boundaries), then the length
Lcr for all the cavities will tend to become equal, even if there is a
distribution of grain sizes.

 EG 1/2
Lcr

,

(14)

where E is the Young modulus and G is the energy (from surface free
energy, plastic deformation, etc.) required to create unit area of new
crack interface. In Eq. (14) we have omitted a geometry-dependent
prefactor. In the case of completely brittle fracture generating a ﬂat
crack surface, G would be twice the solid/vapor surface free energy.
Unfortunately, this argument does not immediately generalize to more complex geometries such as V-notches, and leaves
unstated the possible relation of G to material properties in any but
the simplest case referred to above. To proceed, it has long been
recognized that it is necessary to treat the local stress ﬁelds: if we
consider a V-notch in a linear elastic material, which is subject to
mode I loading (opening), then near its tip there will be a divergence in the stress. For example, the principal component of the
stress tensor in plane polars (r, ) a small distance r from the notch
tip along the bisector of the notch into the material will to leading
order be given by [33,34]
 = KIN (2r)− ,

(15)

where KIN

is the ‘notch stress intensity factor’ (or ‘generalized stress
intensity factor’), and the exponent  (which falls from 0.5 at  0 = 0
to 0 at  0 = ) is given by the smallest positive root [33] of

4. Fracture behaviour

sin[( − 1)(2 − 0 )] = ( − 1) sin 0 .

As noted above, the voids, with their sharply notched edges,
constitute a collection of incipient cracks. If the material as a whole

It is useful to have an explicit formula for . By treating both  0
and  − 1/2 as small quantities and taking the ﬁrst two terms in the
Taylor series of Eq. (16), we obtain
≈

0.6
0.5

B(θ0)

0.3
0.2


.
KIN ∝ ∞ Lcr

0.1

0.2π

(17)

This approximation differs from the correct value of  by no more
than 0.0035 over the entire range  0 ∈ (0, ), and is accurate to
within 3% over the range  0 ∈ (0, 3.1) radians.
The notch stress intensity factor will be determined by the sample geometry and the loading conditions a long way from the notch.
In particular, for a notch with a length scale of Lcr , where the
tensional stress ﬁeld a long way from the tip is  ∞ , we see on
dimensional grounds that

A(θ0)

0.4

0
0π

3
05
1
− 0 −
.
2
32
512

(16)

0.4π

θ0

0.6π

0.8π

1π

Fig. 5. Numerical values for A( 0 ) and B( 0 ), using the discretization described in
Appendix with N = 24 and (for  0 < /3), M = 12.

(18)

Considering the case of  0 = 0 (a ‘crack’ in Grifﬁth’s sense) the
notch stress intensity factor is called simply the ‘stress intensity
factor’ and written KI [31]. There is then a critical value of this quantity, written KIc , above which the crack will grow. KIc is known as
the ‘critical stress intensity factor’ or ‘fracture toughness’, and is
usually considered a property of the material, independent of the
loading geometry (although in Irwin’s formulation, it is G which is
the geometry-independent quantity). Irwin [32] showed that for

1698

R.S. Farr et al. / Materials Science and Engineering A 528 (2011) 1694–1701

Fig. 6. Geometry of the elastic block and cavity used in the ﬁnite element simulations to calculate KIN in terms of applied stress. The cavity is intended as an approximation
√
2.

to the true cavity geometry of Fig. 4, and the stress divergence is studied numerically along the x-axis, near x =

the case of plane stress
(which is often the geometry used for mea√
surements) KIc = GE, which can be understood qualitatively by
combining Eq. (18) (in the case  = 1/2) with Eq. (14).
For notches, Seweryn (whom we follow here) [34] proceeds differently, by assuming that there are two geometry-independent
material properties: an ultimate material strength for a single crystal under tension, termed  max , and a characteristic length below
which the assumption of continuum linear elasticity breaks down,
which we denote c (and which in ideal cases might be as small
as a couple of atomic spacings). For the analysis of this paper to

be valid, c should be smaller than the grain size. In other words,
the grain size should be sufﬁciently large that fracture is brittle.
The criterion suggested in Refs. [34,35] is that a crack propagates
from the tip of a V-notch, when





c

 dr

max

≥ c max ,

(19)

0

where the integral is taken along a ray perpendicular to the apex
line of the notch,   is the stress component normal to the crack

10

10

σzz

b

σzz

a

1

0.001

1

0.01

1/2

x-2

0.1

1

0.001

0.01

1/2

0.1

1

x-2

√
Fig. 7. Stress  zz versus x − 2 curves along the x-axis (symbols) together with a power law ﬁt (dashed line) to the known power − of Eq. (16). Panel (a) shows  0 = 0, so
t = 2−1/2 and  = 0.5, while (b) shows  0 = 2.158 radians, so t = − 1 and  = 0.371. In both cases, the Poisson ratio is = 0.2.
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direction [so given asymptotically by Eq. (15) in our case] and the
maximum is taken over all rays.
Applying the integral of Eq. (19), it is found [34] that a crack
propagates if KIN from Eq. (15) satisﬁes


≥ (1 − )(2c ) max .

2

1.5

(20)

In concept, this approach is slightly problematic, since the integral of Eq. (19) is performed in the region where the form of the
stress being used is assumed to no longer be valid. However, the
resulting criterion is simple, unambiguous, and agrees with the
known limits for  0 = 0 and . Furthermore, the qualitative link back
to Grifﬁth’s work is clear, because if a material behaves in this way,
then the energy G required to create unit area of fracture surface
2  /E. Thus, in the case of a crack, the Grifﬁth
should be of order max
c
criterion of Eq. (14) is recovered by means of Eqs. (18) and (20).
Consider Eq. (20). It is reasonable to expect experimental data
to exist for the ultimate tensile stress of a single crystal; for example Seweryn approximates  max by single crystal yield stresses and
quotes values of 240 MPa, 900 MPa and 800 MPa for low carbon
steel, titanium alloy and toughened chromium–molybdenum steel
respectively [34]. However the quantity c has not been widely
measured. Therefore, in order to re-cast Eq. (20) in terms of more
conventional quantities, we use the limit  0 = 0 to re-write it in
terms of KIc , the fracture toughness for a system in plane stress.
The ﬁnal result is that a crack will propagate if
KIN ≥ (1 − )(2KIc )2 (max )1−2 ,

(21)

and this is the criterion we use in what follows. Seweryn quotes val√
√
√
ues for KIc of 25 MPa m, 84 MPa m and 65 MPa m, respectively
for the three materials just mentioned.
In order to complete our analysis, we need to relate the applied
stress  ∞ for our complex tetrahedral cavities, to the notch stress
intensity factor KIN at their edges. This requires a set of ﬁnite element calculations, since the geometries are too complex to be
tractable analytically.
In fact, we simplify the geometries of Fig. 4 slightly in order to
facilitate meshing. The simulations are conducted using a cylindrical block of isotropic elastic material, centred at the origin of
coordinates, and with its axis parallel to the z-axis (Fig. 6). The
length and diameter of the cylinder are each 30 units. From the centre of this material, we remove a cavity, with the following form:
take a two dimensional curved triangular shape, with one straight
edge of length 2 coincident with the z-axis. The other two sides
1/2

are circular arcs, with radii [3t 2 + (3/4)] , where t is a parameter
setting the notch angle at the outer edge via
 √

2t 2 + 1
0 =  − 2 tan−1
,
(22)
√
2t − 2

1

ν=0.2
ν=0.3
ν=0.4

0.5

0

0

1

θ0 / radians

2

3

Fig. 8. Symbols: the quantity P( 0 , ) obtained by ﬁtting to ﬁnite element simulations. Lines: approximation to P( 0 , ) from Eq. (25).

ﬁnely meshed in the neighbourhood of the notch tip, concentrating the most part of the elements there in order to more accurately
capture the stress distribution ahead of this line. The elements
used are ‘Abaqus’ [36] 4-node tetrahedral elements (C3D4).
In the
√
neighbourhood of the notch tip along the x-axis (x  2) the stress
component  zz is recorded, and where it displays a power-law
behaviour, this is ﬁtted to Eq. (15)
zz =

KIN

√
2 x − 2



≡ ∞


P(0 , )Lcr
√
2 x − 2



,

(24)

using the known value of  from Eq. (16). In this expression, we
have used Eq. (18) to deﬁne a dimensionless function P( 0 , ), which
depends only on the notch angle and Poisson ratio.
Examples for a couple of notch angles are shown in Fig. 7, and
values for P( 0 , ) in Fig. 8.
These data for P( 0 , ) can be ﬁtted to the approximate form
P(0 , ) ≈ 0.65 + 0.28 + 0.062 exp(0.930 ),

(25)

where  0 is as usual measured in radians.
We are now in a position to relate the failure stress  F of the
polycrystal (which is the value of  ∞ at which a crack grows from
the edge of a cavity) to the cavity size Lcr . This is done by combining
Eq. (24) with Eq. (21), and gives:
F =

(1 − )

P(0 , )Lcr

(2KIc )2 (max )1−2 ,

(26)

where (to recap),  max is the ultimate tensile strength of a single
crystal, and KIc is the fracture toughness of a single crystal.
5. Results and discussion

and the centres of the arcs are given by
(x, y, z) = 2−1/2 + t, 0, ±(2−1 + 21/2 t) .

P(θ0,ν)

KIN

1699

(23)

The two-dimensional shape is then rotated around the z-axis,
sweeping out a total angle of cos −1 (1/3) in order to form our
approximation to the tetrahedral cavity, which has z = 0 and y = 0 as
planes of reﬂection symmetry. Under this construction, the vertices
of the cavity coincide with those
√ of a regular tetrahedron, and the
effective crack length is Lcr = 2 units.
The two ﬂat surfaces of the cylinder are given a ﬁxed displacement of ±10−3 units in the z-direction (so the strain is 6.67 × 10−5 )
and the material is arbitrarily given an elastic modulus of E = 104
units (so  ∞ ≈ 6.67 × 10−1 units). Three different values of Poisson
ratio = 0.2, 0.3 and 0.4 are used.
The ﬁnite element meshes contain between 11 400 and 12 000
nodes, and between 59 000 and 62 000 elements. The geometry is

Consider now the foam-like structure described in Section 2,
which forms an approximation to our polycrystalline material. If
this material contains a volume fraction of voids (with the geometry described in Section 3) and is sufﬁciently small that the voids
around the tetrahedral vertices (Fig. 2) do not frequently overlap,
then Eq. (8) allows us to construct an implicit equation for the
effective crack length Lcr in the structure:
3
= A(0 )Lcr

nV
lE
2
+ B(0 )Lcr
.
V 
V 2/3

(27)

Our ﬁnal result consists in taking Eq. (27) and then using Eqs.
(5) and (7) to eliminate nV and lE in favour of the polydispersity
parameter p; also Eqs. (10)–(13) to express A and B in terms of  0 (in
radians), Eq. (17) to approximate  and Eqs. (25) and (26) to eliminate Lcr in favour of  F and material properties KIc and  max of the
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Appendix A. Calculating shapes of voids

100

θ0=0.0 p=0.0
θ0=0.8 p=0.0
θ0=1.6 p=0.0
θ0=0.0 p=0.4
θ0=0.8 p=0.4
θ0=1.6 p=0.4

σ F / MPa

80

60

Suppose that the void is centred at the origin. We deﬁne four
unit vectors, lying in the directions of the plateau borders:
n̂0 = (0, 0, −1)T ,
√
T
n̂1 = (2 2/3, 0, 1/3) ,
√
n̂2 = (− 2/3,

40

0

0

0.02

0.04

φ

0.06

0.08

0.1

√
Fig. 9. Example calculation of  F versus , using KIc = 100 kPa m,  max = 1 GPa,
= 0.25 and V = 10−12 m3 . Results for different values of  0 and p are plotted.

(A.2)
T

2/3, 1/3) ,

√
n̂3 = (− 2/3, −

20

(A.1)

(A.3)

T

2/3, 1/3) .

(A.4)

Furthermore, let us deﬁne two more unit vectors, which together
with n1 form an orthonormal set:
√
T
n̂1a = (−1/3, 0, 2 2/3) ,
(A.5)
ŷ = (0, 1, 0)T .

(A.6)

A.1. Mesh geometry for open-ended voids
crystals. The result is an implicit relationship between the failure
stress and various parameters of the polycrystal, such as the volume
fraction, polydispersity, grain size and dihedral angle. Inverting the
expression to obtain an explicit formula for  F requires solving a
cubic equation with one positive real root, which can be done using
standard methods [37], but for plotting the results, the implicit form
is equally useful.
Fig. 9 shows examples of  F versus , plotted for different values
of  0 and p. The effect of  0 at different values of is somewhat complex, due to the non-trivial behaviour of A( 0 ) and B( 0 ). However,
we see from Fig. 9 that in general, increasing polydispersity leads
to a lowering of  F , provided other quantities are unchanged. There
are two qualitative arguments to explain this effect: First, this can
be seen as a packing effect, in that polydisperse objects in general
pack more efﬁciently than monodisperse objects (see for example Ref. [38]). This leaves more void space available to form larger
incipient cracks. Second, and even more simply, we can conceptually think of forming a polydisperse sample by merging sets of equal
sized crystals. This again liberates void space which was between
the now-merged crystals, and which can therefore increase the size
of the remaining voids.
The calculation we have presented results in a general expression for the failure under tension of a polycrystal with void space
provided the crystals are large enough to fracture in a brittle manner. However, other failure mechanisms will also be available, and
may either dominate, or interact with the case analysed here. For
example, stresses from elastic anisotropy may not only activate
crack precursors (as analysed in Ref [16]) but may also enhance
the stresses experienced by the notched cavities we have analysed
here. Such highly inhomogeneous stresses may also mean that the
dominant failure mechanism of the cavities is no longer mode I fracture, but may be mixed mode instead, which will require a modiﬁed
analysis based on the changed stress divergences so produced [34].
Lastly, we note that our analysis applies to tensional failure. Under compression, more complex processes can operate:
Coulomb friction between crack surfaces will hinder their growth;
and other microstructural phenomena, such as the formation of
wing cracks and crack combs [39] may occur in the lead-up to
ultimate material failure.
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We choose the initial surface for the cavity in Fig. 2(a) to be
represented by a mesh with the topology shown in Fig. 4(a) and
(b).
In this ﬁgure, the cavity consists of four curved surfaces (which
are open at their ends), and each of these surfaces is built from 6
symmetric pieces, of which one is shown shaded in Fig. 4(a).
The initial positions of the nodes in this shaded piece are given
[0]
by the set {rm,n }, where m ∈ {0, . . ., M} and n ∈ {0, . . ., N}. The integer
n labels nodes outwards in the n̂1 direction, and
(N − n)m
n̂1 ,
N
sm · v
m ≡ −
,
n̂1 · v
√
T
v ≡ ( 3/2, −1/2, 0) ,
√
Ln̂1 + l0 n̂1a + l0 m 3ŷ
sm ≡
.
M
[0]

rm,n ≡ sm +

(A.7)
(A.8)
(A.9)
(A.10)

In these expressions, l0 sets the distance of the initial (ﬂat) portions
of surface from the origin, and is arbitrary.
During optimization, we allow the nodes to move along predeﬁned lines, so that the position of rm,n of node (m, n) is deﬁned
through the scalar qm,n by
rm,n =





nL
nL
[0]
n̂1 + qm,n rm,n −
n̂1 .
N
N

(A.11)

To ﬁnd the correct surface, we construct and minimize an energy
functional, which (as described in Section 3) is the surface free
energy of the shape, plus a Lagrange multiplier times the square of
the difference between the actual cavity volume and a target volume. When the minimization is complete, we calculate the cavity
volume v, and
Lcr = 2|rM,0 |.

(A.12)

A.2. Mesh geometry for closed voids
We choose the initial surface for the cavity in Fig. 2(b) to be
represented by a mesh with the topology shown in Fig. 4(c) and
(d).
The initial positions of the nodes on one of the four symmetric
surfaces lie on a regular tetrahedron, and have positions given by
[0]
the set {rm,n }, where m ∈ {0, . . ., N} and n ∈ {0, . . ., m} and N is even.
Speciﬁcally,
[0]



rm,n ≡ l0 1 −

m
n
−
N
N



n1 + l0

m
N

n2 + l0

n
N

n3 .

(A.13)
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In this expression, l0 sets the distance of the initial (ﬂat) portions
of surface from the origin, and is arbitrary.
During optimization, we allow the nodes to move along rays
through the origin, so that the position of rm,n of node (m, n) is
deﬁned through the scalar qm,n by
[0]

rm,n = qm,n rm,n .

(A.14)

Optimization is performed as for the open cavities, and when it is
complete, we calculate the cavity volume v, and
Lcr = 2|rN/2,0 |.
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